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PREFACE. 


In the geometrical investigations of the last century, one of the most 
fundamental distinctions has been that between metrical and projective 
geometry. It is a curious fact that this classification seems to have given 
rise to another distinction, which is not at all justified by the nature of 
things. There are certain properties of curves, surfaces, etc., which may 
be deduced for the most general configurations of their kind, depending 
only upon the knowledge that certain conditions of continuity are fulfilled 
in the vicinity of a certain point. These are the so-called infinitesimal 
properties and are natui’ally treated by the methods of the differential 
calculus. The curious fact to which we have referred is that, but for rare 
exceptions, these infinitesimal properties have been dealt with only from 
the metrical point of view. Projective geometry, which has made such 
progress in the course of the century, has apparently disdained to consider 
the infinitely small parts into which its configurations may be decomposed. 
It has gained the possibility of making assertions about its configurations 
as a whole, only by limiting its field to the consideration of algebraic 
cases, a restriction which is unnecessary m differential geometry. 

Between the metrical differential geometry of Monge and Gauss, 
and the algebraic projective geometry of Poneelet and Plilcker, there 
IS left, therefore, the field of projective differential geometry whose 
nature partakes somewhat of both. The theorems of this kind of geometry 
are concerned with projective properties of the infinitesimal elements. As 
in the ordinary differential geometry, the process of integration may lead 
to statements concerning properties of the configui*ation as a whole. But, of 
course, such integration is possible only in special cases. Even with this 
limitation, however, which lies in the nature of things, the iield of pro- 
jective differential geometry is so rich that it seems well worth while to 
cultivate it with greater energy than has been done heretofore. 

Bui few investigations belonging to this field exisi. The most im- 
portant contribulions are those of Ralphen, who has developed an ad- 
mirable theory of plane and space curves from this point of view. The 
author has, in the last few years, built up a projective differential geo- 
metry of ruled sm-faces. In this book we shall confine ourselves to the 
consideration of these simplest configurations. If time and strength permit, 
a general theory of surfaces will follow. 

In presenting the theories of Ralph en, I have nevertheless followed 
my own methods, both for the sake of uniformity and simplicity. In all 
cases, I have attempted to indicate clearly those results which are due 
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to him or to other authors. The general method of treatment and the 
results which are not specifically attributed to others are, so tar as I am 
aware, due to me. The theory of ruled surfaces has been developed by 
me in a series of papers, published principally in the Transactions of 
the American Mathematical Society, beginning in 1901. I have 
thought it unnecessary to refer to them in detail, the treatment here 
given being in many respects preferable to that of the original papers. 
In particular, some errors have been corrected*, I hope that no serious 
mistakes have been allowed to pass over into the present work. To 
finish these personal remarks, I may add that Chapter II contains a 
number of important additions to the theory as generally presented, 
without which it would lack rigor and completeness. The canonical deve- 
lopment of Chapter III has also been added by the author. 

The examples collected at the end of each chapter are of two kinds. 
Some of them are mere exercises. Some, however, (those marked with 
an asterisk), are of a very different nature. They are essentially suggestions 
for such further investigations, as appear to me to be of promise and 
importance. I have, also in the body of the book, taken the privilege of 
pointing out further problems which seem t(» be of interest. Many others 
will readily suggest themselves. It is my sincere wish that these suggestions 
may be helpful toward a further development of this fascinating subject. 

The instructor in an American University finds his time fully occujiied 
by other things besides the advancement of Science. The Carnegie In- 
stitution of Washington, in recognition of this fact, makes it a part 
of its policy to give a certain number of men the opportunity to devote 
all of their time and energy to research. For two years I have had the 
honor and the good fortune of finding my offoits aided and encouraged by 
the support of this magnificent institution. Without this aid, tbe present 
work would not have seen the light of day for several years. I take this 
opportunity to express to the Carnegie Institution my fullest gratitude 
for its help, and for the generosity with which it has left me free to 
act and move, unfettered by unnecessary conditions and regulations. 

In these last two years, t have had occasion to make use of libraries 
at Gottingen, Paris, Cambridge and Borne. For these privileges I am 
indebted to Professors Klein, Darboux, Forsyth and Castelnuovo, who met 
my wishes with ihe greatest of courtesy. It remains for me to express 
my thanks to tbe publishers B. G. Teubner, whoso enterprise is a household 
word in the mathematical world. For their sake, as well as for my own, 
1 hope that this little book may prove to bo a success. 

Home, March 2^, 1905. 


E. J. WILOZYNSKI. 
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INTRODUOTIOK 


THE FUNDAMENTAL THEOREMS OF LIE’S THEORY 
OF CONTINUOUS GROUPS. 

In the theory to which this work is devoted, Z/c’s theory of 
continuous groups plays a fundamental part. It seems advisable, 
therefore, to give a brief account of this important subject; we shall 
not, however, attempt to do more than to give a clear statement of 
those ideas and theorems belonging to Z/e’s theory, which will be 
found useful later on, without insisting upon the proofs.^) 

The n equations 

~ ft (*^1^ ^2? * • * ~ ‘ ‘ 

are said to determine a transformation of .r^, . . . Xn into xfy . . . Xny if 
they can be solved for . . .x„y i. e. if the Jacobian 

!?il’ 

does not vanish identically. 

The equations may contain r arbitrary constants so 

that they may be written 

(1) x! = /; (.rj, ...Xn\ aj, . . . ar)y (/ = 1, 2, . . . w), 

in which case they represent not merely a single transformation, but 
a family. The r constants are said to be essential^ if it is impossible 
to find combinations ... A, less than r in number such that 
xf, . . . Xn appear as functions of x^y . . . Xn and A^, ... A, only. The 
family may then be said to contain oo^ transformations. It will be 
called an r parameter family. 

Let the r parameters in (1) be essential. After having made the 
transformation (1) converting . . . x,f) into (a-/, . . . Xn \ let us make 
another transformation of the same family 

(2) = 6,,... 6r), («=1, 2, ...n) 

which converts . . . x.1) into (aJj", . . . x.1'). 

1) The general theory has been made easily accessible by the lucid treatment 
in Lie-Engel^ Theoric der Transformationsgnippen. Teubner. Leipzig 1888 — 93. 
Cf. especially vol. 1. A shorter account is given in Lie -Scheffers^ Vorleeungen 
dber kontinuicrliche Gruppen etc. Teubner. Leipzig 1893. See also Campbell, 
Introductory treatise on Lie’s Theory, etc., Clarendon Press, Oxford, 1903. 

WlLCzyusKl, projective diflerential Geometry 1 
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If, now, we eliminate xl between (1) and (2), i. e. if we make 
directly the transformation which converts (^i, . • • ^«) into (j /', . . . x„), 
it inay happen that the resulting equations are again of the same form 
as (1) and (2), i. e of the form 

(3) x:' = /; (jTi, . . . . . . c,), {i = 1, 2, . . . w), 

where Cj, . . c, are certain functions of «*, 

( 4 ) Ck = q>k (fli, • W, Ck = 1,2,... r). 

In that case the transformations (1) are said to form n group. Moreover 
to describe these equations more completely we may speak of this 
group as an r parameter group in n variable^ 

Let equations (1) represent such an r parameter group, and 
assume that it contains the inverse of each of its transformations. 
It will, then, contain also the identical iransformaVumy i. e. a certain 
transformation, corresponding to the parameters a^y . . a,^, which 
reduces to 

= (' = 1 ,^, •• » 0 - 

The functions f, being assumed to be analytical functions of their 
arguments, the transformation which corresponds to the parann‘ters, 

a^ + Ck dt, 

where di is an infinitesimal and an arbitrary constant, will convert 
Jt, into where the diflerence 

.r/ — .r, = 

will be, in general, an infinitesimal of the same order as dt We 
shall find, in fact 

Su, = y ) Cidf + • • • - 

where ■ • ■ A,) denotes the value of for O; — a,”, and 

is therefore a function of . x„ only The constants . Cr are 
arbitrary 

The transformations 

r 

(5) da:, (j=l, 2, ...») 

* — 1 

are called by Lte, the infinitesimal transformations of the group In 
some coses they cannot be obtained in the way indicated. But we 
need not insist upon these exceptional cases, as we shall not need 
them in the course of this work. 



THE PUNDAMENTAli THEOREMS OF Iffi’S THEORY OF CONT. GROUPS. 3 


If we consider an arbitrary function of »'i, . . . sr„, say 
f(Xt, T„... x„), 

the infinitesimal change in /) which results from the infinitesimal 
transformation (5), is 


(6) 


where 

1 / 

(7) 

Uf = ^ki r b li « ^ 


Lie speaks of Uf as the symbol of the infinitesimal transforma- 
tions (5) of the group. We have 

Uf = c, U, /■ + cj/a /• -f . . . + C, Urf 

J\fy . . . Utf being themselves the symbols of infinitesimal transforma- 
tions which are contained in the group In fact Uf reduces to Ui,f for 

The r infinitesimal transformations, whose symbols are L\f, . . . Urf 
are said to be linearly mdependent ^ if it is impossible to find r non- 
vanishing constants, so that for an arbitrary function . . . x„)j the 
equation 

if "f" ^2^ 'if H ^ CrL ,f== 

wdll hold 

We then have the following theorem: An r-paramder continuous 
yroup contains precisdy r lintarly mdependenf infinitesimnl trans- 
formations 

From tw’o expressions U^f and U^f of the form (7) we may form 
the commutator, (Klammerausdruck), 

(8) = i\)f, 

wliich is again of the same form. In fact, the second derivatives 
of f eliminate, and we find 

(9) (i/„ 1/^)/-= V| • 

/ =1 * 

Lie has shown that r infinitesimal transformations 

Thf" Uf 

arc precisely the r infinitesimal transformations of an r parameter group, 
if and only if they satisfy the illations 

( 10 ) {U.,ih)f^^c.ur,f, 

i — i 

where the ipiantities e,ki are constants. 
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In this case VJy... UJ are said to generate an r- parameter 
continuous group. 

If a function r«) remains unchanged by all of the trans- 

formations of the gro\ip, it is said to be an invariant. In particular, 
an invariant will not be changed by any infinitesimal transformation of 
the group; it must, therefore, satisfy the /-partial differential equations 

(11) (/r = l,2,. .r). 

Lie has shown that this necessary condition for invariants, is also 
sufficient y whenever the group may be generated by infinitesimal 
transformations. All invariants of the group may, therefore, be found 
by integrating a system of partial differential equations of the form (11). 

But iu regard to this system (11) we may make the following 
remarks. Although U^fy . TJrf were linearly independent as in- 
finitesimal transformations, the r equations (11) need not be independent. 
Fo>-. there may be relations of the form 

(.fi , . . «•„) l]rf= 0, 

where qp, are functions of .r,, . . . a„, even though l\f, Urf 

be linearly independent in the former sense Suppose then, that q of 
the equations (11) are independent (q <r), and let these equations be 

( 12 ) 

Let u be any solution of (12). Then clearly 

nAU,n)^i\ 

whence 

(U^yU,)n = 0y 

i. e. any solution of (12) will also satisfy all of the further eciuations 
which can be obtained from (12) by the commutator operation. If 
the equations (12) are taken at random, we shall obtain in this way 
successively new equations which any solution of (12) must satisfy. 
We shall find finally a system of the form (12) such that all of the 
commutators formed from it wiU be zero as a consequence of the 
system itself. Such a system has been called a complete system by 
Glehsck^) The general theory of complete systems is due to Jacobi}) 
Prom our above considerations it follows that the invariants of an 
r parameter group may he obtained by integrating a complete system of 
q^r partml differential equations of the first order in n independent 
variables. 


1) Clehsch, Crelle’H Journal, vol. 66. 

2) Jacobi, ibid vol 60 Cf also the first volume of Lie-Enael, Trans- 
formationsgruppen 
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But accordiug to the general theory, a complete system of g equa- 
tions with n independent variables has precisely n — independent 
solutions, of which all other solutions are functions. 

J/, therefore^ an r parameter group in n variables j is generated hy 
the r infinitesimal transformations . . . Urf and if among the 
r equations 

(13) U,f=0, (A:=l,2,...r), 

q are independent^ the group has precisely n — q invariants y which are 
obtained hy integrating the complete system to tvhich (13j is equivalent 
We have defined the term; an r-parameter group. But a system 
of transformations may have the group property although its equa- 
tions cannot be expressed by a finite number of parameter. For 
example, the transformations 

(14) y' = }.{x)y, x' = y{x) 

where X and p are arbitrary functions of a?, clearly have the group 
property; i. e. if we make successively two transformations of this 
kind, the result is another transformation of the same character. 

Following Lie we shall, therefore, distinguish between finite and 
infinite continuous groups. The former contain only a finite number 
of arbitrary constants in tlieir general equations, while the latter 
contain an infinite number of such constants, or arbitrary functions. 
The general theory of infinite groups has not been constructed. 
There exists, however, an important class of infinite groups for which 
a general invariant theory, (due to Lie)j exists. Let 


11 - 




H h l« 


<r 


be the most general infinitesimal transformation of the group. It 
may happen that there exists a system of linear homogeneous partial 
differential equations 

+ h a^n In + bkl H 0, (/j — 1, 2, . . . 

of which li, . . . |„ are solutions. In that ease the group is said to he 
defined by differential equations. Such is the case in the above example. 
We have 

lx ^^7y’ ‘s ” 


where (p and ^ are arbitrary functions of x. 
equations are 

dy dy^ 


The defining differential 



6 I TPANSFOEMATION OF SYSTEMS OF DIFFERENTIAL EQUATIONS. 

Lie has sliown^) that ihe invariants of m infinite continuous groitp^ 
tvliich is defined by differential equations ^ may always he obtained as 
the solutions of a complete system of partial differential vquatimis, as in 
the case of finite groups. 

This coiii})lete system will, of course, be obtained by equating 
to zero the symbol of the most general infinitesimal transformation 
of the group. 


( IIAPTER 1. 

TRANSFORMATION OF SYSTEMS OP LINEAR HOMOGENEOUS 
DIFFERENTIAL EQUATIONS. 


Let there be given a system of n independent linear, homogeneous 
differential equations between n unknown functions //j, //„ of .i‘, 

an(4 let the order of the highest derivative which is present in the 
system lie m. We may assume that none of these eejuations are of 
the order, i. e that no equation of the system has the form, 

(free from all derivatives'), 

^P/Vi = 0 , 

4—1 

since, by means of such an equation, we could reduce the number w 
of unknown functions. We ma>, for the same reason, assume that 
no combination of the equations of the system give rise to an equa- 
tion of this special f.rn.. The system of equations will be assumed 
to be written in the form 


( 1 ) 


= ..u 

A. 1 

0 = -^1 + I, Aj + 2, . . . -f- Ag ), 


Itn + = 0 , 

( <? == + As + . . . + + 1, . . Ai + A, -f . . . + A,, _ 1 

where, of course 

Ai "f A2 + A3 H f- A„j = n . 


U Lie, Math Annalen, vol 24 
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The integration of (1) would involve 

(2) M — -f- ^2 (w — 1) 4- ^3 — 2) -j f- Xm 

arbitrary constants, lu fact according to the fundamental theorem 
of the theory of linear differential equations^), if for x = the 
coefficients can be developed in series proceeding according to 
I)Ositive integral powers of a — XQy convergent for values of x which 


there exists a system of functions ?/j, . . . 7/„, expressible by power 
series convergent in the same domain, for which the values of the M 
quantities; 


( 3 ) 




II 





• • • •> t • ' 

* •'/l-f ■ 


i + + +^7n — 

for j = .Tj, are arbitrarily assigned constants, and which satisfy the 
system of differential equations. 

If, for a moment, are interpreted as coordinates 

of a point in an -f 1 dimensional space, we may speak of any trans- 
formation of the form 

(4^ y, ~ g, . . iy„j, X = f ry^, -i/g, . . . >y„), 

where q, and f art* arbitrary functions of their arguments which do 

not contain the derivatives ^^jetc, as ?i point -tncnsformatum. For, 

if these functions are independent, i. e. if the Jacobian of g^y g,j . . . g„yf 
with respect to .. ^ is not identically zero, the point 

( 2 /i, ?/ 2 , . . . ?/„, x) will then be transformed into another point 
{Vv %} ’ ' • Vny 5) cf ?/ -[- 1 dimensional space considered, and \ice 
versa. 

We shall assume that the functions f and g, admit differentiation 
up to the order required by the following considerations. We may, 
although this restriction is not necessary, assume that they are 
analytic functions of their arguments. 

A transformation of the form (4) apjdied to (1), will give rise 
to a new system of differential equations, obviously of the same 
order, but not in general linear and homogeneous. We wish to find 

1) The proof, essentially upon function theoretic princi])le8 due to Cauchy^ 
for the case of a single linear differential equation was given by Ftichs, Crelle's 
Journal vol. 66 It is a very easy matter to extend this proof to the case of a 
system of form (1) 
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the most general form of the transformation compatible with the 
condition that the transformed system may also he linear and homo- 
geneous; we assume moreover that the coefficients of (1) may be any 
analytic functions of ir, and that the functions f and g^ are not 
dependent upon these coefficients. In other words, the transforma- 
tion (4) when found, is such as to convert every system whatever 
of form (1) into another of the same kind, and it is the same trans- 
formation for all systems of this form. 11) for example, l)j, . . . are 
solutions of (1), the equations 

2/i = 4- t)k Qo = 1, 2, . . . w), O’ = I, 

would transform (1) into another system of th<‘ same form, in fact, 
into itself. But such transformations are excluded, because the solu- 
tions depend upon the coefficients of (1). This transformation is 
a diflFerent one for different systems of the form (1). 

We find, from (4), by successive differentiation 


(6) 

dy^ 

dx 

Yi rfS//, 
~ c ^ dx* 


' dx" 

where 








dm 





dt 

(6) • 



X L 




Y — ^ 4 . "V ' 

r 1 0 
di’ ~ 


and where F, 2 , . . . are defined by these equations as rational 

integral functions ot 7^/, etc., if we denote derivatives with respect 
to I by strokes. We have, in particular 





TT 


Let JET, 2 ; be the coefficient of 7 ^/^ in this expression. 


Then 


(7) 


TJ 

“ dm H ~ Sm 


, _ ''f , 


(/, A = 1, 2, . . . w). 


For a fixed value of i, all of these quantities H.s, cannot be 
equal to zero for all values of rji and m'. For, if they were, all of 
the Jacobians 

<^g, 'df ^ df dg, dg^ df df dg^ 

< di drij dt ' dri^ dri^ dri^ 

would be zero, i. e. the functions f and would not be independent. 
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From the equation 






we obtain by differentiation 

dY. 


dx“ 


so that 

( 8 ) 

Let Hiui denote the coefficient of in Yu,. Then (8) shows that 
Hiux = oif,, /,«!,/, (jii = 3, 4, . . .), 

whence 

(9) 

so that H,u) is different from zero if 77,2/ does not vanish; for 

dx 




0 = 




cannot be zero. 

Let us substitute (5) in (1). We find 

V 

(10) Y,m + — 1,<,A — 1 + Pm — 2,,,K 1 A,m — 2 H 

+2h^LY,,&^^-^ + 0 , 

etc. . . . etc.. 


where we imagine the coefficients ppui also expressed in terms of 
I, ■*?!; • • • hji- 

Ytm is linear in and actually contains at least one 

of these derivatives, since at least one of the quantities Hisx and, 
therefore, at least one of the quantities HtmH is different from zero. 

It must be possible, if the transformation is of the required 
character, to solve (10) for Aj derivatives of order m, say 
for Ag derivatives of order m — 1, say \ 
shall then have a new system of differential equations of the form (1), 
which we may imagine written down replacing the Roman throughout 
by the corresponding Greek letters. From this system, which we 
may denote by (1)', certainly all of the derivatives can be 
expressed in the form 

(11) i2j») !?<”-’> + + • • • + q<,,i,tVd’ 

A = 1 

where q^ir^ are functions of | alone. 
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We have, on the other hand 

tm im/ */ 

/ -1 

where the terms not written are of order lower than w?, and where 
HimX is an integral rational function of ri) of degree m 1. 

By hypothesis (10), when solved, gives rise to (1)', from which 
follows (11). The left memhers of (10) contain the highest derivatives 
only in the combinations 

') 


These left members must, therefore, be obtained from (11) by making 
precisely these linear combinations. The fiist equation of (10) can, 
therefore, contain . . 7/,/ to the degree only, since is of 

degree m — 1 in these quantities. But this eijuation contains the term 

winch is of degree 2m — 1 in provided that f depends 

upon any of the quantities . . . i?,,. For m 1 this is a contra- 
diction. Therefore, if m > 1, -we must have f independent of i. e. 




-0, 




We have, therefore, 

'h 


i/,„, = 


'ff, 

y 


so that the coefficients of the highest derivatives in (10) are now 
free from the derivative.s t;/. Each of the terms of (10) must there- 
fore be linear in One of these terms is 


But we find 
where 




y, 2 = ^ 




-Y,^ 


da 




/ -1 ; -1 «=i /^i ' 


' = 4+^2 

/ -1 

so that is linear in rii! only if 


1) To be sure allot ILe 7/itii derivatives, excei)trj5”*\ . may be removed 
by means of the other equations of the system (IV But this does not affect 
the conclusion. More symmetrically, system (1) could be replaced by a system 
of n equations each of the order, a sjstem of linear relations between 
the derivatives up to the m - order, a system of X^ relations between the 
derivatives up to the ni — 20 i order, etc System (!;' could be written in the 
same way and thus the conclusion would be rendered more obvious 
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i. e. if 




= 0, 


(Jk = H ^ C^kn{S)Vn + 

But in this case 


i. e. the coefficients of the highest derivatives in (10) are mere func- 
tions of Every term of (10) must therefore be linear and homo- 
geneous in . . . r}„ and the derivatives of these quantities. The term 

is homogeneous, only if 
is zero. 

If M > 1 the most general transformation of the kind required 
is, therefore, 

^ = /’(?)» 2/a == + aA2(l)»?i H f- 

(^^=l,2,...n) 

where /'(I) and a^td) are arbitrary functions of | and where the 
determinant 

U,k 

is difierent from zero. 

We still have to examine the case m = 1. Let 


dy, 

US') 2/1 H \-jnn!l,„ (A- = 1, 2, . . . ii), 

be the given evstem, and suppose that the transformation 

■»=/(£; Vi,--- ■»/»). 2/i == !)^ (I; Vu--- v«) 

converts it into 


(12a) == JCai -H ‘ Vny {h = 1, 2, . . . n). 

We may write (12) in a different form. If we differentiate each 
equation n — 1 times, we shall find 

d'^i/k 

=lhZi yi H h Pkfnlfn, (k, A, — 1, 2, ... w). 

da 

Eliminating the w — 1 quantities y,, (/=4=Z;), from these equations, 
we shall find 

d”y, d^~^y. 

d®» + ■ ■ ■ + 

(A- = 1, 2, . . . «); 

in special cases some of these equations may be of lower than the 
order, but in general they are not. 



12 I. TRANSFORMATION OF SYSTEMS OF DIFFERENTIAL EQUATIONS. 

The equations (IB) are all integrated if one of them is. We 
shall have, in fact 


t dy. . 

Vk = 5*0^1 + ^*1 + * ’ 

* 4" Sx,«— 


(k 2, 3, . , 

. .n). 

11 

o 

4- 

+ 

{" h,n- 

r-'y, 

‘ dx”-^ 

(/c = 1, 3, . , 

..n), 

dy^ 

yi = VLoy„+vti 

* 4- ^k,n — 

‘ dx" 

{k = 1, 2, . 

, . « - 1), 


where the coefficients Sk.jtuy ^ as well as the coefficients r*,- of 
of (13) may be obtained from p,k by rational processes including 
differentiation. The combined systems (13) and (14) are equivalent 
to (12), the equations (14) serving to reduce the order of (13), which 
would be to w. In place of (12 a) we may consider a corresponding 
combined system (13a) and (14a). The required transformation must 
convert (13) and (14) into a system equivalent to (13a) and (14a). 
By the method of the general case we find the same result as before, 
provided that w > 1. 

There remains the case m = n = so that the differential 
equation has the form 


It is convenient in this case to write 


Iogy = y„ log»; = %. 

We must then determme those transformations 


(15) = h Vi), Vi = !h (i: >Jl) 

which transform any equation of the form 


(16) 

into 

(16a) 


dy, 

dx 


+;>(■*) = 0, 


dT]^ 

di 


4- ^(1) = 0. 


We find, by applying directly the transformation (15) to (16), 


(17) 


drii 

d^ 


+ 




+ 

+ 


'dfJi 

H 

'dgy 

dri, 


-0. 


The second term of this equation must be a function of | only. The 
partial derivative with respect to rji must therefore be zero, for all 
possible functions p. Therefore, the equation 
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\da; ^ ag a?ji ag a%/ aTj^ 

_ [dp /a/iy av. . ^>.1 / a/; . a^/A _ . 
\.dx\drij ^ ^ ^ d^) ' 

must be satisfied identically. This is impossible unless the coefficient 
of is zero, i. e. unless 

/ a/; dg^ _ a/; a^rA _ . 

arji \ag aTji ai^i 

The second factor cannot be zero, since and are independent 
functions of J and Therefore 

1^' =0, 

(fl^ 

i. e. /i is a function of | only, so that instead of (15) we may write 

(i> %)• 

We find in this case, in place of (17), 


where again the second term must be a function of | alone. Since 


p{or) was an arbitrary function of ir, we see first that must 

be a function of | only, since the second term reduces to this ratio 
for jp — 0. But if ^ 0, we see in the second place that must 


be a mere function of and finally also 


is therefore linear 


in 1 , 1 , say 
whence 

But this latter expression must be a function of | only, so that 

9i ~ ^ 

where il is a constant We have therefore the following transformation 

^ = /l (I) ; 2^1 = + i/l (5) 


whence 


^ = /’(I); y = ^ == const 


Therefore (18) is the most general transformation which can convert 
a general homogeneous linear differential equation of the first order 
into another of the same kind. It is easy to verify that every 
transformation of this form actually accomplishes this. 
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We may recapitulate our result as follows. The most general, 
point-transformation j which converts a stjstem of n linear differential 
eqmtmis into another of the same form and order, is 

I = f(^x), Ilk = 1 ^kn{x)yvy 

(/. = 1, 2, . . . y/), 

where fix) and ak,(x) are arhitranj functions of x, for which the 
determinant 

I «<,(*•) I, O', A-= 1, 2, . . . 

does not vanish. 

If 11 = 1, and if the single di/fhrntial equation, to which the system 
then reduces, is of the first order there is o'*' c'^ception. In that case 
the most gnieral transformation , which has the required pnqnrty, is 

a = /(?), y uiD'f, 

where f and g are arbitrary fumiions, and X an arbitrary constant. 

Tor tlie case of a single linear iliiferential equation, the trans- 
formation becomes, {m >1), 

l-/V)> >/=//(«■)?/• 

The proof, that this is the most general transformation converting 
every linear differentical equation of the order into another, was 
first given by Stdckel.^) The generalization to systems of ditferential 
equations is due to ihe author^) A shorter, but less elementary 
proof than that of Htaclel is due to Li( •*) 

CIIAPTEK 11. 

INVARIANTS OF THE LINEAR HOMOGENEOUS 
DIFFERENTIAL E(,)UATION OF THE n^^ OJtDER 

^ 1. Fundamental Notions. 

Let us consider the linear difierential ecjjuation 

(1) + ( 2 )^?/"' + +Pny = 0, 

where the symbol 

^ 1) t^tackd, Crellp’s .lournal, \ol ill (1893), p. 290. Hiacld there also gives 
the investigation for m = 1 which we have reproduced 

Wilczynskt, Am. Journ ol Math , vol. 23 (1901), p. 29. 

^) Lie, Leipziger Berithte (1894), p. 322. Lie em])haBize8 the fact that 
such results are mere corollaries of his general theory. For iha iiresent work, 
however, they are of especial importance. 
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/n\ »» (n ~ 2 ) . . . 0/ -- /.* + 1 ) 

U/ ■ am 

represeuts the coefficient of in the expansion of (1 + a?)”; where 


and where PifP^j’- Pn are functions of x. 

We have seen that the most general transformation, which 
converts (1) into another equation of the same form and order, is 

( 2 ) j- = f{S), y = K%)ny 

where /(|) and are arbitrary functions of Clearly all of the 
transformations of the form (2) form a group, an infinite continuous 
group in the sense of L/V, which is defined })y differential equations. 

If the general transformation (2) he applied to (1) another 
ecpiation of the same form will be obtained between and |, whose 
coefficients will be expressible in terms of /*, A, and of 

certain derivatives of these functions. We shall always suppose that 
all of these derivatives exist In fact we may assume for our purposes, 
although this involves an unnecessary restriction, that all of these 
functions are analytical. Any differential equation, which may be 
obtained from (1) by a transformation (2), shall be said to be equi- 
valent to (^1). A function of the coefficients p^y p^y > > • Pn of (1) and 
of their derivatives, which has the same value as the same function 
formed for an equivalent equation, shall be called an absolute invariant. 
If sucli an invariant function also contains y, y \ etc., we shall 
s])eak of it as a covariant. 

§ 2. Seminvariants and semi-covariants. 

The transformation (2) may be conveniently decomposed into 
two others. Let us put first 
(:5) = 

where X{x) is an arbitrary function of x. This gives rise to a 
differential equation between y and x. We may then transform the 
independent variable by putting 

The transformation (3) clearly form a sub-group of (2) which is still, 
an infinite continuous group. We shall speak of the functions, which 
remain invariant under the transformations of this sub-group, as 
semin variants and semi -covariants ^ and we shall proceed to determine 
them immediately. Since invariants must also be seminvariants we 
shall then be able to determine the invariants as special seminvariants, 
namely such as remain unchanged by an arbitrary transformation of 
the independent variable as well. 
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We find, from (3), 

y 


(4) 

?/' = 4- 



^») = A»y("' + (”) A'V"”" + ( 2 ) 

-2) 4. + X(»^r], 

SO that (1) becomes 


(5) 

V“> + (”) + (^) ’f.V""®' + 

+ ^7,7] 0, 

where 

3fj = J j^A' + i>i4 


(6) 

»2= i + 2piX' + p.k^, 






as may be found by direct computation. Without computation these 
equations may be found by noting that (4) is a linear homogeneous 
substitution in 14 -1- 1 variables y, y, • • . that the quantities 

constitute a second set of ?? 4- 1 variables, and that the transformation 
of the latter set must be contragredient to that of the first, so as to 
leave the bilinear foriji (the difiFerential equation) 

y{v)^{n) q_ ^ _J_ ^ 

invariant. 

As equations (6) show, we may always choose X[x) so as to 
make jTj vanish. We need only put 


X = 


so 

that (5) becomes 



(7) 



-=> + •••4 P„2J=0, 

where 



(8) 

i = 0 

dx*-' 

") 

(fc = 2,3,4,...n). 


We find in particular 




II 

1 

1 

» -Ps=P3 

- ^PiPi + ^Pi-P”, 


( 9 ) ■P 4 =1>4 - ^PiPs + ^Pi^Pi - (Sp^Pi - Sj)/ + 

+ etc., 
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and it is evident that the exponentials of equation ( 8 ) always cancel 
each other. We may write, moreover, 

. (9 a) P 4 = - ^PiPi + - 3i>8* - 6 j>i* - + SF/, 

a formula which we shall need later. 

We have seen that any linear differential equation of the 
order may be reduced to the form (7) in which the n — deri- 
vative is absent, and which shall be called its semt- canonical fcyrm. 
As long as the independent variable x is not transformed, the semi- 
canonical form is unique. For, although we might more generally 
have put 

I = 

where (J is an arbitrary constant, this would not affect the coefficients 
Pfc of the semi -canonical form of the etjuation. 

Consider now any equation (5) which can be obtained from (1) 
by a transformation of the form y Xr}. If we reduce it to its 
serai -canonical form, the coefficients IT^, 11^, . . . II„ of the latter will 
of course be precisely the same functions of jTj, jfg, . . . :?r„ as Pg, . - P« 
are o^ jhf Pa Pn- since ( 1 ) and (5) can be transformed into 

each other, their semi -canonical forms must coincide. Therefore 

JTi = Pt, (fc==2, 3, . . . 

in other words, the n — \ quantities p„p„...p„ are seniinvariants. 
Obviously the same is true of their derivatives of any order, and of 
any function of these quantities. 

But the converse is also true, i. e. every seminvariant is a functimi 
of F„ P„... F„ and of the derivatives of these quantities. 

For, let 

f(Pl,P3, - -Px-, Pl,Pi> ■ ■ -Pn, etc.) 

be a seminvariant. It must be equal to the same function of the 
coefficients of any differential equation obtained from ( 1 ) by a trans- 
formation of the form (3). In particular it must therefore be equal to 

m - Pn; 0, P,', . . . P„'; . . .), 

where Pg, ... P„ are the coefficients of the semi -canonical form, 
i. e. it must be a function of these quantities and of their derivatives, 
as we asserted. 

Having found all of the seminvariants we proceed to determine 
the semi -CO variants. We may confine our attention to semi-covariants 
which contain no higher derivatives of y than the w — 1*^. For, if 
a semi -CO variant contains etc. we may express these higher 

derivatives in terms of the lower ones, by means of the differential 
equation itself and of others derived from it by differentiation. 

WUA'Z^NSKI, projective differential Geometry. 2 
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Put 

(10) +PKy, (/.•=l, 2 ,...n), 

and denote by the corresponding expression in ri and jt. Then it 
is clear without any computation that 

( 11 ) Vk = 

For, equations (4) and (6) show that, just as the equation yn = 0 is 
transformed into — so will be transformed into Xt^i. 

We have therefore, the folloiving n — \ smii-covarianis 


?/l ?/s, . . . 

?/ ' y ' y 

Any semi -covariant must he a function of these and of seminvariants. 
For, in the first place, every absolute semi-covariant must be homo- 
geneous of degree zero in ?/, if, . . . y^”~^\ since if we take X == const., 
equations (4) and (6) reduce to 

(13) = Xrf^\ Pk = . 

Any absolute semi-covariant must, therefore, be a function of 


v\ 
y y 






•i>«; Pi>Piy • • Pn\ etc 


Jly means of (10) this becomes a functioji of 


y»-i , 

y \ PxAhi etc. 

But if it is a semi -co variant it must be equal to the corresponding 
function for the semi -canonical form, and must therefore reduce to 
a function of 

... ^ j* P ’ F' P etc 

This justifies the above statement 


§ 3. Invariants and oovariants. Fundamental properties. 

Before proceeding to the explicit calculation of the invariants 
and covariants, it will be useful to deduce a few simple theorems 
about them 

.We have seen that any absolute semi-covariant must be homo- 
geneous of degree zero in ?/, y\ . . ?/«— i). The same must therefore 
be true of an absolute covariant. 
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An vtreducihle rational integral expression 

f{y, • • • »i, ■ ■ -Pn, ■ ■ •), 

i. e. one which cannot he resolved into integral rational factors, is 
said to be a relative covariant, if the equation /* = 0 has as its con- 
sequence the same equation in the new variables, i. e. 

fin, ■ • • * 1 , . . . 3t„; . . .) = 0. 

Equations (13) show that every covariant must he homogenems in 

We proceed to make a very simple transformation of the form (2) 
by putting 

2/ = ij, i = cx, 

where c is a constant. We find 

djT^ dx^ 

If we assign to the weight 1m , and to the weight (r+l)m, 

we see that every term is multiplied by a power of c whose index 
is its weight. We see, therefore, that every covariant must he isoharic, 
every absolute covariant isoharic of loeight zero Besides, as we have 
seen, it must be homogeneous in 2/, y, .. and of degree zero 

if it is an absolute covariant. Invariants are, of course, included 
among the covariants as special cases, their degree being zero 

Let be a rational integral co variant of degree k in y,... y^”'~^\ 
and of weight w. Let us make the transformation (3). Equations (4) 
and (6) show that 

4 ®, 

where denotes the same function of the new variables as 

of the old, and where 0 is a rational function of lower weight than iv. 
But the equation = 0 must be a consequence of = 

which requires that & shall vanish. If we assume further that 
is irreducible, 0 cannot vanish as a consequence of — 0, but 
must be identically zero. An irreducible rational integral covariant ^ 
of degree X, is tiurefore transformed in accordance with the equation 

if the dependent variable is tramforwed by (3). 

Let the independent variable be transformed by putting 

s = iw. 
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We find 


(14) 


»■ -s'g- 

rg. 


s 4- , 


«(4)= 


= (k'Y 2 + 6iiTr' + [4r6<*' + 3(r')=] IJ, + 


tff d^y 




)ty. 


in general 
(15) 


2/' 


,(no^V7;^ 

^ A'! 

i- 1 


y 


(;h = 1, 2, 3, . . ), 


where Ar,a is an integral rational function of the derivatives of |(r). 
Some of these coefficients we shall have to determine. We find at 
once from (14): 

^u=r, ^21 =r, A>.=nr)4 
(16) ^„=r, A,==6rr, ^,3=6(r)’; 

^,,=8rP'+o(rT, ^,,,=:!6(r)“r', A,=24(r)‘. 


Differentiation of (15) gives 






^^m+1 




/«-f- J 


. +> --r. 4-^U 


dt 


dy 

d'^' 


whence 

(17) 


I ~1~ 1) -‘I7/1, 7/tb > 

•^T/i-(-J,m ~1~ ^ — jy 

A,„j^ 1, ,„_i = I + (n? — 1) 


A]n~\~i^l — Af,i^i 

From the first and last of these equations, together with Aii = ^\ we 
deduce at once 

(18) = 

From the second equation of (17) we find: 

Am,m — i = Am—l,m~l + (»W — 1)^' A,n — i^rn- ii, 

^ A,fi- ],m-iS = A'n — 2, m—2 + (wi — 2)^'A,n — 2, r/i — lif 


A‘i^2 — -42^2 "f" 2^'A2,i. 
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Multiply the members of these equations successively by 

1, (m~l)r, (m~l)(w~2)(r/,. . 4.3(10— » 

and add. Then substitute the values of etc. derived 

from (18), and the value of The result is 

( 19 ) 

From the third equation of (17) we find 

Affi^TH — 2 Affi — — 2 (wi 2) ^ A/fi — ^ — s, 

Afn — 1, m — 3 “ Afn — 2 , m — 3 "1“ (^^^ ^) ^ — 2, m — 4> 


A 4 , 2 — A's^ ^ 2^ ^8, 1 • 

Multiply the members of these equations in order, by 

1, (m - 2)r, (wi - 2) (m - 3) (100 . . (m - 2) (m - 3) . . . ;3(r)'”~S 

add, insert tlie values of etc. from (19) and of A^^i 

from (10). The result is 

(90) = {3) + 3 Q) 


an equation for wliose demonstration the following well-known formulae 


1 -2 + 2-3 + 3-4 + •••+ «(« + !) = "'"'‘"3-^11^'’ 

1 •2-3 + 2-3-4 + ■■■ + »(« + l)(w + 2) = " 

may be used. 

The substitution of (15) in (1) gives the result of the trans- 
formation I — ^(x). Denote the coefficients of the resulting equation 
by . . .;7„. Then 


(21) (;') (r)''iv =2 (”) 1;.- ('^ = 0 , 1 , 2 , . . . , 0 , 


J'o=l'o= l- 


According to (18) this shows that 


(21a) P, = P, + dr-i 

where (/,_i contains only terms of weight lower than r. 
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Solving (14), and denoting |r ^7 V> 


( 22 ) 


di‘ ^ 

[2/® - - w - 2-joy I. 

Trt = T^t!/®- (4V-llr)y'- (i3''-7’jV+ 6v*)3/1. 

«5 ( 5 ) 


so that in general 
(22a) 


— = — 2/'"^ + Ir-l , 

dr 


where F, ->i contains terms of weight no higher than >• — 1. 
(21a) finally, one finds 


(21b) 


d% 

w 


_ 1 




From 


where qr+k-i is of weight no higher than r k — 1. 

Let he an integral, rational, irreducible covariant, homo- 

geneous of degree k and isobaric of weight w. The equations (22 a) 
and (21b) show that the transformation | = |(a:) will convert it into 

terms of lower weight. 

But the equation ’ = 0 must, follow from = 0 The terms 
of lower weight cannot vanish in consequence of the latter equation, 
since is irreducible. They must therefore vanish identically. 

We have therefore the following theorem. 

If is an integral f rational^ irreducible covariant of degree k 
ami of weight w, the transf(yrmation 

(T) ^ = !(*), ^ = i(*)2/, 

transforms it in accordame with the equaUon 

(23) -* 

(iT 

When three such covariants are known, an absolute covariant can 
always he constructed. 

In fact, let for (e = 1, 2, 3) be three such covariants. Then 

is an absolute covaxiant, if 
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From these equations determined, except if 

/Cj^ 1 /jjj i /^3 = I ^8^ 

in which case two of the co variants suffice to determine an absolute 
covariant. This takes place, in particular, if two of the covariants 
are invariants. 

Let 27 and F be two integral rational functions of the quantities 
and without a common factor. Let their quotient /= ^ be 

an absolute invariant, and let c be a constant. Then the equation 
7=6' is an invariant equation, which, since 27 and V have no common 
factor, may be written 

i7_ cF=0. 

But this equation, being an invariant integral rational equation, must 
be homogeneous in the j/’s say of degree /c, and isobaric, say of 
weight w. Therefore 

V-cV=^^{V-cV). 

This equation must hold for all values of c, whence 

- 1 ^ — 1 * 

F= — F. 

Therefore: if an absolute covariant be a rational function of its argu- 
ments j whose numerator and denominator have no common divisor, the 
latter arc relative covariants of the same degree and weight. 

Let / be an absolute covariant. Then 

dl _1 ^ 

dx r dx^ 

i e. by differentiating an absolute covariant, a relative covariant may 
always be obtained of the next higher order. In particular, let 0^*, 
be two invariants, of weight g and v respectively. Then 

(24) gOfi&f — 

is a new invariant of weight ft + v -f 1 which we may, with Forsyth, 
conveniently denote as the Jacobian of and 

We shall have occasion to consider a special case of the trans- 
formation T, for which 

where C is an arbitrary constant, while v has a fixed constant value*, 
in our case, for example v — • Such transformations form a suh- 
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group of the infinite group of the transformations T. 
CO variant of degree h and of weight w. Then 

whence by logarithmic differentiation, 


80 that 
(25) 


<no^v ^ 1 
dx I' L dx 

dx I' L dx 


-f {Jiv — w) 




vUUj — Qcv — w)ViJ 


is seen to })e a covariant for the sub-group 




if Z7 is a covariant of degree Ic and of weight w. 


Let C7 be a 


§ 4. Canonical form of the differential equation 
and of its invariants. 


From (21), making use of our expressions for Am,tn, Am,m-h 
we find 


(26) 


Pi “ [Pi + " 2 S]. ^here . 

Pi = + i» - -)Pi >1 + ]2 (3«- - 11 » + 10) + " 3 - '>[], 


whence 

(2Ga) 


dx (r)* 


-Pi'fi- 


71—1 




71 — 
~5J 




} 


According to (9) we shall therefore find 


(27) 


jj ^ Ft? 

= 12 ’»■- c ’ij- 


Being a seminvariant, Pj, is not changed by any transformation 


affecting only tlie dependent variable. According to (Gj and (2G), if 
we make successively the two transformations 


y^lyj x = l(x), 

IS changed into 

(28) = + 

Suppose that (1) has been reduced to its semi -canonical form, 
so that jpi == 0. Then, as (28) shows, will be zero, if and only if 
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(29) 
i. e. if 

(29 a) 


V 

X 


4. VLZI C. = 0 

+ 2 gr 


A = 6' 



1 


In other words, the most general transformation of the form 1) 
which leaves the semi- canonical form invariant^ is 

(30) 5^ = K^), 

where %{x) is an arhitrary function ^ and C an arbitrary constant. 

It is clear from the general theory that the transformations (30) 
must form a group, a sub-group of (2). The group -property may 
moreover be verified directly. 

We may now choose J(u;) in such a way as to make Po vanish. 
According to (27) it is sufficient for this purpose to take for |(j‘) 
such a function of x that ri shall satisfy the equation 

( 31 ) = 

which is of the lliccati form. 

We thus obtain an equation equivalent to (1) for which 

Pi==h = o. 

That this transformation is possible was first showji by Laguerre. 
The canonical form of (1) which is thus obtained was employed by 
Forsyth, for the theory of invariants. We sliall therefore speak of 
this reduction, as the reduction to the Forsyth -Laguerre canonical 
form, this form being characterized by the absence of the n — 
and n — 2*^ derivatives. 

Let us suppose this reduction made, so that ;;j = p, = 0, and 
tlierefore 1\ = 0, The most general transformation which leaves the 
canonical form invariant, must, according to (31), satisfy the further 
condition 

f* = »/ — 2 »;■ = 


But, if we introduce 



into this equation, we find 




The expression on the left is nothing more or less than the Sclnvarzian 
derivative of | with respect to x. The most general solution of this 
equation is 
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1 = 


ax § 


where a, jS, y, d are constants; whose ratios only are of importance. 
The relation between X and | is, of course, the same as before. 

Therefore^ the most general transformation^ which leaves the LaguerrC’^ 
Forsyth canonical form invariant^ is 


(32) 


t _ + ^ 


n = 


Cy _ 


The totalit/y of these transformations constitutes a fmr -parameter group. 

Let us suppose that (1) has been reduced to the canonical form. 
Its invariants will assume an exceptionally simple (canonical) form, 
owing to the vanishing of the coefficients p^ and p^. But we have 
just seen that this reduction may be accomplished in cx)* different 
ways. For any one of these reductions, of course, the absolute 
invariants of (1) have the same value. But they also have the same 
form; for, no matter how the reduction has been accomplished, in 
the resulting canonical form, p^ and p^ are zero. The invariants 
of (1) in their canonical form, must therefore be such functions of 
the coefficients of the canonical form of (1), as remain invariant 
under all transformations which leave the canonical form unchanged, 
i. e. under the transformations (32). On the other hand, any function 
of the coefficients of the canonical form, which remains invariant 
under transformations (32), must be the canonical form of an invariant 
of (1). For, althougli (1) can be reduced to any one of different 
canonical forms, this totality of canonical forms is the same for any 
equation equivalent to (1). A function of the coefficients of the 
canonical form, which remains unaltered by the transformations (32), 
has therefore the same significance for (1) as for any equation equi- 
valent to (1), i. e. it is the canonical form of an invariant. 

To find the canonical form of the invariants of {i) is, therefore, 
the same as to find the invariavds of an equation in its canonical form 
under the transformations (32), 

Let, therefore 

(33) ?/W + (^) + • • • + = 0 


be a linear differential equation in its canonical form. We proceed 
to determine its invariants under the transformations of the four- 
parameter group 

Cy 

yx+i ^ (yx + i)”-' 


(32) 


These will be the inTariants of the general equation in their canonical 
form. 
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We may assume 

(32a) 1, 

since only the ratios of a, y, 6 have any significance. It is then 
evident that (32) contains only four parameters. 

To determine the infinitesimal transformations of (32), put 

a = y = c^dt, 8 = C=\-\-B8t 

where 8t is an infinitesimal. Then, neglecting higher powers of dty 

8x^2 — X c^x — c^x^\ 8t, 

Sy = y-y = y\s-(n—l){c^x + Ci)]H. 

But from (32 a) we find 

Cl + r, = 0. 

We may therefore put 

^2 = tty, 6*1 Cl == 2^1, C3 = ^2, Q = «1, 

SO that we obtain the following, as the infinitesimal transformations 
of X and y, 

8x = (ofo + 2tt^x-\-a^x^)8tf = [e -f {n - 1) (oi -f (i^iX)'\y8ty 

or 

(34) S.i =%St, dy = (* + ^ |')y St, 

if we put 

S = «o ■+■ + a^x^. 


Let f be any function of x, and f the corresponding function 
of .!•. Then 

df ^ df ^ 
dx dx dx 

Since we have 

x = x + %dt, g=l + |'d<, f=f+Sf, 

we find 


df 

dx 



d_(Sf) 

dx 




df d{Sf) .,(?/■ 
dx'dx ’ dx 


St, 


(35) #(/■') = ^W) 

If we apply this formula, we shall find 

(36) d(y(*)) = [(* + r) I"] St, 

(^ = 0, 1, 2, . . . n). 
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To find the result of the infinitesimal transformation upon (33) 
we must substitute in it, 

If we denote ^ by i/®, (33) becomes, after this substitution, 

or 

If, therefore, we denote the coefficient of and put 

\M — A’/ 

^w — A Qp — k — — 


we shall find 


dq„^j = - — DUqn-k + ^ 

(/r=l, 2, . 9/-1), 




^ II — 1 ) o,, 

= „ IV 


The continued apjdication of (r>5) will then give, by induction, 

(3^) T ^ 1 [A(/^+2/-i)sr’>+ 

(/ = ;5,4,. «; * = 0,1,2,. .). 

Let /* be a function of y, y\ . . . . and of the quantities q\J^ up 
to weight Wf so that ^ + j < w’, and I < ?r, \i w <n. If t(; > w we 
shall have i j <.iVy T < w — 1, since we shall always assume that 
the higher derivatives have been expressed in terms of f/, y\ . . . 
by means of the differential equation. If then we take w> n 
shall h^ive to consider the variables y\ . . . and where 

i k<Wy together (n — 2) w — ^ variables. If f be an 

absolute invariant, containing these variables, we must have 8f~ 0, i. e. 
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for all values of s, We thus find the following system of 

partial differential equations for the absolute invariants and covariants 


i — 0 


(38) 

where 

(39) 




df 


/L-1 

« — 1 


n V)—} 

^ iL =0 ^3 


0 = a;<“ v=^ k (« - x;)y‘-» 

n w—j 

At'f ^k{k + 2j-l) - 


f1 


j_8 i_l 
« « — ; 




j k~0 ^ ^3 

The three equations (38) are independent, and according to the 
general theory, form a complete system. Therefore there are 
/ w* — — 2 Q w* — 3n-{-4 

(m — 2)iv— ,, — 3 — (w — 2) «(; «r^- 

absolute invariants and covariants involving quantities of weight no 
higher than ?r, where Of these, a? — 1 are necessarily covariants, 

while all others may be taken as invariants. For, if we assume that 
f is independent of y, a/, . . . (38) reduces to a system of two 

equations with a? variables less than before. This system must there- 
fore have ai — 1 solutions less than (38), whence our conclusion that 

all of the solutions of (38) except a^ — 1 may be taken as invariants. 
Of the n — \ CO variants, all but two may be chosen as being in- 
dependent of the quantities In fact, the complete system obtained 

by assuming that f is independent of contains n variables and 
three equations, so that there are n — 3 such solutions. Therefore, 
n — 3 of the covariants, the so-called idmtical covariants according 
to Forsyth, are the same for all equations of the order, while two 
of them depend upon the coefficients of the equation. For the latter 
two we may take 

(40) 


6 ^ 3 y_+ (» - 1 ) q^'j ( n-D ytf- {71-2^) 


yq! 


y-qi 


for we can easily verify that these are solutions of (38). The first 
equation of (38) merely requires that f shall be homogeneous of 
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degree zero in Pf y\ etc. . . . Tlie second ec^uBition re<iuires f to be 
isobtiric of weight zero, g '3 and y are obviously solutions of the last 
equation of (38). If, therefore, we take any function, homogeneous 
of degree m and isobaric of weight w, which satisfies the last of the 
equations (38), we can find from it a solution of (38) by dividing by 


«« 3 

y * • 

For, such a quotient will obviously satisfy the first two conditions. 
It will also satisfy the last since the quotient of two solutions of 
will be again a solution. But the numerators of the two 
expressions (40) are such homogeneous and isobaric functions which 
verify the equation — 0 , so that our assertion is proved. 

It remains to find the m — 3 identical co variants and the in- 
variants. We can establish first, the existence of a system of quadratic 
covariants. Put ^ 

(41) V„ + I 

t~0 


where are constants. This expression is homogeneous of degree 
two, and isobaric of weight 2j. We shall be able to determine the 
coef 6 cients pn so as to have 

= 0, 

In fact 

k — l 

This will be zero, if we put 

l(n-lc) U 

whence 

For j = 1 , we find 


if 

(43) 

If we put 

(44) 


U^ = {n~ l)y''y - (re - 2 ) {y'f. 




1 2 , ... 2 — 1 if is even j 
„„„odd 


r 


we have ^ 2 identical covariants or according as n is even or odd. 
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whence 


From these covariants we can deduce the others. We have 

% - + 

nee 

Tr = 2 (* + - " - I') Uh + (n - 2j - 1)1" 


_ 

9t 


We find 


= (* + ";*r)2/' + "7%r'. 

Uij+i - (n-l)yVi, -2(n-2j- l)y'U,,. 

*^ 4 ^’ = [ 3 * + — 2 — - (^j+ 1 )] 


so that is a relative co variant of degree 3 and weight 2j + 1. 

This same result might have been obtained by applying the general 
formula (25). Therefore 


(45) == 




() = 1,2,3,. .f-1 or’'7-^) 


gives 2 ^ or ^ further identical co variants according as n is even 

or odd. We have found explicit expressions for the n — 3 identical 
covariants. For it is evident that 0^^ etc. are independent, since, 
taken in tliis order, is the first which involves 

We now proceed to compute tlie invariants. The first equation 
of (38) becomes superfluous. The second is satisfied by any function 
of the quantities isobaric of weight zero. We shall, therefore, 
seek isobaric solutions of 

4"V'= 0, 

and then, by division with an appropriate power of q^, deduce there- 
from an absolute invariant. 

There are n — 2 relative invariants which are linear in the 
quantities qp. In fact, let us put 

m — 3 

(46) = . «). 

We shall find 

»n — 1 

^ 2 "^ L(W ~ j) (W? + j - 1) + 1) 

so that is a solution of ^3*^=0, if 
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0 - 2. ■ ■ ■ — 3)> 

whence 

. / 1V (w<-2)!w!(2m-s— 2)! “^,0 

(47) cCm,s — { (^m~6-l)!(m-6j!(2w-3)!&! "2 * 

which equation is satisfied also for s = 0. Put am,o — 2, so that 

a_0 

(m = 3, 4, . . . i?). 

This gives us n — 2 relative invariants, of which the first is simply 

^3 = (hy 

80 that the functions 
(49) J,„=' 


(»» = 4, o, . . . n) 


•Is 


represent n — 3 absolute invariants. 

We may easily verify that 

T __ -7(7/ ’ 


(50) 


•Is 


is a further absolute invariant. These « — 2 absolute invariants are 
independent, and the remaining invariants, 

(« - 2 ) ( m ) — 1 ) — ’ (n- -n + 2 ) 

in number can be derived from these by differentiation. In fact, if J 
is an absolute invariant, so is 

- I (IJ 

If therefoi'C we denote the operator 

by S', we shall have the following additional absolute invariants 

»J,n, »^Jm, ■ . ■ (»» = 4 , 5 , . . . u), 

»J,, 

which are independent and 


(51) 
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tv — 6 + [tv — 4 + w--5-j-tv — 6-i y tv — n\ 

= (^^ — 2) (?(? — 1 ) — 2 — n-\-2) 

in number, so that we have them all. That they are indeed in- 
dependent may be seen as follows. If there were a relation between 
them, it would be a relation between the quantities J,,, . , . and 
their derivatives up to a certain order, no higher than w — 4. Solve 
this relation for one of the derivatives of the highest order which 
occurs in it, so that we shall have identically (i. e. for all values of 
Ih, Pi!, Pi", etc.) 

Since the left member is a total derivative, so is the right member, 
and integration Avould give rise to a relation between the derivatives 
of order A — 1. Continuing this process uould give finally a relation 
between ..Jr,. But these are independent. We have there- 

fore found the functionally complete system of invariants and covariants 
in their canonical form. 

The numerator of %'Jm may be written 

a combination which aac have decided to call, Avith Forsyth, the 
Jacob i an of 6^., and 

Our result in regard to invariants, may therefore be expressed 
as follows. All rdative invariants 7nay he derived fr07n the linear 
invariants (sf , . . and from <h ~ 

bin my with all of the oUars by the Jacobian }7'occss, then combininy 
(9.J in the same way with the resultiny neiv invariants, etc. . . 

An invariant of (1) in its general form can contain the coeffi- 
cients • Ih, of (1) only in the seminA^ariant combinations 

Po, . . . l\i, F.J . . Frlj etc, and must be an isobaric function of 
these quantities. If we form such an inA^ariant of Aveight m in its 
general form, it will contain certain terms of the first degree, certain 
terms of the second degree, and so on But by a transformation of 
the form T, we can reduce the e({uation to the canonical form, which 
is characterized by the conditions 1\, == 0, P, = q.^ . . . P„ — q,, If 

f{I\, F,... A' . . . iV; . . .) 

is the general form of the invariant, its canonical form becomes 

/■(O, gj . . . g„; 0, . . . q„'; . . .), 

so that all of the terms of such an invariant in its uiicanonical form, 
except those which contain P„, P^, P^\ ... as factor, may be obtained 

' WiLCZYNSKi, projective diflorential Geometrj'. 


3 
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by substituting in place of qk- If we continue to denote by 
the invariant, which in its canonical form reduces to the expression 
which we Iiave computed, we see that the linear terms of excepting 
a possible term of the form can be obtained by putting 

^ = 3, 4, . . . n) in the formulae which give explicitly its 

canonical form We shall continue also, with Forsyth y to speak oi‘ 
these invariants as linear invariants. 

The linear invariants in their uncanonical form contain, beside 
those terms which have been determined explicitly, others which have 
Pg, P/, . . . as factors. Are these terms also expressible as integral 
rational functions of P., Pg, . . . T„ and of their derivatives? 

We observe in the first place that, if the formulae expressing 
P]'^ in terms of p]'^ be derived from (21), these are linear in Pi‘^. 
and the coefficients Ak, are algebraic functions of the derivatives of |. 
The invariant et^uations could clearly be obtained by eliminating these 
derivatives of | from the equations. It must therefore be possible, 
by algebraic elimination, to set up a complete system of invariants, 
each of which is algebraic in the variables involved AVe shall speak 
of these as the algebraic invariants, so as to distinguish them from 
those whose canonical form we have calculated, and which may be 
called the fundamental imariaiits. Since both systems of invariants 
are complete, it must be possible to express the algebraic invariants 
as functions of the fundamental imanants and vice-versa. For tlie 
canonical form, we know that the fundamental invariants are them- 
selves algebraic, and therefore expressible as algthraic functions of 
the algebraic invariants. But a relation between invariants is not 
changed by any transiormation of the form P, such as the reduction 
to the canonical form. Therefore, the fundamental invariants are 
always algebraic functions of the algebraic invariants, i. e. they are 
themselves algebraic. 

We may, therefore, assume that is a root of an irreducible 
algebraic equation 

(52) = 

where u^,, a,, . . are integral rational functions of Pg, Py, . . 
and of the derivatives of these quantities. After an arbitrary trans- 
formation of the form P, (1^ is converted into a differential equation, 
whose coefficients may be denoted by pi . If we denote by and 
the same function oi‘ these quantities as u* and 0, are of the 
quantities pj^y must satisfy the equation 

Ur&y a, * -1 h + % — 0. 

On the other hand, if 0, is of weight v, we know that 
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k 

n 


where ^ is an arbitrary function of x, so that 


(53) 


(S')" 




+ «„ = 0 . 


The equations (52) and (53) must be identical. Otherwise 0^ would 
satisfy an equation of the same form but of lower degree. Therefore, 
the coefficients of (52) must be invariants. 

For the canonical form however, 0^ becomes an integral rational 
function of l\j Vkj . . . etc. On reduction to the canonical form, the 
equation (52) must therefore reduce to the form 


H- tto = 

Avhere is merely a numerical factor, and an integral rational 
invariant. But again, since the reduction to the canonical form cannot 
change a relation between invariants, this same equation must be 
true in general 

'Fherefore, ihe fundamental invariants ichose canonical form hat^ 
hen calculatedj are in their uncanonical form inte(jral rational invariants. 

We may now conclude that tlte non-linear part of the linear in- 
variant 0,n cannot contain or einn P,«— i, since each of its terms 
must contain or a derivative of Pg as a factor, and its weight 
must be etjual to m. This remark uill be of importance shortly. 

In our complete system of invariants we have emploved one, 
whose canonical form is It is one of a system, 

whose general form v>e sliall now deduce. 

(^onsider an invariant 0,,^ of weight m Then, after the trans- 
formation I == 5 ( 1 ) , 

®,„=- ©, 

t' irt 

whence 

and 

dr- =ri'.«L 


d log 


Betw^een these two equations, eliminate ”*• We find 

x= -^‘,[x+,»v-2wW], 


where 


X = 2m 


dx^ \ dx 


) 


3 
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But we have also 
so that 



H- 




X- 


12 Ml* , 


> 

2 




is an invariant. The numerator of tliis expression, when reduced to 
a fractional form, we denote by i. It is equal to 


(54) I = - (2»«+ 1)(6»,„')“ - F^0l, 


and is called hy Forsyth, the qmdriderivnticc of Its weight is 
2(m+l) For wi = o we get an invariant w^hich, in its canonical 
form, coincides with 

^ ('//)■• 


It is now clear that, if \ are given as 

functions of or, the eoeffieients of the semi -canonical form 1\, . . . J\, 
can he erpressed in terms of them and of their dcriraftves. provided that 

(9 j =1= 0. 

Upon this theorem a new proof ma\ he founded of the fact tliat 
all invariants can be obtained from iliese fundamental ones by the 
Jacobian process. We shall not insist upon this. We shall show', 
however, that our system of fundamental invariants, together with 
the Jacobian process, furnishes a complete system of invariants in a 
more special sense Not oul} can any ralional invariant be expressed 
as a function of these invariants, (this we haxe already shown), but 
as a rational function 

Since the quantities 1^, . . . P,, can be exjiressed rationally 

in terms of ... and i, and of the derivatives of these 

quantities, an> invariant which is a rational function of the sem- 
invariants Pj^, Pf, etc. becomes a rational function of these n 1 
fundamental invariants and of their derixatives Hie numerator and 
denominator of this rational function must themselves be invariants. 
We shall show that, except for a factor of the form every 
invariant, integral, rational function of thi.s form may be converled 
into an integral rational function of the fundamental invariants, i. e. 
of @3 . . . ©„, 6>3 1 and of the Jacobians ol wdtli the others 

In order to prove this, it is clearly permissible to mahe use of 
the canonical form, since a relation between invariants is not changed 
by such a reduction. Let 


1) This follows from the expressions for the linear jjart of the linear 
invariants, together with the remark that the non-linear jiart of &m floes not 
contain Pm. 
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be an invariant, integral and rational, of weight w, containing no 
higher derivatives of @3 . . . &,nj ^3 t than the and let ^ represent 
the aggregate of those terms whose degree fi in the derivatives 
is the highest. We shall then have 

( 55 ) 

-f >4 H h -■ lly 

where we have denoted the exponent of by because 1 is 
of weight 8. 1'he other term % of (p will contain the derivatives 
of the order only to a degree lower than /i, and the coefficients A 
of ^ can depend only upon derivatives of order lower than ni. 

The transformation i' = |(r), Ij ^ X(x)y converts into 
w here 

6^,— ^ + terms of lower order]? 

'IV J 

while 

( 06 ) q = „ <f ■ 


Let A be the new value of A. 
will become 




Then, the general term of ip 

’ V ’^3 1 


]ilus terms of lower degree in the derivatives of highest order. 

But, on tlie other hand, {b6) shows that the general term of ip 
will be 


1 

, c' 

'b ' 


A, 




These two expressions must be identical, since the expression of (f 
in terms of these quantities is obviously unique. Therefore A and A 
are identical except for a power of i. e. the coefficients A must 
be invariants. 

As has been remarked, we may assume that (1) has been reduced 
to its eanonical form. Since, in that case, 

6»a , == - 7 {&,% ^ 

©3", expressed rationally as functions of 


@5 1 , @3 1, . . . 

and of ^^3 and ©./. In these expressions the denominators will be 
mere powers of If we introduce these expressions into g:, it will 
again assume the form (p = where 
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f = r, + m>l, 

where the coefficients A will depend upon derivatives of order lo^^-er 
than m but may contain as denominator a power of ©3, and where 
is of degree lower than ft in the derivatives of highest order. We 
conclude as before that the coefficients A are invariants. 

Consider the Jacobians 

, = 3 ©3 ©/ - v&y ©;, = 3 © 3 ©a. I - 8©3 . 1 © 3 ', 

5,., = 3©3s;, - + 4)©j , ©3', t , == 3©3f/ - 12^, ©;, 

(57) 

.S;h =3©3.‘?/t-i,t - 4)i‘^„j.,.©/, 

— 3 ©3 ] — 4 4- 1 ) tm — I 

(1^ = 4, 5 , ..Mi) 


all of which are invariants Clearly 









w-f'H ) ■ 




will be an invariant, Avhose degree in the liighest derivatives is no 
higher than p — 1. lly continuing this process upon ff,, we shall 
finally obtain for q> an expression of the form 


where 


- = ''”*i 




4 -V 




* rn H * m 






/‘i 4 h r,, -I = ft, 

/■, 4 f- /•/! 4- = ft — 1 , 


and where the coefficients A,l^j . , . F are integral rational invariants 
containing only derivatives of order lower than m. Each of these 
may be reduced in like fashion until we get an expression for in 
terms of the Jacobians 

S,fi — . , . 6*^., j . . . /g* 

whose coefficients contain only the first derivatives of ©3 . . . ©„, ©g.^. 
In this case we cannot, as in the others, remove the term ©3'. But, if 

( 58 ) ^C’WY' ■ • • (©,/)'”(©!.' 1 )"' 

is such an invariant expression, we know that it can be only a function 
of the Jacobians Si. and f,. If therefore, by means of (57), we 
express ®j, . . . ®,/, ®j j in terms of these Jacobians, the terms in @ 3 ' 
must in the aggregate disappear from (58), so that it assumes the form 
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where the coefficients D are functions of <^ 3 . . . 03 .i only, and 

moreover rational functions, since qp is a rational invariant. 

We have shown, therefore, that the fundamental system of invariants, 
which we have determined, is complete in the more restricted sense that 
every rational invariant is a rational fanctimi of the fundamental 
invariants. For w — H and for n = 4 this theorem was proved by 
Halphen, using the notation of differential invariants, wliose relation 
to the invariants which we are considering will appear later on. 

We shall conclude this paragraph with a few remarks of a 
liistorical nature. In 1862, (Wide started a series of papers^) in 
which he deduced, by finite transformations, a number of the results 
which wo have found, lie found the semin variants , essentially by 
the method which we have adopted, as well as the senii-covariants, 
without proving, however, the completeness of the system. He also 
found one function, invariant under transformations of the independent 
variable alone. In 1H79 Laffuerre^) found the invariant ©3 of the 
equation of the 3^^ order, and showed that its vanishing is the 
condition for a homogeneous quadratic relation between its solutions, 
a result which we shall verify later. In a letter to I Daguerre, Brioschi^), 
in the same year, extended Laguerrds investigation to equations of 
the fourth order. He notices that the form of the invariants is the 
same for both cases, owing to the fact that he uses what we have 
calhnl the Laguerre- Forsyth canonical form, for which the linear 
invariants ©„* are independent of the order n of the equation, as w'e 
have seen in general. He also notices that if the invariant ©j vanishes 
in the case n — 3, or if both ©3 and ©, vanish in the case n == 4, the 
solutions of the e(juation are the second and third powers respectively 
of the solutions of an equation of the second order. He found later, 
in 1890, that, if all of the linear invariants of an equation of the 
order vanish, the general integral is a binary form of the n — 
degree formed from the tw^o solutions of a linear differential equation 
of the second order. He also found that if only the linear invariants 
of odd w^eight vanish, the equation coincides with its Lagrange adjoint'*) 
These results we shall verify in the next paragraph. 

In 1878 Halphen published his thesis on the differential invariants 
of plane curves, and in 1880, his paper on the differential invariants 
of space curves I'hese differential invariants fire entirely different 

1; Cocldc , Mostly iu the Phil Mag 1862 — 75 ^ 

2) Laguerre, Comptes Rendus, vol 88 (1870) pp. 116—119 and pp 224—227. 

3) Brioschi, Societu Matli. de France Bulletin, vol 7 (^1879) pp. 106 — 108. 

4) Brioschi, Acta Mathcinatica, vol 14 ^^1890') pp. 233 — 248. 

5; JIalphen, Siir les invariants differentiels. These, Paris 1878. Sur Ics 
invariants diff(?rentiel8 des courhes gauches Journal de I’l^cole Polyt. vol 47 (1880\ 
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in form from the invariants of Lmjuerre and Brioschij but can be 
identified with them, for w = 3 and n = 4, as was shown by Halphen 
himself. Ho also pro\ed that his system of invariants is comjdete in 
the sense of our last theorem. These papers, geometrical in nature, 
will occupy us fully later on. In his prize memoire of 1882, however, 
IJalphen formally entered the field which we are now discussing. He 
there considered the invariants of a linear differential equation, and 
applied them to the problem of determining wliether a given equation 
may be reduced to one of certain types wliose integrals ar(‘ known.*) 
In 188S, Forfitfih^*)j by the method of iniinitesimal transformations, 
computed all of the invariants in their canonical form, and some of 
those of lower eight in their general form. by the 

application of Lies general theory to the calculation of these invariants, 
gave in 181*0, a clearer presentation of the subject I have j>re8ervcd 
many of Ihnton's notations. The reader will find there also, a detailed 
appreciation of Cocl'lrs work, as well as further historical remarks 
rinnlly, in 1900, Fano jmblished a j)aper^), of nhich the theory of 
iii\ariants constitutes only a part, but A\hicli explains an ell the relation 
of this theory to other branches of tlie theory of linear dillerejitial 
equations, and an Inch also gives an excellent account ol' the history 
of the subject. 


§ 5 The Lagrange adjoint equation. 

Write (1) in the form 

(59) /’(//) = -j a,y -f . . a„y = 0, 

so that 

(«)) — 1 = 

We shall show that there exist certain functions :: of ,t , such 
that the product 

will be the complete derivative of an expression linear in ?/, y , . . 

Such a function may ])e called an infeyralinf/ factor of (59) 

We notice tirst that integration by parts gives 

I ^ - /, - 1 ) _ I + />-i) 

» (/^ - 0 , 1 ,. . /.•- 1 ). 

1) Ilalpheti , Menioires des Savants Etrangers, vol. lis, 2'* hcrios (18S-2) 

2) For,syih, Diil. Trans vol 3 71) (1888; pp 'Ml -489. 

3) Bouton, Am. Jouru. of Math, vol 21 (1899; pj;. 25 — S4, 

4) Fano, Math. Annaleu vol 53 (1900) pp 493 — 590 
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If we multiply both members of this equation by (— 1 )* and form 
the sum for all values of h from 0 to /t — 1, we shall find 


+ V(-iy+^ / + 

// - 0 

whence 

, 1 , 

/ (_])t / 

We have from f50) 

I ~foj)(lx = '^ I y‘^>a„-,S(hr, 

whence 

(01) / V('/V/.i =vy(_ + /V'/C- 

•'' A -0 TTa) ^ ^ *' 

where 

(m 


(V a„ 


/ 0 


Equation (61) shows that :/(»/) is a complete derivative, if and 
only if 

(6.‘1) r/i.:)==0. 


For, it is clearly imj)ossible, that the complete derivative of any 
linear function of //, //, //", etc should be of the form ////(.O, if (/(.r) 
is diflereut from zero. The cqwitmt (Oil) /s hnown as the Lngrantje 
adjoint of (r)9). It was eonsidered for the first time by Lagrangt 
We see, therefore, that een’ij solution of the Lagrange adjoint of a 
linear dif/erentiid equation furnishes an integrating factor for this equation 
If ue write ^ ^ ^ 

(04) ^(//, „■) 1)*#-'' 

/,_0 


we notice tiiat this exjiression is linear of the 7i — order in as 
well as in //. It may be called the adjoint hilinear expression. 
Equation (61) may now be written 

(05) j [z /'(//) - (/(/(; ) 1 d.r = ()/, s). 

If any solution of the adjoint equation be known, we find as a first 
integral (containing one arbitrary constant), of (59), the equation 

^ (//, -) = cemst 
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In every case, (65) shows that cf(ii)-yg{z) is an exact derivative, 
for arbitrary functions y and 

This property is characteristic of the Lftyrangc adjoint expression, 
if we denote as such the left member of the Lagrange adjoint equation. 
In other words, if, for all possible functions y and r, tlie expression 

^f(y)-y^{-) 


is an exact derivative, where <p(p) is a linear diRerential expression 
of the order in y>(p) must necessarily be the Lagrange adjoint 


of f{y), i. e. 




Let us suppose, in fact, that 

* ^ 

Avlic'f' is a differential expression in y and By subtraction 

from (65) we Knd 

J !llV (-) - //(•''J* = V-Oa -) - PoOh 

i. e. the derivative of the right member would bo a linear function 
of the derivativeb of x? multiplied into y But this is clearly im- 
possible. We have, therefore, 

<r(0 = </(:), Il'„ == Il> + rOPf,! , 
as we proposed to show. 

Suppose now that were given Rince its adjoint must be 
such a function /’(//) as satisfies (65), and is therefore uniquely 
determined, we see at once that the relation between /’(//) and r/(^) 
is reciprocal. In other words, if of two crp7'( salons tin second is the 
Layrange adjoint of the first, so is tin first of the second 
If, therefore, 

g[ :) = b^rjn) q_ _| p 

w'e shall liave also 

corresponding to (59) and '62). 

We proceed to show how the solutions ol th(‘ two equations 
can be expressed in terms of each other. It is upon the form of 
these expressions that the importance of the adjoint equation, from 
a geonletrical point of view, will be found to rest. 

Viy !hy • • • dn be a system of linearly independent solutions 
fiv) “ so that the determinant 
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( 66 ) 


12/1. 2/i'. ■ • • 

'!h,ih', ■•24" ” 


does not vanish identically. Such a system of solutions is called a 
fundamental system y because all other solutions can be expressed in 
terms of them, as homogeneous functions of the first degree with 
constant coefficients.^) 

. (Consider the expression 




1 f ^ , 




It is an expression linear and homogeneous in it 

vanishes for y = if /• and becomes equal to unity for ?y = //,. 
If, therefore, we substitute into it, for y the most general solution 


(\y\ + ^ 2^2 + — {- 


of /'(?/) = 0, 0, \^ ill assume the value 


The equation 




( 19 ^ 

dx 


= 0 , 


will, therefore, be satisfied by the most general solution of /*(//) = 0. 
Ilut it is of the same order as /*(//) — 0, and its left member can, 
tiierefore, differ from /’(?/) only by a factor z,. We shall have 


( 67 ) 


dx 




(’omparison of the coefficients of m the two members of this 
(’quation, gives 

' -= . 


But since z,f{y) is an exact derivative, must be a solution of 
the adjoint equation. If we give to i all of its values from 1 to n, 
we find in this manner u solutions .Cj, . , of the adjoint equation 
which, as w^e shall see immediately, form a fundamental system. It 
is customary to say that the system z, is the adjoint of system //,. 

From (68) w'e find 


(68a) = (ft = 0, -2). 

a_-1 (( =l 

1) For a proof of these well-known theorems we may refer to Foi'syt?i\^ 
Treatise on Dif/erenUal Equations, §§71 et sequ. 
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Put, with ScMesinger^), 

R = 1 

Then, these equations may be written 

^00 — i>io ” ■ ‘ ~ ::,o — A‘, 1—1,0 ~ !• 


But 


dx 


== 5;,o + 1, 




— •''V.O + + S/ _ 2,5, 


t/.',T “ + (i) + (i) ■+•■• + 

Tli#»refore, 

Saa = 0 if A + /. < n - 1. 

If we put l = in the above equations, we find 

5>,~l,o == 1, = — 1, 5„-8,2 = 4- 1, . . . -<,/—( - ly, 

SO that 

S; A == 0 for X -j- /t < 9/ ~ 1 , 

iu = (— ly for A4-A’ = n~l. 

If, in these relations we put X — 0, we hncl 

^'L*'y„ = 0, = -J), 

whence, if we write 


(69) 


A- 


*1 > 


rvfw-1) 

1 f *^2 J ' ' ' •^,1 


)/, = (_ iv-i 


we obtain 

(70) -V V 

We find moreover 

(77) = 1, 

wi.tr: 7sT "" ^ O'- 

*’• rfer fmeara, Umr^UalgMchmge,. ; 



§ 6. THE LAGRANGE ADJOINT EQUATION. 


45 


If now a transformation of the form 

y = X(x)y, X = !(*) 

he made, we see easily, that to it corresponds the transformation 

for the adjoint equation. It follows at once, that the invariants of 
the Lagrange adjoint equation arc also invariants of the original equation. 

We proceed to determine the exact relation between the invariants 
of the two equations 

We find, from (62), the following equations expressing the coeffi- 
cients hi of the Lagrange adjoint in terms of the coefficients a^ of 
the original equation, viz. 

1 )‘ („ i i) 2, , . . n), 

K — n — , 

whence, in iiartiouhir 

h = - «i, 62 = o. — (w - 1) a,'. 

These latter equations show that the reduction to the Laguerre-Fors]fth 
canonical form is effected simuUaneonslif for any equation together with 
its Lagrange adjoint. 

Let us assume this canonical form, and let us recur to our 
customary notation, by writing 

Then we shall have 


ih = n =f'.' = »'2 = 0, 


(72) 1 


»•, = (- 


A — « — i 


1 )' 


(A — n+ i) 
ift—k 


(A — n-f- o' — ^0 


0 != • 


where the terms not written depend upon ^)’s of index lower than i. 

We can find the canonical form of the linear invariants of the 
Lagrange adjoint equation, by merely substituting these values for 
the coefficients )\ in place of 5 ', in equation (48). The term of highest 
index present in is q^. If we put g, = r, in and then 

express r, in terms of p, by means of (72), we shall get a linear 
invariant 2„i of weight m. The coefficient of p,n in 2rn will differ 
from that in by the factor (— 1)”*. But the linear invariant of 
weight ni is uniquely determined up to a constant factor, i. e. the 
most general linear invariant of weight m is C&m- We must, there- 
fore, have 
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i. e. the linear invariants of even weight are identical for a linear 
differential eguatimi and its Lagrange adjoint. The invariants of odd 
weight for the two equations, differ only in sign. 

If an equation coincides with its adjoint, the invariants of odd 
weight must vanish. Prom equations (48) we see conversely, that if 
they vanish, the equation coincides with its adjoint. Por, the invariants 
of even weight being arbitrary functions of Xy this equation for 
(pi, = 3, 4, . . . ») enables us to compute successively and in a unique 
fashion q^ — O, q^fqr,,... q„. We see therefore that the theorem of 
Brioschi, mentioned in the last paragraph, is tiao A linear difftrential 
equaiion coincides with its Lagrange adjoint, if and only if its invariants 
of odd weigM vanish. 

If the invariants of even order also vanish, we thus find that 
tlu canonical form of our differential equation becomes. 


But, in order to reduce (1) to its canonical form, we made the 
transformation 

where |(/) was any solution of the equations 


and where 


'/- .! <?■= 1 1 '-, >;= - 
" W -f- 1 " ^ 


We ma> express this differently Put 

SO that the Biceati equation for becomes a linear differential eemation 
of the second order, 


(73) 


dx- 




for t Let be any solution of this equation. Then, we may take 

1 






I = sr‘, 


so that the reduction of (1) to its canonical form may also be 
accompLshed by taking any solution g, of (73) and putting 

( 74 ) 
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But, the expression for x may be written 
(74a) i = 

where ^ is another solution of (73) such that 5* is not a constant. 
In fact, if and Jg are two solutions of (73) we find at once 


. . d% 

dx^ ^^dx* 


whence 


If we choose the constant equal to unity, and divide by integration 

f. 

Moreover this quotient is not a constant, since r\ is not zero 

If the invariant of (1) are all zero, the canonical form of (1) is 

-"^ = 0 , 
dx" 

whose general solution is 

y ^0 “h ng./” “!”•*•“}” /?/i— 1./ 

But this shows that the general solution of the original equation is 
y — “f H !• 

i, e. a binary form of the n — 1^^ order formed from the solutions of 
a linear diffenntial equation of the second order. This is the theorem 
of JBrioschi quoted at the end of the last paragraph. 


§ 6. Geometrical interpretation. 

Among the Ancients, Mathematics was divided into two distinct 
parts, geometry and arithmetic. Not until the time of Descartes and 
Fermat were the two streams which had run along separate channels, 
united into one. It was then recognized, that geometrical problems 
could be converted into problems of algebra, while on the other hand 
a great class of algebraic problems was capable of geometric inter- 
pretation. The transformation of an algebraic into a geometric problem, 
and vice-versa, was accomplished by the introduction of an element, 
foreign to the problem itself, viz. the system of coordinates. The 
points of space were put into one to one correspondence with a 
system of three numbers, their coordinates. To a surface was found 
to correspond an equation between these three numbers, etc. . . . From 
the time of Descartes on, the advances of geometry and analysis have 
been closely connected. Every fundamental notion in one field has 
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found its important interpretation in the other. Tangent and area 
of a curve were closely connected with the ideas of derivative and 
integral of a function, etc. . . Examples of this are sufficiently familiar. 

But, as we have noticed already, in any problem of geometry 
the system of coordinates is reaUy a foreign and arbitrary elenaejii 
The geometrical relations which we wish to investigate, have nothing 
to do with this foreign element, which nevertheless makes its appearance 
in the corresponding equations. If we wish to present a geometrical 
theory, in an analytical form which shall be perfectly satisfactory, it 
therefore becomes necessary to write the eijuations in such a way as 
to make it evident that they are independent of the particular system 
of coordinates chosen. 


We do this by expressing our equations in an invariant form. 
No^ invesUgation of analjitieal gemnetry can, iliercfore, he considered 
satisfactoi'p, unless it has been put into invariant form. 

But why should this valuable aid of a geometrical image be 
confined to the case of a system of one, two, or three variables? In 
his „Ausde]immgslelire” of 1844, Grassmann introduced the idea of 
geometry in n dimen'^ional space, a point of such a space being 
determined by n coordinates. On tlie other hand, the notion of duality 
in the ordinary throe dimensional geometry led to the consideration 
of other configurations besides points as fundamental elements of space. 
The principle ot duality had shown that if the plane be adopted as 
element, instead of the point, a new theorem could easily be deduced 
from any theorem of point geometry. But this new geometry which 
took planes, as its elements, was three-dimensional as well as the 
usual point geometry. In 1846 however, Flur/.er took a long step 
in advance, by taking as fundamental element of space the straight 
Ime. Since a straight line is determined by four coordinates, this 
hr^geometry oi Flucker\ of >>luch shall have to give some account 
latffr, IS four-dimensional. It now became clear at once, that, by 
choosing {he element of space in an appropriate fashion, a geometry 
of any number of dimensions could be constructed in ordinal space, 

s°nacr“shooS® ^ \ ^-di-nensional 

“ character to assist our 
^agination, we must remember that an adequate image of this space 
may ^ constructed m the ordinary space of experience 

this throrTIf rr®** employed in 

^is theory of higher spaces. Just, as in plane and solid geometry 

we may m roduce coordinates. We shall say that h quantities 

or miLiiS d o/rTr" coordinates of a point P in a space 

can be uut i"' dimensions, if the points of this space 

an be put mto one to one correspondence with the n-l ratios 
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Let and (icf . . . icSf)) be the coordinates of two points 

of Then, the quantities 

(*= 1 , 2 , ...«) 

will be the coordinates of a single infinity of points of which 

we shall denote by M^. We may speak of this assemblage of points 
as a straight line. The ratio of acquires all values as the 

point (Xk) moves along the line. Clearly such a line may also be defined 
by w — 2 independent homogeneous linear equations between ... x„. 

Let (.rj®), . . . .rj®)) be a third point, which is not on the line ilfj. 
Then, the quantities 

= ■^ 1 * 1 '’ + ^ 2 ^/’ + (* = 1, 2, . . . n), 


will be the coordinates of a double infinity of points of -3fn-i, which 
we shall denote by Jfg, and whose totality may be called a plane. 
A plane may also be defined by w — 3 independent homogeneous 
linear equations between 

In general, w points (m < w) determine in this way a manifold 
of m — I dimensions Mm-iy provided that they do not all lie in a 
manifold of fewer than m — 1 dimensions. Such a plane manifold 
Jf,n— 1 , of m — 1 dimensions, may also be defined by n — m independent, 
homogeneous, linear equations between x^y ... x„. 

If we wish to change the fundamental element of our abstract 
geometry by taking as its fundamental conception not the point, but 
the manifold ATm—i, we must first of all learn how to determine 
by coordinates. This we may do, with complete generality as 
follows. Let us consider ni points of which are not included 

in any plane manifold of fewer dimensions, and let the matrix of 
their coordinates be: 


(aK) 


j\) ^(1) ,.(i) 

,.( 2 ) A2) ^.( 2 ) 

•^1 y ^2 ; ' ’ ’ '*n ^ 


•r*™', 4“), . . . 4'»). 


From this matrix can be formed 




w (n — 1) . . . (w — w -{- 1) 


different determinants of the order. We define, with Grcissmann, 
as homogeneous coordinates of Mm—i, N quantities proportional to 
these determinants. It is not difficult to see that, if we had taken 
m other points of we would have obtained the same coordinates. 

For, if yip , . . . yp, (/ — 1, 2, . . . m) are the coordinates of these other 
w points, we must have 

WILC7AM8K1, projective differential Geometry. 4 
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+ c + • • • + ), 

since they are also points of The determin^ts of the y’s 

would therefore differ from the corresponding determinants of the ir’s 
only by the factor, common to all 

\Cih\y {}) == 1 ; 2 , . . . M). 

This factor, moreover, is not zero. For, if it were, the m new points 
would be included in a plane manifold of less than m — 1 dimensions. 

We are justified, therefore, in speaking of these JV quantities as 
the homogeneous coordinates of Ifm-i- For, to every Mm-i corresponds 
one and only one set of their ratios^), i. e. the configuration 
and its coordinates have been put into one-to-one correspondence. 
It should not be forgotten, however, that these coordinates are not, 
in general, independent of each other. In fact, the determinants of 
the matrix ( 9 K) satisfy certain relations, which we do not, however, 
need to develop for our present purpose. A single example, of special 
importance to us, may suffice. Let (.rj, . . . ^ 4 ) and («/i, . . . i/J be two 
points of ordinary space. In accordance with our general definition, 
the determinants of the second order, in the matrix, 

/l, .< 2 , ,'fgf 

?/ 2 ’ //s? i/4 

will be proportional to the homogeneous coordinates of the line 
joining the two points. In this case W = 6 . Put 

~ nUn 

and let A be a proportionality factor. Then we may take 

Acjjg, Aa?i3, Ag?i4, A(D23, X(q^^ 

as the homogeneous coordinates of the line. But, the determinant 





*^4 I 

Vu 

2/27 

2/3? 

2/4 

^1; 

•^2; 

^ 8 ? 

2^4' 

2 /u 


2/3, 

2/1' 


is obviously zero. Upon developing it we find 

+ ^ 18®42 + ® 14®23 = 0 , 

a hompgeneous quadratic relation between the six homogeneous line- 
coordinates. 


1) And, vice-versa, as may be easily shown 



§ 6. GEOMETRICAL INTERPRETATION. 


51 


We may now apply these notions to our linear differential 
equation (1). The general theory of such equations establishes the 
following theorem. 

Let jpi, functions of oc, regular in the vicinity of 

x^a>^ i. e. developable in series proceeding according to positive 
integral powers of x — a. Then there exists a system of n regular 
functions between which there is no relation of the form 

with constant coefficients Cij and each of which satisfies the differential 
equation. The most general solution of the differential equation^ 
regular in the vicinity of i = a, can then be expressed in terms of 
this fundamental system, in the form 

y = 4- <^2^2 -f • * • + <^nyny 

where the coefficients Ck are arbitrary constants. 

If the equation (1) be integrated we shall therefore have i/j, . . 
expressed as functions of a;. We may interpret ^ ^ • yn as the 
homogeneous coordinates of a point Py in a space Mn—\ of w — 1 
dimensions. As x changes, P„ moves along a certain curve, (7y, the 
integral curve of (1). Moreover, this curve is not contained in any 
plane manifold of less than w — 1 dimensions, since ?/i, satisfy 

no homogeneous linear equations with constant coefficients. Cy is 
therefore a curve of n — ^ pie curvature. 

But the curve Vy is not determined uniquely by the differential 
equation. If we put 

(75) i/i = Cu Vi + • • + Cj ..?/», {k = 1, 2, . . n), 

where the determinant 

is different from zero, while the constants c^i are arbitrary, 
will also form a fundamental system of solutions of (1). We may 
regard (75) as a transformation of the curve Cy into another Cy. 
Moreover such transformations shall be called projective transforma- 
tions of n — 1 dimensional space. They can be defined geometrically, 
in a manner altogether analogous to the definition of projective trans- 
formations in ordinary space. 

We may say, therefore, that the differential equation defines a doss 
of projectively equivalent curves of n ~ 1 dimensional space. 

If, on the other hand, n linearly independent functions > yn 
of X are given, we can always find an equation of form (1) for which 
they form a fundamental system. In fact, from the equations 

4 * 
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24 ""'’ + --- + PA = ^> (^ = 2 , . . . «), 

which express the fact that ?/„ are solutions of (1), p„Pi,-- P» 

can be easily computed. For, the determinant 

i.Vi" 

^ ^ • • • //g 

• • • ifn 

is not identically zero, if the system of « functions ?/„ • • • .(/« is linearly 
independent, i. e. if there is no relation of thf lorin 

^i!/i H H ~ 

with constant, non- evanescent coefficients.^) We shall find 
= (/.■ = 1, 2, . . . n), 

where denotes the determinant Avhich is obtained from z/, ]>y 
substituting for the quantities in it the quantities 

yi\ • • • ?4r^- 

These expressions shoA\ explicitly, that the coefficients of the 
differential equation (1) are not changed by any projective trans- 
formation (75) of the space M„ i. In other words, the coeff dents 
Pii > • -Pn the same significance for any eurve ohtaiiied from (\j hy 
projective transformation ^ as for (\ itself. 

But, if we have expressed as functions of .r, these 

expressions still contains arbitrary elements, elements which are, so 
to speak, accidental and do not belong to the curve itself. In the 
first place, only the ratios y^ : y.^ :• "i //„ are of importance, since the 
coordinates are homogeneous. A transformation of the form 

!/ = K'dJh 

will therefore not change the curve (\, since it leaves these ratios 
unaffected. Further, in place of the parameter ./• we may take any 
other . 

.. = fij'). 

If, therefore, we form combinations of Pi, . . p„ which are not changed 
by such transformations, they will be expressions which have a 
significance for the curve itself, independent of the special method of 
representation, a significance moreover, which is not disturbed by 
any prf^ective transformation. In other words: 

1) We have already quoted this theorem. VA\ Forsyth, Treatise on Differential 
Equations, § 78. 
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The invariants of a linear homogeneous differential cquaticm 
characterize the projective properties of its integral curve. 

In this connection^ the theorem that the coefficients of the semi- 
canonical form can be expressed in terms of the linear invariants 
and of their derivatives becomes of fundamental importance. Let 
given as functions of r. Let, at least one of these 
invariants, be different from zero, and let be the first which does 
not vanish. Then, by (54), Pg expressed uniquely in terms 

of 0m and 0mA- From the expressions of the other invariants, whether 
they be zero or not, P.j, P 4 , etc. . . . Pn can be expressed in terms of 
0^y . - - 0» and 0mA- '^'he semi- canonical form is therefore uniquely 
determined, i. e. these invariants determine completely a class of 
projectively equivalent curves. If, on the other hand, all of the linear 
invariants 0m are zero, they also determine a class of projectively 
equivalent curves. For, we have seen in the last paragraph that the 
differential equation can then be transformed into 


whose solutions 

1/i = !h - Ifn j;"-’ 

form a fundamental system. This special curve, the so-called rational 
normal cur re of the order is of special importance in the 

geometry of w - 1 dimensional space. 

We have found the following fundamental theorem. 

Let the linear invariants . 0m he given as arhitrarg functions 
of :r. Let 0m he the first of these tvhich does not vanish identicalhj, 
and let the corresponding quadri -derivative 0mA he also given, as an 
arhitrarg function of .r. These n — \ functions determine a curve of 
w — 1 dimensional space uniquelg except for projective transformations. 

This theorem corresponds precisely to the fundamental theorem 
of the metrical theory of surfaces in ordinary space, which asserts 
that a surface is determined, except for its position in space, by the 
coefficients of its fundamental quadratic forms. In that case, however, 
the formulation of the theorem is far less simple, because the coeffi- 
cients of these quadratic forms are not independent of each other, 
but must satisfy certain relations. 

Let the functions ?/i, . . . //« be regular for x = a, so that for 
sufficiently small values of a’ == a, we may express them in the form 

= .Vao 4- g'ko 4 Y ’ 

where gUf yko, etc. denote the values of ga, gk\ gk \ etc. for a ~a. 
Put x — a^h. Join the point P which corresponds to a* = a, to 
the point Q, which corresponds to x—a + h, by a straight line. 
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In accordance with our definition of a straight line, the coordinates 
of any point on this line may he written in the form 

Therefore, the point whose coordinates are 

Vk-yko 

~r-^ 

is a point of this line. The limiting position of the line, as h approaches 
zero, is called the tangent of Cy at Py. We see, therefore, that the 
quantities 

lim (/• = 1, 2, . . . «) 

/(-O " 

represent the coordinates of a point on the tangent. This point will, 
moreover, in general, be different from the point Py itself. For, 
else, we would have for all values of x 

Ilk = = 1 , 2 , . . . m ), 

i. e. ?/i, . . • l/n would all satisfy the same linear differential equation 
of the first order. They could, therefore, differ from each other only 
by constant factors, i. e they could not form a fundamental system 
of (1). 

In the same way we may define the osculating plane, and show 
that three of its points, not in general collinear, are 

'/*; lu'; Hi"-, (/.• = 1, 2, . . . n). 

In general we may take m points upon the curve; P,„ and 
m — 1 others. They determine a plane manifold of m — I 

dimensions. We allow all of these points to approach Py as a limit. 
The resulting limiting plane manifold Mm-i shall be spoken of as 
osculating the curve Cy at Py. The m points whose coordinates are 
given by 

are in general m distinct points of which are not included in 

a plane manifold of less than m — 1 dimensions. The coordinates of 
any point of M^-i may then be written 'in the form 

Xi( — loyic -f H p X,n—\y^r Qc = 1, 2, . . . w). 

Le,t us consider, in particular, the osculating plane manifold of 
2 dimensions, Mn~ 2 . In accordance with our general definition, 
its coordinates are n in number, and may be taken proportional to 
the minors of in the determinant zf. But 
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according to (68), the solutions of the Lagromge anoint of (1) are 
also proportional to these same minors oi We may, therefore, 
say that the solutions of (1) and of its Lagrange adjomt correspond 
to each other by the principle of duality. That this is true for w = 3 
and is evident. That it is true in general will become clear 

if we formulate the principle of duality for space of w — 1 dimensions. 
We have seen that n — 1 points determine an Mn—^. But since 
Jfn ~-2 can also be defined as the locus of points which satisfy one 
linear, homogeneous equation between rj?!, . . . it is clear that n - \ 
plane manifolds Mn—i will in general determine a point as their one 
common element, its coordinates being the one solution of n ~ 1 
homogeneous linear equations. Similarly, n — h points determine an 
Mn^k—i} and this can also be determined by h equations, i. e. as the 
locus of points common to k manifolds Therefore, in the 

same way n — k manifolds have in common a manifold Mk^i 

Consider any theorem in the geometry of which is concerned 

only with intersections of plane manifolds. We shall be able to 
deduce from it another theorem, by putting everywhere for the word 
point f the word plane manifold of n — 2 dimensions, for the word 
plane manifold of k — \ dimensions, the word plane manifold of 
w — A’ — 1 dimensions. 

If n is even, there is a self- dual plane manifold M^. Thus in 

9 

three dimensional geometry, straight lines are the self- dual elements. 

We have assumed that y,, . . were point coordinates. The 
curve C,j has been defined as the locus of a moving point. We have 
seen, further, that the coordinates of the osculating M„—i may be 
identified with z-^, ... Zn the solutions of the Lagrange adjoint equation. 
We may therefore regard this latter equation as having the same 
integral curve as (1), the curve however not being regarded as the 
locus of a point but as the envelope of its osculating plane manifolds 
of n — 2 dimensions. We may also, however, interpret z^, ... z„ as 
point coordinates. Then, the integral curve (\ is in general different 
from Cy. Its points will satisfy the same equations which are satisfied 
by the osculating plane manifolds of n ~ 2 dimensions of Cy. The 
curves Cy and are therefore dualistic transformations of each 
other. ^ 

We have seen in the last paragraph how the invariants of the 
two equations were related to each other. Our fundamental theorem 
may therefore be completed as follows: 

If ike linear invariants of even weight have the same values, and 
if those of odd weight have opposite values for two curves of the space 
Jfn-i, these curves are dualistic to each other. 

If the linear invariants of odd weight are zero, the curve is self-dual. 
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The dualistic character of the correspondence of the two curves 
and Oi may also he seen by setting up the theory of the polars 
with respect to the quadric 

x/ 1 - X,,^ == 0 . 

The relations (68a) show that is the pole of the 

osculating (\j at Py with respect to this quadric. 


§ 7. The relation of the invariants of a linear differential 
equation to Halphen's differential invariants. 


We have seen that . . . Pn can he expressed in terras of 
y^y...yn) and that these expressions are unaffected by projective 
transformations. The invariants, for the sake of simplicity let us 
consider absolute invariants, can only be functions of the ratios 
!h ://.:•••: y,, since they are not changed by any transformation of 
tlie form y ^ ^{x)y. They are also left unchanged by any trans- 
formation of the independent variable. We may therefore find a 
special form for the expression of these invariants, by introducing 
the quotients 



^2- 


2/n 

y 

Vi 


■ ■ r„_, = 


V:, 

Vi 


and taking as independent variable. The invariants will then 
become such functions of Yj, Y^y . . . Y„_i, and of the derivatives of 
these quantities with respect to Yj, as are left unchanged by any 
projective transformation. These functions are Halphen's diffemitial 
invariants, JIalplien has worked out their theory for w = 3 and for 
n = 4, and it is upon this basis that he has constructed his theory 
of plane and space curves. We must remember however that he did 
not obtain these invariants in this way. His method, applied to the 
general case would be as follows. Let Yj, . . . Y„_i be the (un- 
bomogeneous) coordinates of a point in the space Let 


(/.•==2,3,...»^-l) 


be the equations of a curve in this space. Then it becomes IJalplien^B 
problem to find functions of Yj, Y., . . . etc. which 

remain invariant for all transformations of the form ^ 


z 




{k ly 2y . . . n — 1 ), 


where the coefficients Ck and Ca are constants. 

This unsymmetrical and unhomogeneous formulation of the problem 
is manifestly a disadvantage. It is easy enough to obtain the un- 
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homogeneous form when the homogeneous is known, but the inverse 
process is far more difficult. We shall, therefore, make little use 
of Halphen^B differential invariants, but shall deduce Halphm^B theorems 
on plane and space curves directly from the differential equation. 
Doubtlessly, Halpheri would also have done this, if he had noticed 
this connection at the time. In his later papers, in which he makes 
use of the differential equation and its invariants, his point of view 
is no longer geometrical, except in a secondary way. But even then 
the form, into which we shall put this theory in the following chapters, 
could scarcely have occurred to llalplim. For, we shall find that the 
geometrical theory of the semi -co variants is essential for this purpose, 
and, at least for w — 4, this theory requires as prerequisite a general 
projective theory of ruled surfaces. But Halpheri^ never mentions 
these semi-covariants, and the general theory oi‘ ruled surfaces is of 
more recent date. 


Examples. 

Ex. 1. Compute the expression defined by equation (15). 

Ex. 2. Show that in general 

A„u = lim (*) ~ (Schlomilch.) 

Ex. 3. Making use of the result of Ex. 1, find the general 
expression for 

Ex. 4. Denote the Schwarzian derivative by (I, ar). Prove that 
it vanishes S 0 ^ being constants. Prove the following 

formulae : 

(^'^'1= + (Cayley.) 

Ex. 5. Compute the invariants and covariants in their canonical 
form for « == 3 and for n = 4. 

Ex. 6. Compute the invariants and covariants of the equation 

Ex. 7. Find the adjoints of the general equations of the third 
and fourth order. 

Ex. 8. Reduce the following equations to their semi -canonical 
form, and then solve 
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E\. 9 If 5 is the quotient of any two solutions of 

f.*; +'»-». 


then s satisfies the equation 

.r) = 21. (Kummer, bchwarz.) 

Ex. 10. Find the linear differential equations of the third order 
whose fundamental solutions are 

1, / 4 y.f, sin k.r, cos It, a. 


{'niPTEB m. 

PROJECTIVE DIFFERENTIAL GEOMETRY OF PLANE CURVES. 

§ 1. The invariants and covariants for w = 3. 

The geometrical interpretation developed in outline, in Chapter II, 
shows that the general projective theory of plane curves may be 
attached to the discussion of the linear differential equation of the 
third order 

(1) ?/’> 4- 3pi;/' 4- ^Ptjf 4- 1>3// = 0. >) 

The two seminvariants [Chapter II, (9)] are 

(■2) Pi=lh-Pi -Pi, l\ = Pi-h>il>i + ''^Pi—Pi'- 

For the semi-covariants it seems desirable to change the notation. 
We shall denote them by and p, so that 

(3) « = 2/' + Pi 9 = f 4- 2j)i y 4- y. 

We have deduced, in the general case, the canonical form of 
the invariants. For our more detailed discussion of the case w = 3 
we shall need also their uncanonical form. Moreover it will be 
necessary to have at hand explicitly the formulae, which express the 
effect '►Upon the coefficients of (1) of the transformation 

1) Of course the equation (1) may be interpreted dualistically as the equation 
of a cone. 
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§1. THE INVARIANTS AND CO VARIANTS FOR 8. 

(4) 

of the independent variable We find, either directly, or by specializing 
the general equations (21), 

(5) Pi “ jV (i>i + ij), Pi = [i>i + m>i + ^p+ 2“ i?*]) Ps = 

where 

= = /‘ = V- s’?* 

Consequently, we find 

« ■= I- + vy)> 

so that ^ and ^ are transformed cogrediently with 2h and 

dpf^ d*Pi^ 

If we denote ^7 Pk j % Pkf etc., we find 

Pt = ^ [i^i' - mh +P-1 r]> 

Pi" = ,|‘y. [ft" - ^VPi -{p-l v‘)lh + f*' - SiJM + 1 


(7) 


whence 

(«) 


-P3 = (/,. [a - ^vPi - m' + -/t’j]- 


The former of these equations follows at once, if we put w = 3 m 
equation (27) of Chapter IL W’^e find further 


so that 
if 

(9) 


P.' = [Pi - 2vPi - 1 f*' + 3 #*4 


“ (iT 


®3 = P,-^P.'. 


®S is the one linear invariant which exists in this case. For the 
canonical form it reduces, of course, to Pj. The quadri- derivative 
1 of denote in this case by since there is no 

danger of confusion with any other invariant of weight 8. We have, 
according to equation (54) of Chapter U, 

(10) @3 = 6®3< - iwy - 27P8®8*. 
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The invariance of ®8 directly. We know by the 

general theorem that all invariantB are functionB of 0^, 0^ and of 
their aucceBsive Jacobians. Of tlieae we ehall need 
0„ = 30, 0j - S0,0,', 

(11) «lf, = «»', 

0,1 = 2618 0 ;,- ;5e>,,,@8', 
between which there is tlie relation 

( 12 ) = 

The functions «« _ 

( 18 ) a, = 0^1! + 

are covariants of \> eight 2 and 4 respectively. All other covariants 
may be expressed as functions of these and of invariants. We shall 
later find another covariant, capable of a simple geometrical inter- 
pretation, to replace 

In our special case, we have to interpret Hyy iky ik^ the members 
of a i'undamental system of ( 1 ), as homogeneous coordinates of a 
point F,j in a plane. As .r varies, P„ describes a plane curve Cy. 
If we denote by ttie coordinates of the tangent to (\ at 

they form a fundamental system for the Layramje adjoint of (1), 
which is in this case [cf. equation ((>2) of Chapter II |, 

(Id) «(»' - 3/)i«'' + :H/»j- 2/),')»' — (Mi-SiV + BjV')" = 0 
Its seminvariants are 

n, -p„ 

so that its invariants differ from those of ( 1 ) only in having — 0^ 
in place of @ 3 , in accordance with the general theory. 

The Lagiien'e-Forsifth canonical form of ( 1 ) will be obtained by 
making the transformation 

?/ = ^(,r)y, x = i(j), 

where J(.r) is chosen so as to satisfy the equation 
which reduces Pg to zero, and where 

^=(r)”\ 

in accordance with the general theory, so that jij = jig = 0. The 
equation assumes the form 

p) + = 0 , 
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if we put 




will be equal to unity. We may then choose X(x) so as to have 
= 0. We shall speak of the canonical form which is characterized 

by the conditions ^ 

= 1, Pi = 0, 

as the Halphev canonical form Equation (1) may always be reduced 
to the Halphen canonical form if 6 ^,, does not vanish identically. 

If @3 ~ 0, the Lagumr-Fonyth canonical form becomes 

so that Cy is a conic. If =f= 0, let and be given as functions 
of or. We can solve ( 10 ) and (9) for Pg and Pg. We find very 
easily therefore, the special case of our general fundamental theorem. 
The imarimxts @3 and determine a plane carve except for projective 
transformations. If for all pairs of corresponding points of two curves 
C„ and (\. 

the tivo curves are dualistie to each otlien'. 

Let us call a curve identically self- dual t if a dualistie trans- 
formation exists which converts it into itself point for pointy so that 
by this transformation, every point of the curve is converted into 
the tangent at that point, and every tangent into its point of contact. 
Then we can say, that the only identically self-dual plane curves arc 
the conics. For, @g must vanish for such curves 


§ 2. The equations of the osculating conic and cubic. 

Put // = ?/i, // 2 ; .V.? iu the expressions (4). We find in this way 
two other points P and P^, which describe two curves 6 ^ and Cnj 
semi-covariantly connected with C„. P. is clearly a point on the 
tangent to (\, at Py, while P« is some other point of the plane. If 
we assume that P„ is not a point of inflection, the three points 
Pyj P,y Pfi will not be collinear. We may, therefore, take these 
points as vertices of the triangle of reference. Moreover, we may 
choose the unit point of our system of homogeneous coordinates in 
such a way that an expression of the form 

^\y + -<^2- + 

shall represent the point whose coordinates are precisely x^y x^y J 3 . 
The geometrical significance of this triangle of reference, which we 
have only defined analytically, will appear later, as a consequence of 
the developments which we proceed to make. 

Let the differential equation be written in the Laguerre-Forsyth 
canonical form. 
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?/» + l*sy = 0, 

so that » ft = 0, ft = p,. Let a: = a be an ordinary point for 
the function of if, so that the members of a fundamental system 
may be expressed as series proceeding according to positive integral 
powers of r — a, convergent for values of \x — a\ sufficiently small. 
For greater convenience in writing we shall put a = 0. In fact we 
may, by the transformation 

X ~ a — X 

always reduce the developments to this form. We proceed, therefore, 
to express the solution T of our equation as a power series in .r, 
and we shall actually calculate the coefficients up to the ninth order. 
We shall find 

Y^y f/j + I + h g j H ^ 


an expression which may he written in the form 
Y = iJiU + + !kQ, 

where ft, ft, ft are themselves such power- series, which will represent 
the curve Cy up to terms of the 9*'‘ order in the vicinity of the point 
P„, referred to the system of coordinates which has just been defined. 
Since ft=ft = 0, we find by successive differentiation: 

,/ = = y/W = -P,'.v-P,:, 

,/6) = - p,",/ - 2Pj'; - PsP, 

,/6) (pm- p=)»/ - 3P3": - 3P,'e, 

(P<*)-6P,P;)// - (4P(»)-P|)r - 6P/p, 

,/H) = _ [P<M - 11P,P/ _ 5(JV/]// -h (-5PW + 7P,P,'): 
-(lOPf -P|)9, 

= _ [PW) - 21P,Pf) - 21 P,'P./' -t- P»J II 

+ \- 6P(')-t- 18P,P,'' + 12(P,")“]: - (15Pj«- 9P,P,')e. 

If, therefore, we put Y into the form indicated above, we shall have: 
« = 1 - a:’ - V - 1'- ^ X- 

I/l ^ 3 ! 4 ! 5 ’ 6 ! 7 ! ^ 

-;,(Pf)-llP.P,"-6(P,7)a:» 

- 1 (P<«) - 21P,P<'’) - 21P,'P," -f P|) -h . . ., 

„ _ . _ ,4 _ y>,' ,, _ :•(£>" . _ , 


±1 ,4 _ ^ ±8 y’i 

4! 5’ 6! 7! 

‘(5P(‘)-7P,P,'>'' 

1 {6Pi« - I8P3 P,'' - 12(P3')*):k» + ■ 




10PP>-Pl 


5!“' 6! " 71 

15P1‘)-9P,P' , , 
,__8 . . * 9 ^.. 
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We shall find therefore: 

(17) =■ 

+ io»ad(12i’f-84P|)r’ 

+ 3648o(12J’i‘>-504P,P/)^»+.... 

This equation gives an important result. Consider the conic 

=> 0 . 

To find its intersections with the curve C,„ we substitute into its left 
member Xk^yi- Equation (17) gives the result of this substitution, 
and shows that the development of 

ifi - 2?/i?/3 

coincides with that of 

./2^ - 2.ria?3 

up to and including terms of the 4^*^ order. In other words, this 
conic has at Fy a contact of the 4*^^ order with C,,j or it has five 
consecutive points in common with it. It is, therefore, the osculating 
conic. 

Put 

^^lO/) 50 /s^-2//,.V3)(P/.V8 - 3 P 3 .V,) + 12P///3^ 

(18) - 5(//22 _ 2 //, 7 / 3 ) ( 2 IP 3 V, ~ P3"?/s) - 

- UF.,F.^if^\ 

We shall find 

ii, (,'/)= , 1 ^ [7(P,7-62^,P,"1.« 

+ 33io [20P,'P,'' - 15P(»P, + 63P,»] 

(19) , 

= rso ’-P* - A" - 567P,»] 

+ 20T6 - 1-'(P,'')— 882P,*P3'J.-» + • ■ 

SO that finally 

7(15P,P(»)-20P;p;'-567P,»)ii,(y)+20[6P3P/-7(P3')»]ii,(,v) 

(20) =“ iolr. 24 [21 (1 OPjPi’) - 20P,'I\" - 667P3») (20P3'P,'' 

-15P3P^*> + 63P3») 

+ 100 {6P,P3" - 7 (P,')*) !7P,PW - 12(P3")^ - S»21YP,']] + ■■■■ 

A plane cubic is determined by nine points. We shall speak of the 
cubic which has, at ^yj nine consecutive points in common with Cy, 
i. e. which has with Cy a contact of the eighth order as the osculating 
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cubic. As, in the case of the conic, we find its equation at once 
from (20). Uniting the two results, we may recapitulate as follows: 

deferred to the system of coordincdcs defined by the scmi-covariants, 
when the differential equalion is tvritten in the Laguerre-JF'orsyth canonical 
form^ the equations of the osculating conic and cubic arc respectively 

= 0 , 

(21) 7(15P3Pf - 20P3'P3" - 567P3«)^^,(^) 

-f 20[6P3P3'' - 7(P37]ii3 W =- 0. 

§ 3. Geometrical interpretation of the semi -co variants. 

We have already noticed that P^ is a pumt of the tangent 
constructed to Cy at P„. Moreover (7) shows that a change of the 
independent variable has the eftect of displacing P^ along the tangent. 
We may even choose the independent variable so, as to make P. 
coin< ide with any point of the tangent. If we mark upon every 
tangent of Cy a point, the function ri(x) of equation (7) may be so 
chosen as to make the curve 6^ coincide with the locus of these 
points. Unless, therefore, the independent variable be chosen in some 
special way, the curve Cz has no specific relation to C„. It may 
serve merely as a g#*ometricaI image of the independent variable x. 
This image does not necessarily change if the independent variable 
be transformed. For, as (7) shows, since the coordinates employed 
are homogeneous, two values of J(a’) which give rise to the same 
value of yix) transform (' into the same curve T-. In other words, 
a linear transformation 

r = aj -f- h 

of the independent variable, where a and h are constants, has no 
geometrical significance. 

We may, therefore, look upon the curve as defining the 
independent variable of the differential equation, except for such an 
inessential linear transformation. The curve will then be determined 
uniquely. It remains, therefore, to find the relation bet^^een the 
points P and P^. 

Let us assume now that P^ = 0, so that the differential equation 
is in its canonical form. Let us make all transformations of the 
independent variable, which do not disturb this condition. As (8) 
shows we must have /a = 0, or 

f I 2 

so that the locus of all points Pp as given by (7), becomes 
or 
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= I = h 

where may have any numerical value. The elimination of rj gives 

= 0 

as the equation of this locus. In other words: if = 0, the point 
Pft is upon the osculating conic. If all of the transformations are made, 
which do not disturb the condition P^ ~ 0, P^, assumes successively all 
positions upon the osculating conic. 

We are now in a position to determine the equation of the 
osculating conic, referred to the triangle of reference PyP^P^, even 
if Pg is not equal to zero. For, if Po 4= ^2 vanish, if is 

auy solution of the Riccafi equation 



The points P(, which correspond to all of these solutions, are by our 
previous result, the points of the osculating conic. We find 

^ [<’ + ’!■ + (2 -^2 + 2 

so that 

•^‘1 ~ 2 (-^2 '^2 ^ Vy ~ 

are the j)arametric equations of the conic. Eliminating rj, we find 

(22) = 

the equation of the osculating conic, referred to the triawfle of reference 
PyP.P^,, when this triangle is not specialiwd. 

The polar of any point ( 1 /, xj, xf) with respect to this conic is 

- j j',) I -I- .(/.T. -I- {P.j,' - a-,') ,/•, = 0, 

SO that the polar of P., or (0, 1, 0), is .f\ = 0, i. e.: the line P^Pq is 
the polar of P- with respect to the osculating conic. 

The line PpP^, whicli has now a known geometrical significance, 
intersects the osculating conic in P„ and in another point p.., whose 
coordinates are given by the expression 

(23) a = Pg//-|-2p. 

As X changes and Py moves along the curve c„, the line PyP^ 
will envelop a certain curve We proceed to determine the 

point P^ at which PyP^ touches O'y. In order to do this, we allow x 
to increase by dx, where $x is an infinitesimal The line PyP^ will 
assume the position Pyjf.y' t)xPit+(,' 6x’ As dx approaches zero, the 
intersection of this latter line with PyP^, will approach a certain 
limiting position. This limit muU be the point P^. 

WlLC’ZYNSKl. proiective differential G-eoinotrv fi 
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We find, by differentiation 


(24) 

whence 


.?/ = 

y + = y (1 — + z dx, 


Q + = {F^ - P 3 )?/ 8x - 2F^z + (> (1 

The line joining these points intersects FyF^, in the point 


2F2{y + y'$x) -J- p + p'djc = (1 — (2F^y + p) -f (Pjj^ -- Pj)?/ 
whose limit is 


(25) /3 = 2 P 2 // + p. 

The cross -ratio of the four points P^, P«, P^j, P^ is given by 

(2>.,P„P^,P,) = 4. 

The point Fq is completely determined by these considerations. 
Upon tlie polar of P.., with respect to the osculating conic, wc marh the 
points Fy and Fa in which it meets the conic^ as well as the point F^ 
at which it touches its envelope. The point P^, is then determined hy 
the condition that the cross-ratio of the four points shall he equal to 4. 

This construction becomes indeterminate if P^ = 0. In that case 
however, F^, and P^ coincide with P« the second intersection of 
FyFf, with the osculating conic. In this case, therefore, P,/P^, is a 
tangent of the curve described by P^,. This gives us the interpretation 
of the condition F^ = 0, which is characteristic of the Laguerr(- 
Forsyth canonical form. 

The most general rune Cj; depends upon an arbitrary function ri{x). 
If this function is chosen in a definite manner the curve Cz is deter- 
mined uniquel ijj and therefore^ hy the ahore construcimi also the curve Cu. 
Ammg these curves Cij there exists a single infinity such that their 
tangents at F^ pass through the corresponding point P„ of Cy. These 
are (he special curves which are obtained hy reducing the differential 
equation to the Laguerr e-Forsyth canonicxil form. Moreover^ if we 
construct all of the points Ph one on each of time cx>' curves ^ which 
are (hus related to a definite point Fy of Cy, their locus is the conic 
which osculates C,, at Fy. Final! y, any four of the curves Cj, which 
correspond to four of these special curves 0 ^,, intersect all of the tangents 
of Cy in point-rows of the same anharmonic ratio. 

The last remark results from the fact that the equation 

which (determines these oo' curves, is of the RicceUi form. The anharmonic- 
ratio of any four solutions of such an equation is always constant.') 


1) See for example Forsyth, A treatise on differential equations, p. 190. 8d edition. 
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§ 4. The eight -pointio oubios, the Halphen point, 
ooinoidenoe points. 

Let us again assume that (1) has been written in the Laguerre- 
Forsyth canonical form, so that = 0, p^^ We have seen 

in § 2, equations (19), that each of the cubic curves 

C26'l ““ 5(a;j*-2a:,a;j)(P/a^-3Psa:,) + 12Pj*a;/ = 0, 

(*) = 5(a!j* - 2x^x;) (SlPja:, - P/'flr^) - A^P^^x^x,^ 

-14P,P,'V = 0, 

has eight consecutive points in common with C,j at Pj,, or has with 
C„ at Fy a contact of the seventh order. The same is therefore true 
of each of the (X)' cubics 


(27) aSl^{x) + = 0, 

where a and /3 are constants. We shall speak of these cubics as the 
eight- pointic cuhcs of F,,. Among these there is, of course, a nine- 
pointic cubic, i. e. the osculating cubic of C,, at Fy. We have seen, 
[cf. equation (21)], that its equation is obtained by putting in (27), 

(28) a == 7(15P3P.S*) - 20P/P/ - 567 P 33 ), /3 « 20[6P3P3'' -UF,yi 

But, the eight-pointic cubics have a ninth point in common, 
which we shall call the Halphen point of F„. We proceed to find 
its expression. 

We find from = 0, 

X = 4* I ^Ps *^ 3 * 

1 10 (/y O'^ — x^)x^ 

This gives further 


21 P ^ _ P _ 'n'-*.', -3P,a^Hl05P,x,»-10 />,■'*, ’) + 252P,»a',« 
whence, substituting in Sl^ ^ 0, 


[ 6 OP 3 P/P 3 " - 1512P3^ - 70(P;)^.r3» 

+ [- 180P3^P3" -f- 21OP3(P30']a^ V = 0. 

The solution .r^ = 0 gives Xg = 0, i. e. the point Fy, The other 
solution gives 

.Tg = CD (5^3' — 756 ©3^), .r., = CD • 156^3 @3, 

where cd is a proportionality factor, and where we have written 


F,^0,, 6P3P/-7(P37=®3, 

since 0^ and @3 reduce to these respective quantities under our 
assumption P, = 0. We have moreover assumed Pg 0, i. e. that 

6 * 
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Cy is not a conic, in which case these considerations would be without 
value. Substituting into the expression for ajj, we find 

7 (6 - 766 0 , ^ + 26 ” 



If then we put cd = 210^^0^, we find, for the Halphen point of F,„ 
the expression 

^ = [7(5 @ 3 ' @3 - 756 @ 3 ^)- + 25 ®,^]y 

4 - 210@3®3(5@8'®H-7566>j^)r + 15-2106>3‘'^@32p, 

under the assumption == 0. 

But there must be a covariant, which for jPg = 0 reduces to 0. 
We find that 6 itself is not a covariant. The most general trans- 
formation of the independent variable converts 6 into 

But we have also 

(®/®/-P8 - I ®3^®8V), 

SO that 

^ -f 1575 © 3 ^ ©3^ 7^2 2 / 

is a CO variant. We have found therelore the following covariant 
expression for llic Halphen point wluch belongs to 

(29) h = [7(5®.,' @3 - 75603^)^ + 2503^ + 15750.“032Pol?/ 

4-21003 03(503*03-75603*): 4 315003-032^. 

This expression shows that the Halphen point coincides with 
if and only if 0^ = 0 Halphen has called such points of a curve 
which coincide with their Halphen point coincidence points. We shall 
investigate, in the next paragraph, those curves all of whose points 
are coincidence points 

Here we will notice only that, according to (27) and (28), the 
osculating cubic in a coincideuce point becomes 

^iW = o, 

and that this cubic has a double point at P„. We have therefore 
the remarkable result due to Halphen: 

In a point of coimiden^e, the osculating cubic has a double point. 
In such a point there does not exist, as in other points of the curve, a 
cubic one of whose branches has a contact of the eighth order with it 
In' the general case, if 0g=j=O, the cubic iii(. 2 :) — 0 is also of 
special interest. It is the only one of the eight -pointic cubics which 
has a double point at P^. We shall call it the eight •pointic nodal 
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cubic. The two tangents of Sl^^O at its double point, are the line 

PyP„ i. e. = 0, and 

(BO) BPgiCg — ^Pg'iPj, =s 0. 

They are always distinct if Pg =4= i- e. the eight -pointic nodal cubic 
can have a cusp only at such points of the curve Cy whose osculating 
conic hyperosculates the curve, in which case the cubic degenerates. 
If 

P = — 7566^3* = 0, 

passes through the Halphen point. But we have, in general, 

Therefore, if we make a transformation J = |(^), for which 

B 

^ ~~ 15 ©,®/ 

P,,P^, will pass through the Halphen point. The triangle PyFjFf, is 
determined uniciuely by this condition. We have therefore a complete 
system of geometrically interpreted covariants y in y, z and p, provided 
that =f= 0, if in the general expressions for ~z and p the above value 
of Hi be substituted. 

The tangent FyF, intersects the osculating cubic again in a 
point, which is easily found to be 

(31) y = (567 &^)y - 20 . 

By its means Ave obtain again a set of geometrically interpreted 
covariants. The tangent to the cubic at Pj intersects the cubic again 
in a point Pd, and that at Pd in a point P,. The latter must coincide 
with the Halphen point, according to the known theory of cubic 
curves.^) The conditions that the loci of P/,,P^,Pd shall be straight 
lines, conics, or special curves of any kind may serve to characterize 
special classes of curves Cy. 

§ 5. The curves, all of whose points are ooinoidenoe points. 

If all of the points of Cy are coincidence points, 0^ vanishes 
identically. We shall assume that our differential equation has been 
reduced to the Halphen canonical form, so that we have the conditions 

Pi == 0 , = 1 , @„ = 0 , 

whence 

Pg-O, Pg-l. 

1) Py is the so-called tangential of P^. For these theorems cf. Salmon*^ 
Higher plane curves, Chapter V. 
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The differential equation becomes very simple, viz.; 

+ 2/ = 0. 

Let o be a third root of unity: 

03 == — *2 2 2 2 

Then we have the following fundamental system of solutions 


whence 


Put 


Vi 

Vx 

?/. 

Vx 


: ^ 3 * ^cos ^ |/3 j — / sin 2 ■/3 a;), 

: f ^ ^cos .2 1^*^^ + ^ 2 ^ ‘ 




22/1 


and we shall find 
(32) ^ — e^^cosq), ^ sin (p j J* -f 

Let ^ and rj be cartesian coordinates. We notice that (32) 
represents a logarithmic spiral which intersects all of its radii at an 
angle of 30®. Thence Hdlphen's theorem: any curve, all of whose 
points are coincidence points, may be obtained by projective transformation 
from a logarithmic spiral which intersects all of its radii at an angle 
of thirty degrees. 

Since we have 

, , y' = ', 9, 9 ' = - y, 

and therefore also 

c(8)4-: = 0, pW-fp = 0, 


we see that eowh vertex of tlw triangle PyP^P^ describes a curve of 
coincidence points as well as Py; moreover the locus of each of the 
vertices of the triangle is at the same time the envelope of one of the 
sides which ends there. 

In particular, if Cy coincides with (32), we find for C, the cartesian 
equations 

I. = » cos L + *’), n, = e’V* sin L + 

and for C,, ^ ^ ' 

I 2 = cos i)j = e’’V“ sin ^g> + 

i. e. aU of the vertices of the triangle PyP^P^, which is equilateral in 
this case, and whose centen' is the origin, describe emgruent logarithmic 
spirals which are obtained from each other by rotation through an angle 
of 120®. ^ ^ 
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Since we have P 3 » the osculating cubic ^ which is at the 
same time the eight-pointic nodal cubic, becomes 


P = 5 — — ^x^ — 0, 


where the triangle of reference is equilateral. Since this triangle, 
remaining always equilateral, changes its magnitude as JPy describes 
the logarithmic spiral, while the equation of the cubic does not 
change its from, the cubic always remains similar to itself. We can 
make this clearer by introducing rectangular coordinates, | and rj. 
We shall have 


3 








= I + iv, 


SO that the equation of the cubic becomes 


^ 10 (r + - 9i - Ti^) - 0, 

which shows that the eight-pointic nodal cubic is not a real curve. 
Its only real points are 


l==0,i? = 0; 1 = 10, i? = 0; | = — 5, ^ = -|- )/75; g = — 5, i? = — 1/75, 
or in homogeneous coordinates, x^,x^yX^y 

(1,0,0); (1,10,10); (l, - 5 -f 5/)/3, - 5 - Si/S); 

( 1 , — 5 — 5 ii/ 3 , — 5 -f 5 t)/ 3 ) . 

The rectangular coordinates of a point of the spiral corresponding 
to the angle (p + I, are 

S' = (S cos A — sin A), r/ = (S sin A -f- 1 / cos A), 
and we obtain the rectangular equation of its eight-pointic nodal 
cubic by substituting 

in P=0. We have proved our statement and have moreover found 

the ratio of magnification. It is equal to e^^^. 

The cubic = 0 becomes in our case, after division by 21, 

bxi(€^^ — 10 a?i*ii ?3 — 2oi^x^^ = 0 . 

It is an equi-anharmonic cubic, i. e. the double -ratio of the four 
tangents, which can be drawn to it from any one of its points, is 
equi-anharmonic. This follows at once if the invariants of this ternary 
cubic be computed.^) We find 8=^0, which proves our assertion. 
This cubic contains the three vertices of the triangle PyPsP^, and 
we find that its tangents at Py, Pj, are respectively PpPz, PzPq 


1) Salmon, Higher plane curves, 3d edition, p. 191 and p. 200 



72 III. PROJECTIVE DIFFERENTIAL GEOMETRY OF PLANE CURVES. 

and i. e. the triangle is at the same time inscribed in, and 

circumscribed about the cubic. 

We thus find Halphen^s further theorem: 

Given a logarithmic spiral of 30 degrees. If we construct an equi- 
lateral triangle which has the pole of the spiral as center ^ and any point 
of the spiral as me vertex, this triangle is at the same time inscribed 
in and circumscribed about an equi-anharmonic cubic which has a contact 
of die seventh order with the spiral at the point considered. 

Of course there are two other cubics of this kind corresponding 
to the other two vertices of the triangle. 

We must add however, that these cubics are imaginary, as well 
as the eight- point nodal cubic. 

The reliition of the eight-point cubics to each other and to the 
curve j/ in a coincidence point may possibly give rise to a misunder- 
standing. It looks as though each of the eight- point cubics would 
then be a nine-point cubic, since the nine points of intersection of 
any two of them coincide with Py. This paradox is easily explained 
if we remember that the only cubic, having nine-points of intersection 
with Gy coincident at Py, is the eight- point nodal cubic. Each of 
the other eight-point cubics intersects one of its branches in eight 
coincident points and the other branch in the remaining ninth point 
which also coincides ’v\ith P,,. These cubics have with each other a 
contact of the eighth order, but only that one which has a double 
point at Py has nine coincident points of intersection with Cy at Py, 
and may therefore (improperly) be said to have contact of the eighth 
order with Cy. 

§ 6. Curves of the third order. 

If we assume = 0, e<iuations (20) shows that the osculating 

cubic hyperosculates the curve (\, at P„, i. e. has more than nine 
consecutive points in common with it, if 

(33) 21 (15P., If) ~ 20 jy P.” - 5()7P/) (20P.;P," - 1 5P,P(8) -f mf) 
+ 100i6P3P/- 7(P,7){7P,P(^) - 12(P/7 
-8«2P.,"P3'}=^0. 

In order that G,, may itself be a cubic, it is clearly necessary 
and sufficient that this condition be fulfilled at all points, i. e. for 
all values of x. 

The left member of (33) must be the special form assumed by 
a certain invariant under the assumption Pg = 0, = 0. We 

wish to find the general expression of this invariant. 

Since P^*) is the highest derivative of Pg which occurs in (33), 
the left member must be expressible in terms of 
We find for P, = 0, 
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=P„ ®„ = 6P,P,''-7(P;;», 

®„ = 18P/P(») - 72P,r,'P," + 56(P,'r, 

(34) ®i6 “ - 108P,“P,'Pi») - 72P/(P/)“ 

+ 384P,(P;)*P3'' - ‘22MP,'y, 

= 2®3 [2P3P(o + 4P3'P(«) - 8(P3")T - (®,?, 

whence 

(35) _ l26P3Pi*) - 756P;P("> + C48(P5'')2. 

Od the other hand, we find 


4®,„ 21-26 (®g')® - 84 • 567 • 63 ®3'' + 900 • 49 &./ @,3 

+ 4()0®3f7P3P|O_ 12(P3")“J 

<13 = 4®, , + 84 • 507 • 63 -900 -49 ©3*' ©,, 


whence 


or 


- 21 -25(®,')- + 400©,[7P3P^O_ 12(P3'7), 


17.'. ©., ,-.0 7©„ , + 320,»^^. _ 

3 ©, » ©,» 


(30) 2 ‘‘ - 3^©3=©,3 + 2^ - 3» -7'>©3''- 2* - 3* - 5- -l^©,*©!^ - 3 - 5* -7@3©„ 

-2-5“©,(7©.„ + 2^©3») = 0, 


which, on account of the syzygy (12), may also be written 


(37) 2‘ - + 2*- 3" - 1’©," - 2* - 3* - 5* - 7-0^0,. + 3 - 5- - 7©J3 

- 2'> - 5' - 7 ©3 ©13 - 2" - 5»©8= = 0. 

The condUion for a cubic is 0^^ — 0, where 0^^ is given by (30) 
or (37). 

0 . 

If the absolute invariant is a constant, the differential equation 

may be transformed into one with constant coefficients. The curve 
is then what Halphen calls an anfumnmic curve (cf. § 8). It may 
be, at the same time, a cubic. In fact in this case 0^^ must vanish, 
and hence also 0^^^ and 0^1. The condition 0^^ = 0 reduces there- 
fore to 

(38) 2* • 5" - 3» • V 0," = 0. 

The cubic is then a cuspidal cubic; as may be seen by setting up the 
corresponding differential equation. We may also verify this directly 
as follows. Put the equations of the cubic into the form 

8 

y, =a:>, yi = x, y, = 1. 
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The differential equation, of which these functions form a fundamental 
system, is found to be 

On computing the invariants we find 

6 1 7 1 

^8 2 3’ a;®’ 

whence we again conclude (38). Therefore (38) is the condition for 
a cuspidal cubic. 

It will be advisable to set up also the condition for a nodal 
cubic. Take the cubic in the form 


?/i = 1. = jTj = - a-® + (1 - x) \ 

whence we deduce the differential equation 

for which 

= = ft = 0. 

It is convenient to write <==(1— ir)”^, so that 
i’l — 1 _ t> 

On computing the invariants we find 

60* 7i*^l-f 60* 7 30 ^*< 

whence 




(1-0“ 


10* ai-r,'' ' 10 li + W’ 

If we put 

/QQN 5 2* 7® 2 3* 7j. 

(39) 5 , 7J, [I = - I, 

SO as to have the same notation as Halphen, we find 


where 





If we eliminate c we find 


(40) (2«.32i? + |2_2.33|_35)2_|.2»».3.|3_o, 

as the condition for a nodal cubic. 

In general a ternary cubic has an absolute invariant. We wish 
to find the condition for a cubic curve whose invariant has a given 
value. ^I^learly it must be possible to obtain this condition from 
®,8 = 0 by integration. 

Let us, then, assume ©jg — 0, and introduce absolute invariants 
by putting 
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whence 


e? 


3 — - 8 , 


?L., 

t 

d 

/X\ »,*«„ 

^ (9 

dx 

VV“ ®..* 


If we divide (37) by and introduce these quantities^ the condition 
^,8 — 0 becomes 

[21 {5V' - 2^ . 3» • 5^ . 7/t + 2^ . 3« . 7^) - 2« • b^k] 1' - 28 • 5* • 7 = 0. 

So as to have the same notation as Halphen, put again 


so that 
41) 


, 2^ . 3« 7» 2 • 3».7 . 

6,-1/, = - -"5 - I, 

^ 2*- 3«-7“ ^ — 2.3*-7 0,*‘ 


Then, the above equation becomes 


(42) = T [(^ + 3) (5 + 27) - 2^ • 3i,] V- 

Put further 

1(1 + 3) (I + 27) = ^, 3*.2^, = 5, 


SO that (42) becomes 

(43) gir + (e~^)r=o. 

Halphen has shown that the general integral of this equation is 

(44) Pg8-r(?8, 
where c is an arbitrary constant, and where 

28p = (28g + _ 2 . 38| _ 35)2 ^ 2« . 3|8, 

2® Q = 2®g^ + 2^? + 3*) (I - . 5) g + (5 + 38)‘. 

The equations P = 0, Q — 0 give special solutions of (41). The case 
P = 0 corresponds to the case of a nodal cubic, as we may verify 
at once. 

We proceed to explain Halphen’s integration of equation (43) 
The geometrical significance of this equation makes it certain that 
its general integral is algebraic. Let 

P - g« + Jf, g”-i + ilf^g"-^ + . • . -f J/„-.ig + ilf„ = 0, 


where Jlf* is a rational function of 5, be an integral of this equation. 
Interpret, for a moment, | and g as cartesian coordinates of a point 
in a plane. Equation (43) determines the ratio of to g' for every 
value of I and g, i. e. it determines the direction of the tangent of 
any integral curve at any point of the plane. If P = 0 is an integral 
curve, the direction of its tangent at* any one of its points must 
therefore coincide with that found from (43). But the direction of 
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the tangent of this curve, at one of its points, will be found from 
the equations 






The expression 

F| + rif ' 

which, on account of (43), is proportional to 




u 


^p 




fp 


must therefore vanish as a consequence of F — 0. Since this expression 
is again an integral rational function of f of ilie degree, with 
coefficients rational in J, we must have 




■g);;f+Ap=o, 


■where A is a function of In this equation | and g are regarded 
as independent yariables. Denote by Mi, M^, ... the derivatives 
of Ml, JIfj, . . . with respect to |. We find 

J/j' = i -f 

M< = \X + {n~\)l-\Mi+ AM’, 

J)f3' = |i + («- 2}1]M^ + AM:, 


M: = {X + l)M„-, + AMl.i, 

0 ^XM„ + AM,!. 

Suppose that M„ is a fraction > where a and ^ are integral rational 
functions of The last equation will then give 

§ a 

i. e. the factors of the denominator of X will be simple. But, in that 
case, the first equation of our system would make a transcendental 
function of J, contrary to our hypothesis. Therefore, M„ and X must 
be integral rational functions of Moreover, the expression 


shows, that X must be of the first degree, since A is quadratic. We 
see at once that J/j must be of the second, of the 4^^ . . . M of 
the degree. ' ’ ’ ” 

We.^know one solution of (43) corresponding to n^2. It is 
the equation (40) which gives the condition for a nodal cubic If 
we introduce g instead of this solution may be written 
2«P « (23g + I* ~ 2 . 33| - 3^)^ + 26 . 3|» *= 0. 
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The corresponding function A is found to be 
^ = -*(1 + 9). 

We may find another particular integral, also corresponding to w — 2, 
by trial. It is 

+ 2^ (I + 3») (S - 32 . 5) g + (I + 3«)^ 

for which 

We have, therefore 


which equations may he written 


u 

u 






4 




d(Q[l 


*(| + 3)P!:’, 
2(I + 3)(?». 


But precisely the same equation will be satisfied by 

FV^-cQ\ 

where c is an arbitrary constant. Therefore, the general integral of 
(43) is 

lV=-cQ\ 


which is the result we wished to prove. 

We have noticed already that P = 0 corresponds to the case of 
a nodal cubic. The significance of = 0 will appear very soon. 
Another special solution is of importance. For a certain value of c, 
— will be a perfect square In fact 

g-^ + 2’.3’.g^P=P^ 

where 


(46) 2‘’P 2^^ + 2« • 3 [(I - Sy + 2* • 3^1 

+ 2« . 3(1 + Sy (I - 3« . 5)g + (I + 3«)«. 

The general solution of (43) may therefore be 'written 

P2 4- = 0, 

where h is the arbitrary constant. 

We may on the other hand consider the algebraic equation of 
the cubic, which we have deduced explicitly under the assumption of 
the special choice of coordinates involved in the reduction of the 
differential equation to the Laguerre-Forsyth form. A ternary cubic 
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has two relative invariants 8 and T of degrees 4 and 6 respectively 
in the coefficients of the cubic. The absolute invariant is 



and the discriminant is + 64iS^® If we observe the explicit 
equation of the cubic we notice that the highest derivative of Pg 
which occurs in it is which can enter into S and T only by 
means of the invariant ©jg. Therefore, the highest powers of 
which can occur in S or T are respectively the fourth and the sixth. 
But, of the two quantities | and only | contains ©jg, and moreover, 
linearly. Therefore in terms of J and S must contain no higher 
power of S than the fourth, and T no higher than the sixth. But 
Q and R contain precisely these powers of |, so that except for 
numerical factors Q and R must be proportional to S and T respectively. 
Finally, since we obtain a nodal cubic if 

+ (> 45 « = 0 , 

and also if P = 0, the case it = — 64 must correspond to /i == — 1. 
Since h and 7c can differ only by a numerical factor we find 

Ic 64/i. 

If we apply the known results of the theory of invariants of a ternary 
cubic, we find therefore the following result. 

Let T md 8 he the fundamental invariants of a ternary cubic. Put 

f-u,.. 

Then the condition, that the differential equation (1) shall represmf a 

cubic curve with the absolute invariant //, is 

( 47 ) 

whwk may also be written, 

/« paHicular P = 0, Q^O, R^O are ihe eondilions for a nodal, an 
equi-anhar manic, an harmonic cubic respectively. 

It will be noticed that an extensive theory may be developed for 
the general curve G,, based upon the theory of the covariants of 
the osculating cubic Moreover, since we have shown how to compute 
the invariants S and I, there remain no serious difficulties to over- 
come. As X changes, each of the points of inflection of the osculating 
cubic describes a curve, its Hessian and other covariants envelope 

cnires, .etc Special properties of these various covariant curves 

wiU serve to characterize- special classes of plane curves Cy. There 

1) Sedmon’e Higher Pleme dunes, Chapter V, Section V. 
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are further the simultaneous co variants of osculating conic and cubic, 
all of which promise interesting results. We may also regard the 
determination of the osculating cubic as an approximate integration 
of the differential equation. 

We have seen in § 1 that the invariants of the Lagrange adjoint 
equation differ from those of (1) only by having — in place of ©g, 
and therefore — 0^^ and — ©gi ^ place of and 
integral curves of a linear differential equation and its Lagrange 
adjoint are dualistic to each other. It is a very easy matter, there- 
fore, to find from the equations of this paragraph, the conditions for 
curves of the third class. We may also by considering the adjoint 
equation, determine the osculating curves of the third class for an 
arbitrary curve, etc. . . . 

The curves of the third order without a double point, being of 
deficiency unity, may be studied by means of elliptic functions.^) We 
shall follow Halphcn in giving a brief treatment of the curves from 
this point of view, culminating in the determination of the number 
of coincidence points upon a cubic curve. This theory rests upon the 
following theorem: 

Let the coordinates x and y of a point of a plane curve be 
given as uniform doubly periodic functions of an argument the 
periods of these two functions and their poles being identical. The 
locus of tire point (x^ if) will be an algebraic curve, whose degree is 
equal to the number of poles of the doubly -periodic functions in a 
period' parallelogram. 

To prove this theorem we make use of a method of representation 
for the elliptic functions due to Ilermife. Put 


7- 


A 
' A' 


■ 'sin 

m = 0 




z(0 = 


i/(f/ 


making use of the ordinary notation for the Jacobian functions. 
Then we shall have 


X = u -f a Z{t — aj J) Z — 13') c Z {t — y) -j- . . . 

2/ = -f oJ Z{t — c^ -f V Z{t — P) -f d Zit — y) -1 

where a, /3, y, . . . are the poles of the two elliptic functions. The 
constants a, j, . . . a', which are the residuals of these functions 

at their poles, satisfy the conditions 


1) Clebsch first indicated the importance of elliptic functions for the theory 
of curves of deficiency unity. 
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a + ?> + C + a' + 5' + c' + • • • = 0. 

The periods of the elliptic functions will be 2JV and 2iK . 

In order to find the intersections of the curve, represented in 
this way, with an arbitrary straight line 

J a; 4- By 4 T = 0, 

we need only find the values of the argument / for which the elliptic 
function Ax 4- 4- vanishes. But this function has the same 

periods 2K and 2iK% and the same poles a, /3, y, . . . as a* and y. In 
a period -parallelogram a doubly periodic function has a many zeros 
as poles; the values of the argument which differ from each other 
by mere multiples of the periods correspond to the same point of 
the curve. Hence the function Ax 4- By -f C vanishes for as many 
non -congruent values of f an x and y have poles in a period- 
parallelogram, whence follows the theorem which we were to prove. 

Make an arbitrary projective transformation 

-ir A j a; 4" 4 __ A g 4" Ag >/ 4 

+ ^ — Ax + A'y-i-Ji ‘ 

X and Y will be two doubly periodic functions of t with the periods 
2Jf and 2i\.¥'. The poles of these functions will be different from 
a, /3, y, . . . but equal to them in number. A" and Y may, therefore, 
be represented by elliptic functions in the same way as before, making 
use of the same A function, only the constants a, ?>, . . . a, . . . 
being changed. Therefore, t/iis reiyresmHaf 'nm hy elliptic functions has 
a 2 >rojective character. Moreover Hu (juantity q, or the ratio of the 
periods^ is an ahsoluU' bauriant. 

Let there be only three poles c, /5, y, so that the curve is a 
cubic. Of the thirteen constants, which appear to enter the equations, 
only nine are independent. On the other hand, a plane cubic is 
determined by nine conditions. We shall prove that any non -singular 
cubic may be rei)resented in this way In order to do this, it becomes 
necessary to study the curve somewhat more in detail 

According to a well-known theorem, due to LiouviUe, the sum 
of the zeros of a doubly periodic function in a period* parallelogram 
can differ from the sum of' its jioles only by multiples of the periods. 
We find at once the following theorem: 

TJie three vahies of f, which correspond to the intersections of the 
cubic with a straight IhiCj hare a sum which can di/fer frmn a 4 4- y 

ofdy hy multiples of the periods. 

This gives rise to the following corollaries: 

Thfv nine values of the argument t 

a-f |34y iK ' 

:r + 3 ' 

where p and p' are integers, correspond to tlw points of inflection. 
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Thrmjigh an arbitrary point of the curve, four straight lines may 
he drawn which shall he tangent to it in other points. If t is the 
argument corresponding to the first point, the arguments of the four 
points of contact are 

— + j»-Sr 4- p'iK'. 


But these properties of the curve prove it to be of the sixth 
class, i. e. a non- singular cubic. To prove, on the other hand, that 
every cubic of the sixth class may be represented in this way, we 
consider a special case. Write 

x^Z{t)- Z{t-\-K), 
y=^l^ + Zit + iK^)-Z{t + K). 


We proceed to eliminate i. We have 


m- 






Z{t + iK^)=^-^-\- 


Sit)' 


making use of the ordinary notation for the Jacobian @ functions. 
We find, therefore 


^ (logsnt - logc«0 = , 

(I .N sntdnt 


whence 


,cy(x — y) — Ic^y, 


where h is the modulus of the elliptic functions, which is connected 
with q by the equation 


^^4 + 2 ^,/’+ 

V' 1 ^ 2 , 


'J’he equation, made homogeneous, becomes 

xy {x -y) = ::^ [a- Py). 

But any non -singular cubic may be reduced to this form if the 
vertex x == 0, y — 0 of the triangle of reference be taken as a point 
of inflection, while the other two coincide with the points of contact 
of two of the tangents which may be drawn through this point. 
Such a triangle exists, if and only if the cubic is of the sixth class. 
We have shown, therefore, that every cubic of the sixth class may he 
represented by elliptic functions in the way indicated. 

Consider, now, a function of the third degree in x and y. It is 
a doubly periodic function of t, whose poles cc, fi,y are triple. We 
see, therefore, that the arguments which correspond to the intersections 
of the cubic tvith another cubic differ from 3 (a -f jS -f y) only by multiples 
of the periods. 

WiLCZYNSKi, projcctivo differeutial Geometry 


6 
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Further: if wo cowsWwA o> pointy wJioso o/tgutnont is ty Uio p&ncil 
of all cuhics having with the given cubic contact of (he seventh order in 
the given point, these cuhics have a fuvilwr point in (xymmoHy whose 
argument is 

3(a-f-/3-j-y) — 8^. 

At every point of the cuhic, whose argument is of the form 

I 2pK-\-^p' iK.' 

I- 9 ^ 

there exists a pencil of cuhics having contact of the eighth order with 
the given cubic at this point. These points are the coincidence points 
of the cubic. 

Of these 81 points, however, only 72 are truly coincidence points. 
J'or the 9 points of inflection are included among them. The existence 
of 72 coincidence points on a non -singular cubic has also been 
demonstrated by Halphen in another way.') 

The results found so far, enable us to verify the further theorem: 
On a cMc the coincidence points may he grouped in triangles tchich are at 
the same time inscribed Wy and circumscribed about the curve. For, if we 
compute the argument of the point where a tangent at a point of 
coincidence again intersects the cubic, we find that this point is again 
a coincidence point. 


§ 7. Canonical development for the equation of a plane curve 
in non -homogeneous coordinates. 

If 1 \ = 0, the equation of the osculating conic is 
— 2x^x^ = 0 , 


or if we introduce non -homogeneous coordinates, 



where 


S == -* 




Since Cy has contact of the 4**' order with this conic, 
have similarly for a development of the form 

»/= 2 l^ + a,|^ + a„r + a,r + ..., 


we must 


where 





y^ 


1) Hcdphen, Journal de Math^matiques , 3o sdrie, t. II, p 376. 
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We can eaaily find this developuient. We have from (16) and (17) 
6* _ 2, - + ip,',^ + A pn^. +. . 


Vi 


if we write only the terms up to and including the seventh order. 
We have further 

so that up to the order of terms here retained, 

We find therefore 

(48) ‘ + 


But we can simplify this development considerably. The form 
of the series 

V = !, + OiV + + 0 , 5 ’ +• • • 


will not be changed if we make the most general projective trans* 
formation which converts the osculating conic, as well as the point 
F„ and the tangent P^Ps into themselves. This merely amounts to 
taking as triangle of reference the most general triangle of which Py 
shall be a vertex and PyP, a side and which shall be self- conjugate 
with respect to the osculating conic. This projective transformation is 

X= =i, Y=^ 

i y 2a^ f tx'Tj V 1 y a*7] v 

where 

A = /3| + = v = 1 + a^rj. , 

If we substitute the development (48) for 7 /, we find 

l = e + '/2«/3 (Osl'* + a„|®+ 0,1’ +•••), 

/* = O + ( 05 I’’ + Oes' + ®,5’ H ), 

V = T + «’ + Ojl* + 0,1’ +• • ), 

where 

Q = n + l yao/Ji*, 

7=1 +V2ai + g o®|®, 

and, of course, 

— 26t ~ 0. 

fi* 
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We find therefore 

— 2 (IV =2 (]/2a/3() — fi^t — a^e) + ^7^^ + ' * 0? 

whence 

(49) 2/3*L«5S'' + (“e - 2l/2ar,B) 

+ (a, — 2 1/2006 + 5a“o®) H — J. 

J’urther we have 

H [! + « V--!“«+ «')] 

1 + Vila^ + * «>!• + (!'•) 

where (J^) denotes an aggregate of terms of at least the k’th order. 
Consequently 

x = /ij[i-.y2«5 + l«^r +•••], 

so that we shall haye, exact to terms of the seventh order, 

X’ = 

X® = /j® (?'■■- 3 l/2«r), 

Xo = IP ^ 


whence 


V ■= " X\ 


|® = ^’,(X® + 3i/2“X’), 

(x^ + •’ 1/2 “ X® + X’). 

Substituting in (49) we find 

r= ’ X® + “i X® + (J. y2o,« + a„) X® 

+ /.(«, + y2«6«+*-05«®)X’ + .... 

But we have the two constants a and p at our disposal. Let 
choose them so that 


^8 1? ^6 "h 2 — n. 

We tjms find the canonical form 
(50) Y=IX>‘ + X^^ + A,X^+.-. 

for Hie devdopment Since we have 
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Ip ^ ^ T>l n ^ 

^ 840 “^ 3 > 


the value of -4- will be: 
(51) 


_(- 20)8 


100800 


<9, 8 


-4/^ of the coefficients will he absolute invariants. 

It is clear that such a development always exists, except for such 
points of the curve Cy whose osculating conic hyperosculates it. It 
only remains to determine the geometrical signilicance of this cano- 
nical form. Since we have 


the line X = 0 is, in our original system of coordinates 

= 0 , 






which is nothing more or less than the polar of the point (P3', SP^, 0) 
with respect to the osculating conic. But the co variant expression 
for this point is 

<^4 =7^8^ + 303:. 

Therefore, if the (liflerential equation he reduced to the Halphen 
canonical form (@3 == 1), the corresponding point P* will he the second 
vertex of that triangle of reference for which the development becomes 
canonical. In general^ the second vertex of the canonical triangle is 
given hy the covariant (\. 

The transformation of coordinates, which we have just made, 
may be written in homogeneous form 


rj = 3-1 + ■/2 b3j + a-Xi, 

Xi — pxi + y^a^x^, 

1-, = ^‘33. 

If we apply this transformation to the equation = 0 of the eight- 

pointic nodal cubic, we find after dividing by a numerical factor 
P= ^ 2 ^ -f 16a;3* — 2x^^x^ — 0. 

The Hessian of PJ again omitting a numerical factor, is 
H == — 3 ^2^ — 485^3* ■“ 2^1 ^2^3 — 0. 


For the three points of inflection of P = 0, we find therefore 
iPj — 0, x^i x^ — |/i6 or — 03 yiS or •— 03^ 1^16,^) 

where 03 is a cube root of unity. 


1) The Hessian of a plane curve interscets it in its double points and 
points of inflection, cf. Salmon's Higher Plane curves. 
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We have the following result. 

In order to obtain the canonical form (50) of the dsvdopmenty Ike 
triangle of reference must be chosen as follows. One vertex is a point 
on the curve and one side of the triangle is the tangent at this point. 
The second side is the line upon which arc situated the three points of 
inflection of the eight-pmntic nodal cubic. The third side is the polar 
of the intersection of the other two with respect to the osculating conic. 
The numerical factors, which still remain arbitrary in a pr(^ective system 
of coordinates after the triangle of refet'ence has been chosen, must be 
determined in such a way that the coordinates of one of the three points 
of inflection of the cight-pointic nodal cubic shall be (0, — |/ 16 , 1 ), 
and that the coordinates of the tangent to the cubic at this point shall 
be (2|^, 3^62, 48). 

Since this can be done in three ways, it is clear why the cube 
root enters into the expression of the coefficients of the canonical 
development. 

The vertices of this triangle give a fundamental system of covariants, 
which is valid whenever 

The canonical development is identical for two differential equa- 
tions whose absolute invariants are identical. We see, therefore, that 

condition, that two differential equations have equal absolute in- 
variants, is not only necessary but also sufficient for their equivalence. 

§ 8. Anharmonic curves. 

A curve is said to be anharmonic, if the absolute invariant 

: @ 3 ^ is a constant. Let us reduce the differential equation of the 
curve to the Halphen canonical form, which may always be done 
unless the curve is a conic. Then we shall have 

Pi = 0, @3 = 1, = c, 

where c is a constant, so that 

“ -^2 “ 27 Ps ~ ^3 ~ 

The differential equation becomes 

(52) 3/(») + y = 0, 

an equation with constant coefficients. 

It is evident, on the other hand that, for any linear differential 
equation with constant coefficients, will be a constant. If 

such an equation be reduced to its semi -canonical form, the coefficients 
will still be constants. Let 
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<53) + + 

be such an equation in its semi -canonical form, so that and Pg 
are constants. Let be the roots, supposed distinct, of the 

cubic equation 

(54) -f 3P,r -f Pg - 0, 
so that 

(55) + = ^2^3 + = SPjj, —r^r^r^^P^- 

Then the functions 

(56) //*=;**, (i=l, 2, 3) 

form a fundamental system of solutions of (53). The homogeneous 
equation of the integral curve of (53) may therefore be written 


(57 a) 

or in non -homogeneous form 




pvb) 

if we put 
(58) 


r= x\ 



TJic carve, therefore, adryiits a one- parameter group of projective 
transformations into itself, viz : 

(50a) X = oX 


where a is an arbitrary constant, or in homogeneous form 

(59b) yi = !/i, % = «%, h = <*yy 

This group clearly enables us to convert any point of the curve into 

any other, excepting those vertices of the triangle of reference which 

are points of the curve. This property of anharmonic curves, that 

they are projectively equivalent to themselves, is characteristic of 

them.‘) 

We can deduce from this theorem a corollary which justifies 
the name which we have given to these curves. Consider any point 
P of the curve, not a vertex of the fundamental triangle, together 
with its tangent. The latter intersects the sides of the triangle in 
three points Pu P„ P, The anharmonic ratio of these four points, 
the point of contact and the intersections with the sides of the tricmgU, 
is the same for all tangents of the curve. In fact, a projective trans- 
formation of the form (59) converts P and its tangent into any other 
point Q of the curve and its tangent. The points are 


1) cf. Lie -Scheffers, Continuierliche Gruppev, p 68 et sequ where other 
properties of these curves are also investigated. The above property is due to 
Klein and Lie. 
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converted into the three points Q^y ft where the latter tangent 
intersects the sides of the fundamental triangle, this triangle being 
invariant under the transformation. But a projective transformation 
never changes the anharmonic ratio of four coUinear points, whence 
our conclusion. The same result may, of course, be obtained by cal- 
culating this anharmonic ratio. It comes out to be equal to A, if 
the four points are arranged in^the proper order. X is clearly an 
absolute invariant of the curve, and it must be possible to express it 

in terms of the absolute invariant ^ 

From (5.o) and (58) we find 

■P' = I [»:> » J - (»•-• + I- ^^3 = >2 »•,) (» 2 + 


,fi -21){; +1) 

'2 ( 1 - 8 )* 

On the other hand, we shall have, 



whence 

(60) 


<9. " (i-2)2(i i)“ 


the equation connecting the invariant with the invariant X 

For X = 3 we find agam, as we should, the condition (38) for a 
cuspidal cubic. 

This equation might have been derived in another way, which 
makes its significance more apparent If the numerical value of the 
invariant be given, the curve (\, must be determined except 

for projective transformations. We would obtain at once, therefore, 
either equation (57 a) or one of those obtained from it by the permu- 
tation of the indices 1, 2, 3. Corresponding to one value of : 0^^ 
we would find, therefore, six values of a, corresponding to these 
permutations, which turn out moreover to be expressible in the same 
way as the six values of the double- ratio of four points. In fact we 
have seen that X really is a double- ratio. To one value of A, however, 
would correspond only one value of : 0^\ The left member of (GO) 
must therefore be equal to a rational function of X of the sixth 
degree, which is not changed by any substitution which consists in 
replacing^vA by any of the functions: 




§ 8. ANHAllMONIC CURVES. 


89 


This determines the right member of (60) except for a constant 
factor. This factor may be determined by considering the special case 
A -3. 

If (60) is verified, the general solution of (1) is of the form 

Y=X\ 

where X and Y are expressions of the form 

X = ys+J?** , Y = h , 

apparently containing eight arbitrary constants, the ratios of the nine 
coefficients. But there are really only seven arbitrary constants, 
owing to the fact which we have already noted, that there exists a 
one -parameter group of projective transformations which converts the 
curve into itself. In accordance with this, if we express (60) by 
means of Halphen's differential invariants, it becomes a differential 
equation of the 7*^ order between X and Y. 

We have assumed so far that r^, and are distinct. If two 
of tliese quantities coincide, we find that X assumes one of the values 
0, 1 or oo. Equation (60) retains its significance, and we may deter- 
mine the character of the integral curve as follows. If X has a 
finite value, a special solution may be taken of the form 

Then, since 

lim (l + l) 

we see that corresponding to A = oo, a special integral curve of ( 1 ) 
may be written in the form 

Y= or X = log Y. 

Since all integral curves of (1) are projcctively equivalent, we have 
the following result. The cmharwoinc curves corrcsponOhig to the case 
that two of the roots of the characteristic cubic equation (54) coincide, 
are obtained by puttiiiy X equal to 0, 1 or cx). Their general form is 

x=iogr, 

where 

Y ^ «i ?/i +3 Vi + «« y^^ y _ + ^ . 

+ + +f2?/s + c3»/, 

The one -parameter projective group of these curves assumes the form 

x = x + ioga, r==ar. 

If all three roots of the cubic (54) are equal, they must be zero, 
whence we find = Pg = 0, and therefore @3 == 0. In this case 
the integral curve is a conic. The corresponding values of X are 
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Been to be X 


2, i or — 1, the harmonic values of a double ratio. We 


may therefore describe a conic as an harmonic anharmonic curve. 

In the metrical theory of plane curves, the osculating circle 
serves to characterize the infinitesimal properties of a curve in the 
vicinity of a given point. The osculatwg anharmonic curve may serve 
a similar purpose in the projective theory. We have seen, in § 7 , that 
any curve, which is not a conic, may have its equation written in 
the form 


y ^ Y® 4- 4- ^8 Y’ 4- 

1 « ^ ^ + 100 800 - ^ 


s 


SO that no curve, except conics and straight lines, have any projec- 
tive infinitesimal properties expressed by derivatives of Y of lower 
order than 7 . In the language of Halphen’s differential invariants, we 
would say that there exists no absolute differential invariant of order 
lowei than seven. We may, however, construct an anharmonic curve 
whose absolute invariant shall coincide with that of the given curve 
at the given point. Then its development in the canonical form will 
coincide with the above, up to and including the terms of the seventh 
order. It has contact of the seventh order with C„ at Py. There- 
fore, the osculating anharmonic gives an adequate representation of 
the differential invariant of lowest order. Its determination may be 
regarded as an approximate integration of the differential equation (1). 


§ 9. Discussion of the special case @3 = 0. 

The general theorems in regard to semi-covariants specialize into 
well-known properties of conic sections when @3 = 0. Take the 
equation in its canonical form 

so that we may put 

2/1 = 2/3 = ^*, 2 / 2 ^ -.Vi 2/3 = 0, 

= 0, ^2 “ -3 “ 

Pi — 0, P 2 “ 0, = 2. 

The curve 6^ degenerates, therefore, into a point on the conic; 0 ^ is 
its tangent. From the general theorems we deduce the well known 
property that a moving tangent intersects four fixed tangents of the 
conic in a point- row of constant cross -ratio. We need not insist 
upon these matters. 

The., linear covariants, except $/, vanish identically. The quadratic 
covariaiit however retains its significance. For the canonical form 
we have 


Ca = 0 * - 22/ p. 
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If we put for y the general solution of the differential equation 
2 / = r? -j- 2hx + cx^, 

and thence 

= 26 + 2cXf Q = 2cy 

we find 

C 2 = 4 {¥-ac\ 

the discriminant of the quadratic. Therefore, the three values of Cg 
which correspond to the substitution of «/ = 2/* (it = 1, 2, 3) are the 
discriminants of the quadratic equations which determine the inter- 
section of the conic with the three sides of the triangle composed of 
two tangents and the polar of their intersection. 

Examples. 

Ex. 1. Assuming that the differential equation of Cy is written 
in its semi -canonical form, find the differential equations for 0* 
and 

Ex. 2. Find and discuss the conditions that (7^, (7« may be 

straight lines or conics. 

Ex 3. Prove that the third tangential of Fy coincides with the 
Halphen point of Fy (cf. end of § 3). Find the conditions that the 
loci of the points P/„ Pj, Pcj there mentioned may be straight lines 
or conics. 

Ex. 4, Find the conditions for a curve of the third class, dis- 
cussing the various special cases. 


CHAPTEK IV. 

INVARIANTS AND COVARIANTS OF SYSTEMS OF LINEAR 
DIFFERENTIAL EQUATIONS. 


§ 1. Finite transformations of the dependent variables. 
Consider the system of linear homogeneous differential equations 


( 1 ) 

where 


+ 22 (t = 1, 2, . . . n), 


dx^ 


and where the quantities pai functions of x. It has been shown, 
in Chapter I, that the most general point transformation, which con- 
verts this system into another of the same kind, is given by the 
equations 



92 


n' INVAEIAKTS AND COVARIANTS etc. 


y,.- 2 a' -/-(I), 

where cci^ and f are arbitrary functions of and where the deter- 
does not vanish identically. 

A function of the coefficients of (1) and of their derivatives, 
which has the same value for (1) as for any system obtained from 
it by such a transformation, shall be called an absolute invariant 
If it contains also the functions y^, etc. it is called a covariant 
As in the case of a single linear differential equation, we decom- 
pose the transformation into two others; one, affecting only the 
dependent variables, and one transforming the independent variable. 
We proceed to determine first those functions which remain invariant 
when the dependent variables alone are transformed We shall speak 
of them as seminvoriants and semi -covariants. The invariants and 
covariants will be functions of the seminvariants and serai -covariants 
We proceed, therefore, to transform (1) by putting 


( 2 ) 

Then 


Vk ('■)%> (/■ = 2, . «)• 


(3) yf • ”5 ' = 0, 1, 2 . «o> 

/=.! o = () 

where denotes the coefficient of 7' m the expansion of (1 -f- sc)^ 


Equations (1) become 


71 n m 

(4) 


VpJ 

« -X ;=i =1 

m — 1 V n I 
I - 0 k l/i-la_o ^ 

The coefficient of in the double sum is 


W — v/ ’ 


in the quadruple sum, the coefficient of 




.1',;+^ 

^ \m—l — — 
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n 


2 2 (’t 


* -1 r=0 

Thus, equations (4) may be written 

« tn — 1 


X - 1 


(5) 

u 1 I - 0 
« 111 — I — 1 

+2’ 2 


(6) 


Put 


*_1 r_0 

J 0,X = 1, 2, . . 


and denote by A,^ the minor of in this determinant. Then we 
shall find 


j -=0 t = l 

II m — 1 — 1 

+2 2 


If the system be written in the form 


(H) ,;r'+2’2"-+'-’-®' 

I -0 ti- 1 

we shall, therefore, have 

1—1 k~l x-O 

(A, /X = 1, 2, . V = 0, 1, . m — 1). 


Thus, if (1) be transformed into (8) by means of the trans- 
formation (2), the equations (9) furnish the expressions for the new 
coefficients in terms of the old. 

Equations (9) represent an infinite continuous group, isomor- 
phic with the group represented by equations (2). For, they ob- 
viously have the group property, and to every transformation of the 
group (2) corresponds one of the group (9). Both groups can be 
defined by differential equations, so that Lie's theory of infinite 
groups may be applied. 
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§ 2. Infinitesimal transformations of the dependent variables. 
The variables t/j, • • • yn will undergo the most general infinitesi- 
mal transformation of the form (2), if we put 

(10) «*» = ! -f g?,, (?+/., 2. .»), 


where 6t is an infinitesimal, and the (p,iB are arbitrary functions 
of X, We wish to find the corresponding infinitesimal transformations 
of the coefficients 

Neglecting infinitesimals of order higher than the first, we find 


(11) j 

and 

( 12 ) 


|1 4* 

l^nld/, • 1 4" 


= 1-1- (Tii 4-922 4- 




== 1 -f [(pii -f 922 4 - + ffrin “ (pn)^tf 


These latter formulae may be deduced from the equations 

k=i k—i 


which define the minors of the determinant J, 
Substituting these values into (9), we ha\e 


ti nt — 1 — t 

+ i'" 2 (” t ’') «. ’ 1 + J’- ■<■] 

r^O 

+ 1 1 + (g’n + <P... + ■ J 

1 I T 0 


or, omitting terms of higher than the first order in df, 

n m — l— t 

*=1 r=0 

Dividing by = 1 -f (qpj^ -f- . . . .4. and denoting the in- 

fimtesimal difference by we find 
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( 18 ) 


(X, II — 1, 2, ... n; V — Of 1, 2, . . . m — 1 ). 


These are the required infinitesimal transformations of 
Those of pxfiv, Pxliv, etc., may be obtained from (13) by differen- 
tiation. 


§ 3. Oaloulation of the seminvariants for m ^n — 2. 

We proceed to the special case m = n — 2 to which we shall 
confine ourselves. We may write our system of differential equations 
in the form 

. y' + PiiV' + Pa^ + s,i»/ + ei2« == 

PnV' + Pn^' + Q-nV + in' — 

where we have written y and .r in place of and as this notation 
will be more convenient later. We shall have to put in our general 
formulae : 


( 15 ) Pi,,,,n-y =Pii,l^Px,.> =/>;.„0 = 9i„- 

Equations (13) will therefore become 

dp ^ 

■>-^ = .2' - VuPif) + 

k==l 

(16) = - VuPI. + <p[„p,.,. -■ 

k ~~ 1 

2 2 


If /’ is a seminvariant depending only upon the arguments 
QXf, the expression 



which represents the increment which the infinitesimal transformation 
gives to /*, must vanish for all values of the arbitrary functions 
?Pr*, ^rtf Equating to zero the coefficients of these twelve 

arbitrary functions in d/*, gives a system of partial differential equa- 
tions for f. The general theory teaches us that it is a complete 
system, and that any solution of it is a seminvariant. 
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(17) 


For abbreviation let ub put always 

Jf p JL^v’ Af 


Qi,,! etc- 


Then we have, for the seminvariants depending only upon y)ii„ 
and the following complete system of partial differential equations: 


2^*' +<'4. = 0, 


2 


(18) 2P„ + -P.Al, +lKrQu) = 0- 

/ — I 

^(P>Au-l\A> +PlrPi-l‘'a^'.A <tir^l.-a.lQrl)=(^> 


(»•,«= 1,2). 

This contains twelve equations with twelve independent variables. But 
wp shall see that only ten of the equations are independent, so that 
there are two seminvariants containing only the variables p'ltiy fi';.//* 
The first four equations of (18) tell us that Pr, and can occur only 
in the combinations , 

Pr» ~ "2 qr,. 


We shall write out the next four equations explicitly. They are: 
2Pi 2 -h — P 22 ) Pl2 4” p2t (P 22 ~ Pll) 4“ Pll ft 2 4- 7^21 ft2 ~ 0, 
(19) -Pvj^li 4-i>nft, 4-i>2ift21 =0. 

2P;2 4" Pis-^is i ^21 -^21 4" Pli ft‘» 4“ P 23 Q 22 ~ 

^■^21 4" ( 2^22 Pll) ■^‘•1 4" P 12 (2^11 ^^ 22 ) 4“ P 12 fti 4* P 22 fti ^ 


They show that p, prsy qrs can occur only in the four combi- 
nations: , , 

’fll = ^Pn - 4-Ki 4-i>i2i>2i; 


( 20 ) 


«12 = "^p'x^ " ^ai2 4-i>i2 {Pn 4-i>22); 

'^21 ^ ‘^Pn - 4(/21 4- P 21 {Pn 4- i>22); 


'<22 =- 2i>;2 - 4(/20 4- >4 4- P 12 P 21 ; 

i. e. the seminvariants here considered must be functions of Wjg, Wgj, 
Finally we shall write out the last four equations of (18). They are: 

ft - (Pn ~ P22)^12 4- P2l{^22 ~~ ftl) 4- {p\i — P\^2^13 

4" P2l(^22 ~ ftl) 4" ((/ii </ 22 ) 612 4- !? 2 l(ft 2 ftl) “ 0 , 
/2\\ ~P 21^21 ~ Pl2 ^12 4“ Psiftl ~ Pl2^12 4“ Q 2 I Q2-[ 9^12 Ql2 ~ Oy 

ft) Pl 2 ft 2 i^ 2 lftl 4' Pi3^\3 P 2 lftl 4" qi3 Qi^ ^21 ftl ~ 0 , 

ft — (jP22 i^ll)-ftl 4" 7^12 (ftl “■ P 22 ) 4" (24 “ /^ll)ftl 

4" i^iaCfti ~ ft 2 ) 4- (^22 ~ (Zn) ftl 4 - Q'lsCfti “ Q 22 ) 0, 

with the obvious relation 


( 22 ) 


ft 4- ft, » 0. 
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We find 


^4(Wii) = 0, ^i(Wn) = 0, + 

(^2) “ '^n '^227 ^2 (^12) ~ *^127 ^(^12) “ "i" ^^127 ^4(^12) ~ ^7 

J/j (^21) == 0, Z/g (Wgj) = + Wgj, J 7 g (Wgi) — — Hgj, Z74 (^21) == *^22 17 

Ui (^22) “ ^217 ^2 ^^22) ~ ^7 (^22) ~ ^7 ^4(^2) “ *^12’ 


With the introduction of these variables (21) becomes 

'du., + '‘ 2 * d^„ “ 


Uif — (^11 ~ ^ 2 ) } 


(23) 


rr /• I i \ f\ 

UJ— + W 12 - (%i — ?i22) ; — ^12 ^ — ^7 


^/2/ = 




df 


where the relation 


; + ^21 ^ ^7 

hi ' **2i 


(23a) W 12 ^21 Lr4/‘4- (wjj - (^ 22 ) ^^ 2 /*= 

is fulfilled, so that (23) will have two solutions. There will be, there- 
fore, two seminvariants depending upon the variables and 

(Ir,^ viz.: 

(24) 1 = Wjj “f" '^^227 ^ ~ ^11^22 ^12^21' 


Let us proceed to obtain next those seminvariants which con- 
tain also the quantities p"* and ga. They must satisfy the following 
system of partial differential equations: 

(a) 2P". -f = 0, 


(b) 2P:.. + Qr. + 'yivxrn.-pany. + />.rGJ.) 0, 


(c) 2i>.. + ^ (virFu - p.xVr,. ■ - ■i^n'Ph 

(25) J..1 

+ qilrQu — q»xQrl + pXrQl,) = 0, 

2 

(d) ’^{pXrPx. - P.xPrX + - p'.XPrX + pIrPL 

— p"iP''x + qxrQx. — q.i QrX + q'i,- Q’x, — ia ^rx) = 0, 


(r, s = 1, 2). 


There are in this system 20 independent variables, and 16 equa- 
tions. Only 15 of these equations are independent, there being a 
relation between the equations (d) which reduces to = 0 

when /' contains only pr,, Pr» and Qr,. In fact the left members of (d) 
for r = 1, s = 2 and for r = 2, s = 1 differ only by the factor — 1. 
We shall see that these 15 equations are actually independent; the 
other relation which was found in the previous case does not main- 

WlLCZYNSKl, projective differential Geometry. 7 
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tain itself. There ninety therefore, be Rye seminyariants of the kind 
considered. Of these we know four, namely /, 7, which are 

obyiously independent. It remains to find the fifth. 

Put 


, duik 

== dx ’ 


etc. 


Then, since according to (20) we have 

2 

(26) M,i = 2p'ik - 4g,t + 
therefore 

2 

(27) u'it = 2p'!i - 43 ;* + ^ (pijp'jt 4 

J — 1 

It is easy to show from equations (25) (a) and (b) that our 
seminyariants are functions of the twelve arguments 

(28) Pthy Uik, tl'ik. 

Denote the left members of (25) (c) by so that 

Sl^ «= 2Pn H , (Jig = 2 Pi 2 H , (Jig = 2 P 2 , H — , (Jij = 2Pgg — 
Then we find: 

(29) = Sl^{ua) = ^ SlJ^Uik) = 0; 

further 


(30) ^ 

^i(Pai) *= ^2(^21') 

^l(P22) = 0, Sl,(p,,) 

and finally: 


0 , 

'^^3(^11) “ 

«4(Pu)=0, 

2 , 

^3(2^12) “ ^7 

^/Pii) = 0 , 

0, 

^ 3 (Pn) ^ ^7 

= 0, 

0, 

^3(2^22) ^ ^7 

‘^4(7*82) ~ 2 ; 


iJis(w'i) = 4- Wjjj, ‘^^(wli) = 0, 

^ 1 (^ 2 ) ~ ~ ^ 12 ; ‘•^^(^ 12 ) == ^11 ~ Wjj2, 

(31) ‘^ 5 (^ 2 ) = *^ 4 (^ 2 ) == + Wjg, 

'^ 1 (^ 21 ) ~ ^21; *^ 2 (^ 1 ) “ 

*^^ 8 (^ 21 ) ~ (**11 ~ ^*22)> '^ 4 (^ 21 ) ~ — Wgi, 

■^1 (** 22 ) == ^ W = + Wgl 

*^^^(< 2 ) = - Wig, «^i4(w;g)-o. 

hVom these equations it is easily seen that the eight independent 
functions of the arguments (28), which verify the equations = 0, 
are the quantities Ua and Va, where 
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( 32 ) 


»!, - 2 m'„ + 0,1 - ft,) M„ - ft, («i, - ft,), 
- (l>„ - ft,) ft, + fti («„ - ft,), 

»n = 2 «i 3 -ftjfti 4 -ftift 2 . 


Xi(®„) . 


( 33 ) 


Denoting by Xj, . X4 the left members of ( 25 ) (d) we find; 
^2(^11) “ ^21 > 

^3 Xi(vn) == 0 . 

*’12 ^2(^2) ““ “■ 

^3(^12) ■^ 4 (% 2 ) + ^ 12 ? 

■^1(^21) ^’21 ^2(^21) “ 

~ (^11 ^22); -^4 ('*^21) “ '*^21^ 

^i(^’22) “ -^2(^22) ~ “h ^2i> 

^3(^22) “ '’12 -^4(^22) “ 

the equations for Xx (uu) being of precisely the same form. We 
have of course 

the one relation betweeu the sixteen partial difierential equations. 

If the yariables u^k and Vu are introduced as independent variables, 
our system of equations X^f = 0 becomes therefore; 

^\t — «n + "a , “is + “si 

AV=-.i(;^:-i{.) + (.i-.s)^t-“si(/4-/i) 

+ (“11 “ss) g"^ “ 

A'»/^= + <’is - ,1) - Gft. - ik) 

— (“11 - “.>s)g-^^ = 0 , 

which three equations are obviously independent; in the case that f 
is independent of we find, of course, the same relation 

between the left members ( 23 a) as before, only the notation being 
changed. 

By integrating this system, or more simply from ( 33 ), we 
see that 

®11 + ® 1 S and ®11®SB - ®is®si 
are solutions of the equations Xx 0 . But 
( 34 ) Vn + i;^2 2 i', 

while 


' Of 

_ dn 

/ Wl, 
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(35) -S:« %%->%% 

is obviously a new semin variant, independent of i, «7, J\ 

We might now write down the differential equations satisfied by 
the seminvariants involving, besides the quantities already considered, 
also and We should find a system of twenty such equations 
with one relation between them, and twenty-eight independent variables. 
Hence there must be 28 — 19 = 9 such seminvariants. But we know 
eight of these, viz.: 

( 36 ) /, r, 7"; J, j', r-, K, K'-, 

these are independent, for it is easily seen that from the existence 
of a relation between them would follow the existence of a relation 
between 7, 7', 7, J\ K. But these quantitie.s are independent. 

We may obtain the nintli seminvariant without writing down 
and integrating the last mentioned system of twenty equations. The 
process which we shall employ is much more instructive, and has 
the further merit that it is capable of generalization to cases other 
than that here considered of m =n = 2. 

We have remarked in connection with (33) that the expressions 
Xx(Utk) and X;(t’,A) are of precisely the same form. We may express 
this hy saying that the quantities uu nnd Va ure cogredient. 

To make this more evident we may compute and dva- We 
lind from (16) and (20) 

4 w., 

i'Pis - <fn) «i.* + («n - "ss); 

{<Pn — 93 i) «21 + (»22 - «11 ». 

and from (16), (32) and (37), 

= (T22 - Tu) <’i2 + <3 Pi 2 (’^11 - Vjg), 

Sl' = (9>ll - (P2i) ^’21 + {^22 - hl\ 

~ 9^21^12 9^12^21- 

Now certain combinations of the w^’s and p,kB, namely -f 
and “ ‘*^ 12^21 seminvariants Since the are cogredient 
with the w,*’s, the same combinations with Vtk in place of Um will 
also be seminvariants. 


(37) 


du,, 

dt 

dMy 

dt 
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Let us, therefore, put 

Wll = +JPu% 

('89') + (Pu - i’sa) ®is - Pit (Pii - %)> 

'■ w„ = 2 v'^^- (p„ - p,i) «J1 + (v,i - vj, 

M'ss 2®!S ■)■ Pn^ts) 

SO that the quantities Wn are formed from Vik and pik in the same 
way as the quantities v** are formed from Ua and pa. Of course Wik 
are cogredient with Ufk and «?<*, so that w^^^ + w^^ and — 

are seminvariants. But 


while 


M>1, + M>5j = 2(»'„ + t’ij) = 41", 


(40) Ij — 

is a new seminvariant That it is independent of the other eight 
seminvariants (36) may be verified by considering the special case 

Pik = 0. 

Our object, to find all of the seminvariants, is now accomplished. 
They are /, J, JST, L and the derivatives of these quantities. For, 
suppose we wish to find the seminvariants involving the variables con- 
sidered so far, and p^*^ and qf^ besides. They are determined by a 
complete system of 24 — 1 23 independent equations with 36 in- 

dependent variables. Therefore, there exist 36 — 23 = 13 such sem- 
invariants. But as these we may take the nine which we have 
already found, together with K”, V. These are certainly 

independent. Proceeding in this way, each step introduces eight new 
independent variables and four new equations. Each step, therefore, 
gives rise to four new seminvariants. But these four may clearly be 
obtained by performing an additional differentiation upon /, eT, JT, L. 

Thus, all seminvariants, of the system of two linear homogeneous 
differential equations of the second order, are functions of the quantities 
I, J, K, L and of their derivatives. 

It is interesting to note what would be the result of continuing 
our above process for obtaining seminvariants. Suppose we had 
formed 

<11 = -AiM'ij, etc. 

Then would 


<11 - <22 = 9l (Jhl - ««22) + 92 - ^ 22 ) + 9i («’ll - t^22)y 


<12 — 5^1 ^^12 "P 5^2^12 “J" ^3*^12> 


<21 — 9l ^21 4" 92 ^21 “f" 9$ ^2V 
where g^, g^, g^ are seminvariants. 

For g^, g^, g^ are the quotients of determinants of the third order 
formed out of the matrix 



102 


IV. INVARIANTS AND COVARIANTS etc. 




^22) ^11 ~ 

- ^SS) 

W’n ~ ^22 


hi) 

^hi) 

f\2) 

^12 


hi 


'^21) 



and on account of the cogredience of the four sets of quantities, such 
quotients are seinin variants. More than that, it may he verified at 
once that these determinants are themselves seminvariants. One of 
these is of special importance, viz.: 




— W 22 , 


Mg, 

(41) 

11 

— <^22» 

^’l2> 

Dgl 


w;,i 

1 

1 




We shall find later that z/ is also an invariant. Its expression in 
terms of J, K, L and of the derivatives of these quantities is not 
rational and vrill be given farther on. This remark suffices to 
show that the system of seminvariants, consisting of J, J, if, L 
and of their derivatives, is not complete in the sense that any rational 
seminvariant can be expressed as a rational function of them. 
Whether the system, obtained by adjoining and its derivatives, 
is complete in this sense or not is a question which we shall 
leave open. 

We shall frequently have occasion to make use of the finite 
transformations of p,*, etc. These equations for p,* and g,* 

may be obtained at once from (9) by putting w — w = 2, or else 
directly. We prefer to take the transformation (2) in the form 

y = = ad — — J 

so as to avoid the double indices. The coefficients, n-,* and x,*, of 
the new system will then be given by the following equations: 


(42) 


and 


( 43 ) 


z/;r„ = 2(«'d - 4- Ih^r^ - 

= 2(^S - d'|3) + p,,§d 4 

= - 2(a'y - y'a) - Pn^y - Pi^y'‘ 4 4- AjOj-, 

Ja.. = - 2(/5V - S'a) —p^^y - Pi^yd 4- + Pti^S, 

-- a''d - y"li +Piia'S + PtiP'S — Pn«'^ - Pny'fi 
+ - 2S1 - duPr, 

Jx,, = ^ 'd - d"p + p^^p'S + ,9ijd'd - p,^ffp - p^d'p 

+ - 221^* - 222R 

4^*2, = — (a'V — y'«) — Pu ay — + Pn<^a 4- p^y^a 

' — 2n“y - 2isr* + 281 “* + 228 «y> 

^*82 = - i^'v - a) - PiJ!y - i>ij 8'y 4- p^^ jS'a 4- Pa 

- 2ii/5y - 218?’^ + 22 i«/J + 282«'^- 
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l^he equations for are obtained from (42) by differentiation. Denote 
by Uik the values of m,* for the new system of differential equations. 
We shall find 

= adwii -f ydwijj a/Swgi - /JyWgg, 

= “ ^y^hi — r\2 + (x\i + 

^<<22 = “ — r^^h2 + + a^W22- 

This may be deduced from (42) and (43) without computation. For 
the equations (37) for the infinitesimal transformations show that w,* 
must be a linear homogeneous function of Mu . . . Mgg, so that the 
terms in (42) and (43) which contain the derivatives of a, jS, y, d 
must eliminate each other. Omitting these terms the quantities Uu 
must be cogi*edient with whence follows (44). The equations for 

r,, and Wtk are, of course, of the same form as (44). 


§ 4. Effect of a transformation of the independent variable upon 
the seminvariants. 

The invariants of the system of linear differential equations must 
obviously be functions of the seminvariants, viz. such functions of 
the seminvariants as are left unchanged by an arbitrary transformation 
of the independent variable x. In order to determine them it becomes 
necessary to find the effect of such a transformation upon the sem- 
invariants. 

Let 

f + I>n + Pii- + ffii '/ + 2 i 2 : = 0. 

+ /'21?/ + Pll^ + Ssiy + 3!2' •= 0 

be the given system, as before Introduce a new independent variable 

l = l(^) 

Then (45) becomes 

d^y , dy , dz . . 

^11 -r 

d*z ^ dy , dz 

dV 

where 


= 0 , 


j:t 4 ^21 ^ t + ^22 + ^21 '/ + ^22-^ = 




' ^tP2V -"22 I' 


^11 — t' ^Pil "h '*?); ^12 t’Pm ^21 

(46) , 

the quantity rj being, as in previous chapters, defined by the equation: 

/ A n\ S 
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We proceed to investigate the effect of this transformation upon u ky 
Vtk and Wa> For the purpose of merely computing the invariants 
we might confine ourselves to the case of infinitesimal transformations. 
But, as we shall need to know the result of the general transfor- 
mation for other purposes later on, we shall deduce the corresponding 
equations immediately. 

We find, from (46), 

^ ^ -^Pn + v'- (p'n “ nPi^), 

A ff.i ^ / I \ A ^ r * I I 


whence 








(50) ,==v-‘,-r-:(!:r 

is the so-called Scimardan derivative. 

We find at once 

(51) 2=(j!,,(i + 4;i), J-=^^‘,(J-+2,»7+4^>), 

whence we may deduce an invariant 

(52) Ux 
for we shall have 


From the definitions of the quantities Vtj, and w,f, we may now 
deduce the expressions for r,i and wa- We find 

+ 8/1.7?), «12 =(jy(%-4!/is,1j), 

^21 = (ly (^22 

where [i' denotes Further 

- 16/i2 + 4o^^2)^ 

*^12 (^12 “ -f — SWjjj^), 

^21 (^’21 

~(|y ~ lOVggl^ -f 201^22 1^* — 8^22/14 + — 40/t'iy 

- _J. 40^^*). 


( 54 ) 
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The most general infinitesimal transformation will be obtained 
by putting 

(55) i{x) = X q>{x)dtj da? = (p{x) dt, 

where (p{x) is an arbitrary function and dt an infinitesimal We 
shall then have 

(p'(x)dt, = qp" (x) dt, ^ (x) dt, It! = (a?) dt, etc , 

whence, substituting in (46), we find 

^Pu “ (- v'Pn + 9>") ^ty ^Pn v'Pa^iy 

(56) Spsj = - qi'PiiSf, Spii = (- ^'Pi2 + 

Sq,i = — 2<p'q,iSt, (i,k = 1,2). 

Similarly we find from (49), 

(57) “ 2g>'u,,Sf, 

Sit^i — — 2q>'u^^^t, Sui, = (2q>^‘> — 2q>Uii) dt, 


whence 

(58) 

Further 

(50) 


whence 


d/==(49(8)-29'/)d/, 

dJ=(29)W/~4g)'e7)dl 

d = (4^^ - 4()p''wii - ^(p'v^^)dt, 
^ (— — ^(p’v^.^)dt, 

dvjjj = (— 4(p"n^^ — 

61)22 = ( 4 qD^*) ~ 4 q)''n 22 — Sq)'v22)df, 


( 60 ) dK ^ (89)^7' - - 6 ( p ’ K ) df , 

where the equation 

( 61 ) ^11^22 ^^22^11 *^12^21 *^21^12 “ 2 e 7 

has been used, the truth of \\hich may be easily verified. 
We find from (54), 

dw?!! == (8gp(^^ — Scp^^^Uii — 10 Til — 4(p'Wii)dt 

(62) ^ “’** = (- 8 9‘’'«'i 2 - 109>" I’ls - 49>' Wis) d t, 

dw2i — (— — 10(p"r2i — 4<p'w2i)dt, 

dw22 = (8qp('^) — 89?(3)f«22 — 10 (p'^r.,^ — 4 q)^ 11 ^ 22 )^^ 


and notice the two equations similar to (61), 


(63) 


+ J’jjWll — — <21»12 = 2^', 

WU**2J + «'SS«11 — «'l8«2t — «’2l“l2 = 2 (2 J" — K). 


We shall then find: 

(64) dL = [ 3291 W/" - 169)(») (2 J" - K) - 20(p"lC - S(p’L] dt. 
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If f is any function of x and if f{l) denotes the result of sub- 
stituting for X its value in terms of we have 

dx * dx 

If the transformation is infinitesimal 

I ./• 4 - (p(x)dff /■'- f + d/, 

so that 

or denoting by d(^Q, we find 

<‘> 5 ) 

By applying this formula we may easily find the infinitesimal 
transformation of the derivatives of 7, J, K and L. We find 

d7= — 2 (p'J)dtf 

(Gfi) dr ==. (49^ - 2g)''7 - 3g)'r) di, 

dr - - 29^7 - b(f/'r -- 4 (^'7")d7. 

Further, we shall have; 

dj ^[ 2 (p^^J - 4 (p^J)dt, 

$r = (29^7 + 29(-»)7' - 49 "/- 59 '/') 

1^67) dJ" = 129(^)A4-49'^)r-f - 99"7' - 69 '^'']^^ 

dir - (89(^)7' - 89V' - Q(p'K)dt, 

dK' = |S 9 ('i) 7 ' 4- 89(1’/" 89( 9 "(8 7 '' f GiT) - 79'r ld 7 

These equations \\ill be applied in the next paragraph. 

^ 5. Caloiilation of some of the invariants. Their general properties. 

Before proceeding to the calculation of the invariants and covariants, 
it becomes necessary to deduce certain general theorems corresponding 
to the general theorems of Chapter II 

In the first place we may confine ourselves to covariants con- 
taining no higher derivatives of y and z than the first. For, by means 
of the fundamental dijBterential equations all higher derivatives may be 
expressed in terms of //, y and 
The function 

(.</» P»k,p[k, . . 4 (J,^, q\ky . . .); 
which we shall assume to be an integral rational function of all of 
its arguments, not resolvable into rational factors, shall be called an 
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integral, rational, irreducible co variant if, for all transformations of 
the group G, the equation 

(7 = 0 

has as its consequence the equation 

r=o, 

where F denotes the same function of the transformed quantities 

. . , Tttki • * •) Xa • • 

as does C of the original variables The transformations of the group G 
are the transformations; 

? = = “(*)?/ + t = + S{a:)e, ad — /5y4=0 

Let us make the transformation 


I == r, ri = C^f, f = (7r, C = constant, 

which belongs to the group G. We shall have (always denoting the 
transformed quantities b^ Greek letters), 

^(/) = JU) = Tta = Pa, ^ k = qa- 

Therefore, any covariant mii^t he homogeneous in y, y, If it 
is an absolute covariant it must he homogeneous of degree zero. 

Again, denoting by a constant, make the transformation 

t = Cr, tj^y, S = 


^\hich is also included in the group G This gives 


n 




- c 


f — I {/) 

p:^ 


7r,k = 

Jr) 


= (7 


P.ky Xa = 
2 {r) 




Let us associate with every quantity an index indicating the power 
of 6'”^ by which tliis special transformation multiplies it, and let us 
speak of this index as its weight Then the weights of and 
are A, those of and are 1 and 2 respectively, those of and 
7 ^“^ are A -f 1 and g- + 2 respectively. Further, the weight of a pro- 
duct is clearly the sum of the weights of its factors. We see, there- 
fore, that the weights of all of the terms of a covariant must be 
the same. The co variant must be, as we shall say, isoharic. We have 
obtained the following result. 

A covariant must he an isoharic function of the arguments upon 
which it depends y ami of weight zero if it is an absolute covariant. 

Let (7;,„, be an integral, rational, irreducible covariant, homo- 
geneous of degree A in //, Zy //', J and isoharic of weight w. Let us 
consider the effect upon of a transformation of the dependent 
variables alone 
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If the transformation is 

( 68 ) = + c = 

the corresponding transformation of the coefficients ptk and qti, is 
given by equations (42) and (43). But in these latter equations we 
have the new coefficients expressed in terms of the old, while ( 68 ) 
expresses the old variables in terms of the new. We must, there- 
fore, solve ( 68 ) which gives 

(69) = + .^ = ad~/3y4=0. 

Let denote what becomes when ?/, p,*, etc., are re- 

placed by y, g, ff,*, etc. Since is a co variant, the equation 
— O must be a consequence of Cx,w = 0. But the equations 
(42), ( 43 ), (69) and those deducible from these by differentiation, show 
clearly that, in place of every term of weight w in C, we shall have 
in r a collection of terms of weight w plus terms of lower weight. 
But these latter terms must annihilate each other if is an irre- 
ducible covariant, i. e. their sum must be identically zero. For, they 
cannot vanish as a consequence of Cx,,, = 0 , since their aggregate is 
rational and of lower weight than w, while being irreducible, 

cannot be factored into rational factors of lower weight. But it is 
clear from equations (42), (43) and (69) that the terms of weight w 
in Fx^w) when expressed in terms of y, c, pa, etc., will contain only 
the quantities a, |3, y, d themselves and not their derivatives. There 
must, therefore, be an equation of the form 


r. , =/■(«, ft r, s)Ci,u, 

where f contains no other arguments than those indicated 

Equations (48), (43) and (69) show further that jca and x,x are 
homogeneous functions of degree zero, and that and f, as well as 
and are homogeneous functions of degree — 1 of the quantities 
a, /3, y, d. Therefore r;,«, and consequently f(cc, ft y, d) must be a 
homogeneous function of its arguments of degree — X. Further, the 
same equations show that /*(«, ft yj d) can be written in the form 




where 9 ) (or, ft y, d) is an integral rational function of its arguments, 
homogeneous of degree — X-\- 2 fi, since the degree of f{ccy ft y, d) 
is — A and that of ^ is 2 . 

We have, therefore, 

( 70 ) = 

But we may regard the system of differential equations in y and J 
as the original system, and that in y and z as the transformed system. 
We may therefore write equally well 
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(71) 




. y («> S y» •y) r, 


where a p, y, d are the minors of a, p, y, d respectively in 
^ — ad — py^ 

each divided by z/, and where 

^ ad — Py. 


We shall have 

d 


« = y p- 


= > 

J A 


From (70) and (71) we deduce, therefore, by multiplication 


9>(«, A r> ^'>9> 


e- 




or since tp is homogeneous of degree 2^ — X, 

9>(“. A J') '^) (A - r, - A “) = 

where, he it remembered, qp is an integral rational function of its 
arguments. But this equation is possible only if cp (a, p, y, d) is a 
power of since z/ cannot be factored into two integral rational 
factors. Since, moreover, f (a, /5, y, d) must be of degree — X, it 
__ ; 

must be equal to z/ ^ e^icept for a numerical factor Jc. But k must 
be equal to unit), since the identical transformation 


must give F = (\ We have, therefore, 

_ ; 


For our proof it was convenient to take the transformation in 
the form solved for // and :. If we write, instead, the transformation 

in the form . ^ ^ 

y=^ay + Pz, t =- yy -f d'. 


we know now that a rational covariant of weight w and of 

degree A, is transformed in accordance with the equation 

X 

r,,.=(ad-/3y)^C;,.. 

Moreover, as the right member must obviously be rational in 
a, Pj y, d, we get this theorem: 

There are no rational covariants of odd degree for a binary system 
of linear homogeneous diffh'ential equations. 

It is obvious how this theorem will generalize for m-ary 
systems. Moreover, since we have not made any transformation of 
the independent variable in proving this theorem, it is also true of 
all Semico variants which are isobaric. 
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Let us now make a transformation of the independent variable 

I ==1(4 

The formulae of § 4 show that every term of weight w in rx,w is 
equal to a corresponding term of multiplied by 

plus terms of lower weight. But the aggregate of these latter terms 
must vanish identically, since it cannot vanish in consequence of 
C\^ = 0 which is an irredubible equation, isobaric of weight w. There- 
fore we shall have 

Combining our results we have the following theorem. 

If Cx,w is an integral ^ rational y irreducible covariant of degree X 
and of weight w, it is transformed by the transformation 

l = V = “C*)*/ + t = ri^)y + -) 

in accordance with the equation 

/ 

Moreover its degree X is necessarily even. 

For invariants 1=0. From two invariants an absolute invariant 
can always be formed. Similarly^ from three covariants an absolute 
covariant may he obtained 

Finally we may show, just as in Chapter II, that an absolute 
rational invariant is the quotient of two relathe integral ratimdt in- 
variants of the same weight. 

Let (i^v be an integral rational invariant of weight v. Then, 
according to (72), the transformations considered will convert it into 
^vi where 

( 73 ) 

or for infinitesimal transformations into H-d©,, where 

(74) d (x) d t. 

We may now proceed to calculate some of the invariants. It 
is clear that there are no integral rational invariants of weight 1, 2, 3. 
An invariant of weight 4 must satisfy the equation 

^ d®4 = — 4q)'®4d<. 

We have already found it [cf. equation (52)], viz.: 

(75) ©4 = - 4 j; 
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An invariant of weight 5 must be of the form 

0, -= air + hr^) + cr 

and satisfy the equation 

On applying equations (G6) and (67) we find a — & = c = 0, i. e, there 
is no such invariant. 

An invariant of weight 6 must verify the equation 

The most general expression, integral and rational in the seminvariants, 
and of weight 6, is 

0,r=ar-hhij-heic-h + ej’^ + fir' + gr\ 

We find from (66) and (67); 

= 3ai» (49)« - 2cp'l) + hI(2(p<>U - Atp'J) + 6/(49!<») - 2g)'i) 
+ c{8(p*U' -6<p'K) 

+ d(4g>'-’) - - 109>"Ii») - Cy'JW) 

+ e(29)W/ + 4^<')I' -I- 29)W7" - -lyWJ- 9q>"J' - 6<p’J") 

+ /■I(4(f>w - 2(pmi - btp'l' - 49)’ 7") + fl" (49)W - 29.'!) 

4- 2</7' (49)'‘) - 29>''7 - bff'V). 

This must be equal to — 6qp'@g for all values of g?, (p\ . . /, i', . . 
J, J\ ... K. We find, therefore, the equations: 

(^ = 0, € = 0, 2r -f* “b ~0, Ota h — f == 0, 

}) ~ e^O, 8c -f 9c == 0, 5/* + 4^ == 0, 

whence 

a == — ^ c, h = Cj c =■ — a =0, / = — ,^ c, g = ^e. 
l^utting c ~ — 8, we find 

(76) = 2I[P - 4J) + 5(A’ - r^) + 4(A - 2J" + IP). 

There is no invariant of weight 7, and there are two indepen- 
dent invariants of weight 8, one of which is while the other is 

= 143 (L - 41"^) - 54 {P + 4/) - 20^' -f 25^ ©/ 

^ - 206i@;'~20®i*)-902/(A-i'»)-220(jr'-2rjW-2r'*). 

We may easily find an invariant of weight 10, without going 
through this general process We have 

49)" (77' - 2J') - 6<p'(K - 7'*), 

29>"(7* - AJ) - 5y'(77' - 2J'), 
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whence eliminating we find 
where 

(78) ®,o = {I‘ - 4^) {K - I'‘) + {ir - 2jy. 

From two invariants of weight and X we can, as in Chapter II, 
equation (24), always form a new invariant of weight A-f ^4-1, viz.: 

the Jacobian of and &y. We thus obtain the following further 
invariants: 

= 3 - 2 ® 1 ©o', = 4 ©o' - 3 ®o ®h', 

(79) ®,o = 2 ®o ®.' - ®, ®o', ®x, = 5 ®x„ - 3 ©e ®.o', 

®io = 5 @10 @4' - 2 ©4 ©,o', ®,., = 5 ©10 ©s' - 4 ©s ©!„', 

Irom which still others may be derived by a continuation of the 
process. 

We may also, as in Chapter II, deduce from every invariant of 
weight m another, its quadriderivative, ol weight 2w -j- 2. But its 
expression will be slightly different from the expression (54) of that 
chapter. If we put again for a moment 

« _ 

dx* \ dv 

we shall have, as before, 

X = (jy Iz + ”>‘>1 - 2«t®»/) - - 2»/V') 

We have further, from (51) 

/ = J,^.(y + 4^), 

SO that 

2% + 1 

is an invariant. The numerator of this expression 

(80) ©„., 1 = 2 m ©,„" (2m + J) ‘ 

is the required quadriderivative of 

Of all of the invariants found so far 

®4> ®6, ®10, ®15, ®. 1 

are the only ones which involve no higher derivatives of jp,* than the 
third, and no higher derivatives of qti than the second. In other 
words these are the only invariants found so far which depend only 
upon the* seminvariants 

(81) ' I, r, J"; J, J', r- K, A '; L. 

But only four of these invariants are independent. In fact we find 

(82) ®4.i + 36©io-4@4©e = 0. 
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In order to obtain all of the absolute invariants depending only upon 
the seminvariants (81) we write down the system of partial differen- 
tial equations which they must satisfy. 

In order to find these equations we assume that f is any function 
of the nine arguments (81) and form df. We shall find 

A = 1 

and the required system of equations is obtained by equating Y^f to 
zero for A* == 1, 2, 3, 4, 5. 

We find in this way the following system of equations: 

2/,^;+ 3/' + + 4J,^^ + 5J' 


YJ=~2I 


dr' 


(83) 


Yj^rjj - 2/;;„ + 2j;;+ 2 + 2(7" - 2j);^ 


5i' 




'^J 

dl" 




a/* 

dr' 


o Tf a/* 
dK 

-(8J'' + Gii:)g^,-20Z'|^ = 0, 


a/’ 


<U' 




YJ = 


HJ',%-16(2J"-*')^=0, 


+ 2 ^ A-'+ 8 ^' 0 ¥'+ 32 /''/i=o. 


df 


of 


a 


df 


These five equations are independent and, therefore, have 9 — 5 = 4 
independent solutions, i. e. there must be four independent absolute 
invariants, or five independent relative invariants involving the sem- 
invariants (81). Of these we have found four, viz.: @ 4 , @g, @jq, ©jg. 
The fifth invariant may be found by integrating (83). It may be 
taken to be 

(84) 0,«==6»io(L-4r«)4-4(/!:-r»)(jr-2j''+A)*-e^4(js:'-2iTO' 

- - 2rp){ir - 2J'^ + K). 

We may verify directly that the seminvariant ^ [equation (41)] 
is an invariant by means of equations (49), (53) and (54). It clearly 
depends only upon the seminvariants (81) and must therefore be 
expressible in terms of @4, @jo, @45 and ®JS- Its weight is 9 and 
we shall henceforth write 

(85) ^ = 

We shall find its expression in terms of @ 1 , • . . ©jr in the next 
paragraph. 

WiLCZYNSKi, projoctivo differential Geometry 


8 
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§ 6. Canonioal forms of a system of two linear differential 
equations of tlie second order. 

Our system of equations (45) can always be transformed into 
another which contains no first derivatives, by a transformation of 
the form ^ ^ = + a6 — Py^0, 

where a, /3, y, d are appropriately chosen functions of x. In fact 
upon making this transformation, we find 

aV' + PS' + (2a' -fjPiia +l>i2y)V + + PnP + Pi2^)S 

-f (a'^ -f i)n a' + l>i2 « + ^i2 ?) V 

^ ^ y V' + + (2/ -f- Pii a + 1^22^) »/ + (2d' + iJgi/3 -f iJg.d) S' 

+ (y" +i?2ia' +f’82y' + «2ia + ff22r 
+ (d" '^PnP' + i^22^' + ^2lP + (Z*2^) £ = 0* 

If, therefore, we take for (a, y) and (/3, d) two pairs of solutions 
of the system of equations 

q' = -I (Pne + PisO), 

( 87 ) ; 

a' = - 2 (PnQ + 

the terms containing ?/ and in (86) will vanish. Moreover, since 
a9 — py must not be zero, (a, y) and (^, d) must be two independent 
systems of solutions of 87', and two such systems always exist. 

If one makes use of (87) and the equations obtained from (87) 
by differentiation, (86) becomes 

“v" + = 4 (.«»„ + r«a)v + 4 (fi'hi + ^«i2)S, 

( 88 ) 

rv" + ^ 5 " = i (“«2i + yths ) ’/ 1- 4 (^'<21 + ^"22)5, 

where the quantities are the same as those which have been pre- 
viously denoted in this way [cf. equations (20)]. 

Thus every binary system of homogeneous linear differential equa- 
tions of the second order may be converted into another, involving 
no first derivatives, i. e. into one for which p^,^ = 0. We shall say 
that it has been reduced to the semi-can(mical form. 

Suppose that the system is given in its semi -canonical form 

+ 'luy + 3i 2^ = o> 

. . «" + 22li/+?22^ = 0- 

The transformation 

S = l(^)» = + «»=yT/ + de, 

converts it into 
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««')• + /»(«')* («!" + 2«'i')g+ (/8i" + 2^'r)f| 

+ («'' + Sii« + iur) n 4- (/3" + qiJ + 3„tf) £ = 0, 

y S+ (j-s" + 2/r)|f + +2d't')rff 

+ (/' + 3jia + 328 y) + (*" + 38 i/* + 922'^) £ = 0- 
This is again in the semi -canonical form if 

-f 2 a'r = / 3 r + 2/3'r = yr + 2/r = + 2 d'r «= 0, 


i. e. if 









where cr, 6, c, are constants, whose determinant ad — he does not 
vanish. We see, therefore, that the equations 


(90) 1 = 1 (x), tj = {ay + bz) yf, t-={cy + dz) YH 

give the most general transformations which leave the semi-cantmical 
form invariant^ being an arbitrary function and a, b, c, d arbi- 
trary constants. 

Let us pat in particular 

a = (? = 1, h z=c = 0, 
or j 

cc — d= ) — y — 0. 

Then (89 j becomes 

“ (l')“ j 1^. + («" + 3ii “) V + 3i2 « £ = 0, 

( 321 «»/ + + 322“) £ = 0. 

rfjt + Pn ’/ + 9|2£ = 0> (ijs+ Pst ’I + P22£ = 0 


Now a can be determined in such a way as to make 
Pii Ps!8 

For this purpose it is only necessary to take for a a solution of 
the linear differential equation 

(91) 2a" + (^11 + (/ 22 ) a = 0. 

If we put again 

r = ''' 

we find for r} the Uiccati equation 

(22) M == 1)' - 2 3* = 3u + 3221 


whose left member in terms of | is the Schwarzian derivative of $ 
with respect to x [cf. equation (50)]. 


8 ' 
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We have proved the following theorem: 

Every system of two linear homogeneous differential equations of 
the second order can be fransfyrmed into a system of the form 

+ QtiVi + — ^ (i — 1 ; 2 )? 

where 

Qu + 922 = 0 - 

In order to effect this reduction j it is necessary to integrate a 
system of two homogeneous linear differential equations of the first order 
(87), an equation of the Biccati type (92) and finally to effect the 
quadrature 

m-fi- 

This canonical form of the system corresponds to the Laguere -Forsyth 
canonical form of a single linear differential equation. 

If |(x) is any solution of (92), its most general solution is 

We see, therefore^ that the most general trans for mat ions, which leare 
the canonical form invariant y are 

y oex-]-^ _ay-\-h7 ._cy-\dz 

^ yx-^- d ^ ^ ~ yx-{-d ^ 

where a, /3, y, d, a, h, c, d are arbitrary constants. These transformations 
form a seven -parameter group. 

There is another canonical form which is of special importance. 

Equations (44) show that the coefficients a, fi, y, d of the trans- 

formation 

y = ay -f = yy -f df 

may be chosen so as to make u^.^ = u,^ = 0. It suffices to determine 
the ratios /3:d and a:y as the two roots of the quadratic equation 

-f- {u^i ^* 22 ) ^ “i” ^12 “ 

Since ad — fiy must not be zero, the roots of this fjuadratie must 
be distinct, i. e. 

(wii - ^^22)" + 4 ?q,M 2 i = 4= 0. 

By merely solving a quadratic equation we may therefore reduce our 

system to anothei' for which u^^ = 0 and u^^ == 0, provided that 0^ is 

different from zero. 

Suppose that the system has been reduced to this form. A trans- 
formation of the form 


y^ay, : = dg, | = |(a^) 

according to (44) and (49) will not disturb the conditions u^^ = u^^ = 0, 
the functions a, d and | being arbitrary. According to (86) the trans- 
formed system will be 
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“[2 + ( 2 “' +!>„«) 

+ («" + Pii«' + 3 h«) n + (Pis^' + 2 i2^) ? = 0, 

+ iPii «' + 321 “) 3 + (^'' + J>22 6 ' + 322 S = 0 - 


If we choose a and d so that 

2a' 4-7>iia + a | = 0, 

2d' + ^32^ + d -|7- = 0, 


the coefficient of iii flio first, and of in the second equation 

will he zero. We may therefore reduce our system, for which 
fin = ^^21 = 0, further to a system for which also pj, = 2^2 = fij ffi® 
substitution 


//== 


a 

yr 


e 







| = S(ir), 


where J (.7) is an arbitrary function, and where a and b are arbitrary 
constants. 

The arbitrary function |(^), finally, may be used to reduce the 
invariant @4 to unity. In fact, we have 



We shall, therefore, find 1 , if we put 



&4(ijr const. 


Since, moreover, in this case = U21 == 0 , == (ti^i - (<22)^, we may 

more specifically reduce — //gg to unity, by putting 


^ “ J* 


■ W2g^7^l? -f const. 


We may also, if we prefer, reduce any of the other invariants ©g, ®10 etc. 
to unity. Or, we may reduce the seminvariants I or J to zero by 
making use of equations ( 51 ). 

Let us assume that the system of differential equations has been 
written so as to make w^g = Wg^ = 0, Pii=P22==‘^f — W22 — 1- 

We shall make use of this special form to express z/ = 0 ^ in terms 
of the seminvariants i, J", K, L. We find from ( 41 ), 
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But we shall have, in this case, 

w„ = 4«" +2 j)ijA„ = «'„ = + 2;);i, «'s2=4<,- 5>p„p,„ 

whence 

J = 2 OjiPij - PiaPii)- 

Further we have 

1 == //ji + ?<22) ~ ^11^^22? ^ ” ^’11^22 P12P2V 

Tj = 16 wjjW 22 ^PiiPii “i" ^Pi'iPm 
6^4 = 1> ^'i^,o = />12P2U 

whence, according to ( 84 ) 

- {PuPn -PiiPn^^^ 

so that 

(94) = 

This equation must hold between zf and whatever may be the 
form in which the differential equations are written. For, a relation 
between invariants is not changed by any transformation of the kind 
which we have made. It is true however that in such a relation 
©4 would seem to disappear, since this invariant has been made equal 
to unity. There might, therefore, be a factor of the form ©4^ in one 
of the terms of the above equation. But this is impossible in the 
present case because and ©jg are both of weight 18 . Such a 
factor would disturb the condition that the left member of the 
equation be isobaric. 

§ 7 The complete system of invariants. 

Suppose that the invariants ©,, ©.,, ©4 j and ©^^ are given as 
functions of x We shall show that the corresponding system of 
differential equations is determined by these four functions, so far as 
it is possible to determine such a system by means of invariants. 
For, it is clear that, one such system being given, any other, which 
can be obtained from it by a transformation of the form 

y = ai] + Pi, ^ = yy + dg, 
will have the same invariants. 

Let 

^95) //' + Piilf + p,i^’ + qnV + qn= =- 0, 

. + Pn !i + Pn- 4 }2i y 4 - « = 0 

be such a system of equations, whose invariants ©4, ©9, ©4.^ and ©j^ 
are arbitrarily prescribed functions of x, and let us assume that ©4 
is not identically zero. We may then, as we have seen in § 6, 
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transform it into another system of the same form, for which 
^ ^JPii ^ 1 ^ 22 assume that this transformation 
has already been made, so that we shall have 

(96) ^12 == Wji ~ Pii == P22 = 0. 

We find consequently; 

(97) «’,i = 2®;, + 2i)uj>j,(«t„-Mu), «',2 = 2 »;j-2;>i,(m;j-»;j), 

.«’2i =■ 2 »;, + 2pn (m'.i - «;j), M.-,J = 2v'„ - 2p,^Pt, (m„ - u„), 

whence 

®4 = (Mu - «22)*> 

(98) ‘ 

®10 = - (“it - “l2)*®12®21 = (“11 - “22)Vl2-P2ll 

®9 = 2(lt„ - «2s)’(^);s^«2, -p'siPi,)- 

P>om these equations we find 

— ^^22 = « « == ± 1? 

“11 + “22 = 8^1 [®i 1 - 8 @4®/' + 9(®;)2], 


(99) 


The last two equations give 


P12 P21 “ @2’ I’l2 JP21 - P21P12 =“ — % • 

* 2B0,i 


P12 _ ^^21 . 
Pit Pti ' 


whence by integration 

(100) P» ^(ngs'f * 

Pt\ 

A\here C is an arbitrary constant. 

We find further, from (99) and (100), 


whence 




c ‘ ‘Z ’"®- „ -s' 

^ e , ^ ^ ^21 ~ * c 0, ^ ^ 

IS == ^21 = Pn = P 22 ~ ^7 ^ 8 *^^ further 


1>12 = « 

-NNhere -= ± 1. Since w, 


If If 

^IS 2 1^127 ^21 2 ^21 


and 

“11 ■= - + PltPiV «22 “ - 42si + Pi,Pn, 

so that we may also compute and ^22 ^rom (99). 



120 


IV. INVARIANTS AND COVARIANTS etc 


We find^ therefore, for the coefficients of (95) the^ following 
expressions 

1^11 =i ^22 ““ 

(101), 


Pn '' 


1 v».. - 1 

rr M *' > 


C 0t 


642,1 


1 16®, 0-0, , + 80,®;'-9(®;)*]-H£y'®„ 2 i 8 = ,yi„ 


642j 8 = [16 0,0- 0, , + H 0,0.''-l> (@,')*J + 8 * t/ 0 „ g,, = 

which contain one arbitrary constant C and two ambiguous signs 
£ and s'. But we may get rid of these. In the first place let us 
transform this system by putting 

where k and I are constants. The coefficients P 22 > Q 22 

no>\ system will be the same as those of the old, while p^g, 

P 217 ^21 multiplied by j and respectiveh . If, therefore, 

we put 


£- 0 = 1 , 


the coefficients of the new system will be given by ( 101 ) with «'==1 
and 0=1. There still remain in (101), the two possibilities: 
6 = ± 1. Denote the values of the quantities (101) for g = -|- 1 by 
P/jk, (l,ki and those for « = — 1 by p,^, Then 

i'll = i'll = 0 , ft, = ft , 2 = 0, ft, =ft„ ft, = ft2, 


2 ii = 3si <ki =~ ? 1 I 2i2 = 2211 221 = 2i2 

But it is evident that two systems of differential eijuations, whose coef- 
ficents are connected in this w^ay, may be transformed into each other 
by putting ^ 


Equations (101) are valid only if 0. The following theorem 

is therefore true. 

If the invariants 6 ^ 1 , and arc given as arbitrary 

functions of .r, and however not being cgual to zero, the system 
of differential equations whose coefficients are 

i'll “6, ft2 = <'. 2l! = 2i'’,2, 221=2^2,. 


( 102 ) 


Pn 




®4 


P 2 I '' 




0 . 


6421i =g^.[160i„- 


O 4 . + 80,0," -9(0/)*] - 81 / 0 ,, 


64221, [16 0,0 - , + 80,®;' - 9(0,')*J + 8 l/ 0 „ 
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is (me, wJme invariants @4, <^4 j, 0 ^ and 0 ^^ coincide with these 
arbitrarily given fumtions of x. Moreover, the most general system of 
differential equations, which has the same property, can he obtained, from 
this uniquely determined special one, by a transformation of tlw form 

y == airi + = yn -f 8 ^, ad — fy 0, 

where a, p, y, d arc arbitrary functions of x. 

We shall have occasion, later, to complete this theorem, which 
is of fundamental importance. For the present we shall merely make 
use of it to prove that the invariants 0 ^, ©4 j, i%, together with 
those formed from them by repetitions of the Jacobian process, constitute 
a functionally complete set of invariants. Let I be any invariant. 
Then the above theorem shows that 1 can be expressed in terms of 
^4 v derivatives of these quantities. For, the 

system of differential equations can be transformed into one whose 
coefficients are given by ( 102 ), and the invariant I may be computed 
in terms of these We have 


= — v(p'&,dt, 

d0f — ( 1 / -f — v(p^'0,dt, 


as the infinitesimal transformations of 0 , and ©/. An absolute in- 
variant depending upon 0 ^ . 0 ^q, 0 ^ . . . 0 ^^f must therefore satisfy 

the equations: 

> J! . + 

( 103 ) . + 100,/,;;, + 110; ii©;„//^^=o, 


0 / 


40 . .'i; , + 9 0 „ /J-, + 100., ^ + 100,, 






0 . 


There must be 8 — 2=6 such absolute invariants. Now, we know 
that ©4, ©4.4, @10 and the three Jacobians of @4 with the other 

three are seven independent relative invariants, which give rise to six 
absolute invariants. Therefore, in this case, the Jacobian process 
gives all of the invariants. If the invariant contains also the second 
derivatives of @4, • . . @10? we shall have to integrate a complete system 
containing one more equation and four more independent variables 
than ( 103 ). There will, consequently, be three more independent 
invariants (absolute or relative) But these can be obtained from the 
former three by combining them once more with @4 by means of 
the Jacobian process. If we continue in this way, we see that the 
number of invariants, containing the derivatives of @4, . . . @10 up to 
the order, is precisely greater by three than the number of in- 
variants containing the derivatives up to the n—V^ order. The 
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three new invariants are obtained by combining with ©g, © 4 . 1 , 
fi times by means of the Jacohidvi process. 

W^e leave open the question whether all rational invariants can 
be expressed as rcLfioncd functions of these fundamental invariants. 
We shall indicate in a different connection, however, how a system of 
invariants complete in this higher sense may be constructed. 


§ 8. The oovariants. 

We have seen in § G, that the transformation 
// = aiy 4- Ptf 

may be chosen in such a way as to make Wjj and u .21 vanish for the 
transformed system of differential equations. For this purpose it was 


necessary and sufficient to take ^ and 


as the two roots of the 


(quadratic 

(104) + + = 

We have, on the other hand, 

= — yy -h a:, = ad — /ly, 

so that 

# 

(105) = (dy — ft::) (— yy -h a:) 

is an expression whose linear factors are uniquely determined by the 
conditions that Mjg and iigj shall vanish Except for a factor, in- 
dependent of y and this expression must therefore be a serai- 
covariant. We proceed to calculate it We find from (104) 


+ 1 ©4 


1 / 0 , 

2m„ 


^ 2 m , 1 y 

whence 

We may verify directly that 

( 106 ) r = ^ 

is a semi- covariant f in accordance with our prevision. 

Since, for transformations of the dependent variables alone, v,^ 
and are cogredient with the following expressions 


(107) 


E= + ((•„ - 

F = ,v„z^ - Wjjy* 4- («,„ - u'^;)yz, 


mil he semi-covariants. The weights of C, Ey F are 2 , und 4 
respectively. 

irthen we make the transformation 

y = 4 /3f, ^ = y'li + dg, z/ - ad - fty, 

and denote the transformed functions by dashes, we shall have 
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C^^C, F^JF, 

60 that the determinants 

(C^E) = CF. - CE^ (EF) = EF - EF\ 

{r(J)==FF-Fr 

arc also semi-covariants, obviously of degree four. 

We liave further 

o'_ r 

and from (^42) 

Pix +lhi-Pn +Pit-^^> 

w hence 

^ ^ 4 - i?ii + P22 ^ i^il + Piii 

so that 

(109^ (^=-20^ 

is a netv sewi-covarifwt Similarly we find two other semi -covariants 

(110) + (j>,,+p,,)E, M^2F’ + {jy,,+p,,)F. 

We ha\e noticed already that we need to consider only those 
semi -CO van ants and covariants which involve no higher derivatives of 
if and : than the first. For, if such a function contains higher deri- 
vatives, we may express them in terms of //, z, ?/, z' by means of 
the fundamental diflPerential equations and those deduced therefrom by 
differentiation. 

So as to proceed in an orderly manner, let us first determine 
all independent semi - covariants containing besides y, :, //, merely 
the quantities p,k, p\k and q,k We have already found one such, 
namely C, We can find another by forming G — E. If we make 
use of the equations (32) for v,t, we shall find 

JV= « - E== {2p^tW„ +;>,2 («„ - (<8, -ft, (M,i-«ss))y* 

(111) + {2ft, m, 8 - 2p„j»s, + (ft, +fts) (ft, - ft,))?/: 

+ 4ft8 - 4ft, I/?/' + 2 (m„ - ft,) (j/:' 4 i/'r), 
a semi- covariant of degree 2 and of weight 3 involving only the variables 
mentimied. 

The system of partial differential equations, whose solutions are 
the semin variants and absolute semi -co variants involving these variables 
y, < 2 , y\ r' p,i, is obtained from (18) by adding to the left 

members the terms depending upon the partial derivatives of f with 
respect to y, :, y\ These twelve equations are seen to be indepen- 
dent when these additional terms are written down, although without 
these terms only ten of them are independent. There are 
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sixteen independent variables, and consequently four solutions, i. e. four 
sem invariants and absolute semi -co variants. Of these we know the 
seminvariants / and J. The other two solutions must be absolute 
semi-covariants. We have found two relative semi -co variants, C and 
N. There must be just one more, which might be found by inte- 
grating the system of partial difPerential equations just mentioned. 
It is more instructive to proceed as follows. Put 

/ j 2 2) ? 2 // -f If -f ;>i2 v 

0 = 2 :' -f +P22-* 

Then it may be verified, either by infinitesimal, or by finite trans- 
formations, that p anci 6 are cogredient with y and i:. In other words 
if y and : are transformed by the equations 

y = aTi + (i':, : = ^7/ + dJ, 

p and 0 will be transformed by the same equations 
p = ap -h 0 = yp4-dtf. 

Therefore, 

(113) P = p — //a = 2(#/ : — yz') -f 2h2 — Pm + (Pn ~ Pjs) y v 

a semi- covariant of degree 2 and of weight 1. Moreover it is clear 
that ly Jy Cy P and N are independent of each other, so that all 
semi -covariants involving only //, :, //, j),;, p'^y ga have been found. 

Equations (112) enable us to write more simply. We find 

(114) N = 2 — HjiI/q) -}- (/q^ — ■iqg) (: p + y 0 ). 

In order to find tlie seminvariants and semi - covariants involving 
and q[i besides the former variables, we may set up the system 
of partial differential equations satisfied by them. It is the system 
(25) with the terms in //, :, //, P added. This system contains 24 
independent variables and 16 independent equations. Therefore, there 
must be eight such seminvariants and absolute semi -covariants. But 
we know them already. They are 


ly I'y Jy J'y Ky 


P E 

a ^ c' c ’ 


for these are independent, as may be verified without any difficulty. 

In the same way we notice that there must be 12 seminvariants 
and absolute semi-covariants involving the further variables and 

q’a. They are the above with the addition of I"y J", K' and L. which 

obviously also belongs to this same class of semi-covariants, must 
therefore' be expressible in terms of these twelve quantities. 

No new semi-covariants will appear if we continue our search, 
and all of the new seminvariants are, as we know, derivatives 

of ly Jy Ky L. 
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Put 


CBN 

J3 7) p p 


so that y, 6 and v are three independent absolute semi -co variants. 
Then any absolute covariant must be a function of the seminvariants 
i, Jj K, L, of their derivatives and of y, s, v. The system of partial 
differential equations which they satisfy will be the same as the 
system satisfied by the invariants, except for additional terms invol- 
ving derivatives with respect to the three further variables y, s, v. 
This new system, containing as many independent equations as the 
old, but three more variables will have three more solutions. There 
are, therefore, three independent absolute, or four independent relative 
covariants. These may be found without trouble We verify easily 
that C is one We find further, on making the transformation 




that p and 6 are converted in p and o, where 


(115) p = *, (p 4- O = ‘ \i> 


whence we see at once that the semi -co variant P is also a covariant 
We find further 

SO that 1] 2 N IS a further covariant. Finally we have 


whence 
so that 




nr 






IS a covariant These four are clearly independent. We have found 
the following four covariants 

(116) (7i = P, 6^2 = = 

all of which are quadratiCy and where the indeou indicates the weight. 
All others can he expressed in terms of these and of invariants. 

As the three fundamental absolute covariants we may take 


0/ c,* a 

0 , 0 /' 
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Examples. 

Ex. 1. Show that the system of differential equations 

y ==Pny =Pny -^P2i^ 

has no invariants under the transformations 

where a, ft y, ft f are arbitrary functions of x. 

Ex. 2. Find the invariants and covariants of the above system 
for the transformations 

^ i = /Sr, I = f{x), 

where a, ft f are arbitrary functions of x. 

Ex. 3. Find the relations between the invariants (79). 

Ex. 4. Show that, if ^ =^0, and if the other invariants are 
constants, the system may be reduced to one with constant coefficients. 
Ex. 5. Find the relation between 

J, 1\ J”; J, J\ J"; K, Z'; L; P, (7, N, Z, Z; 

making use of the canonical form for which 0. 


CHAPTEK V. 

FOUNDATIONS OF THE THEORY OF RULED SURFACES. 

§ 1. Definition of the general solutions, and of a fundamental 
system of solutions of a simultaneous system of two linear homo- 
geneous differential equations of the second order. 

For the sake of brevity we shall speak, hereafter, of the system 
of differential equations 

+ Puff Pl2- + (Zll.v + (Ii2- = 

" "i" PilP P22^ "F y2iy "1" 722* “ ^ 

as system (A). 

According to the fundamental theorem of the theory of differential 
equations, the system (A) defines two functions // and z of Xj which 
are analytic in the vicinity of x — if the coefficients are analytic 
in that vicinity, and which can be made to satisfy the further con- 
ditions that y, Zj y and z' shall assume arbitrarily prescribed values 
for X ==^'Xq. 

Such a system of solutions, corresponding to these four arbitrarily 
prescribed values of y, z, //, / for a? = is said to constitute a 
system of general solutions of system (A). 
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Now let (yif Zt) lor (» = 1, 2, 3, 4), be any four systems of 
solutions of (A); so that 

y" + PuV! + l>n«/ + 3iiJ/. + =0, 

^ «/' + Piiv! + P,,^! + q^y. + q^^. = o, '' > > » ^ 

Then, denoting by C|, Cg, four arbitrary constants, 




will also form a simultaneous system of solutions. Moreover from 
(2) and 




the constants Cj, . . . can be determined in such a way as to give 
arbitrary constant values to //> y\ for x = provided that the 
determinant 

'y.' y.' y; y: 

' f ... f « f - f 

(4) 

Vi y* y, y 4 


'‘I '2 •» -‘4 


does not vanish for = If, therefore, I) is not identically zero, 
we can express a getieral system of solutions in terms of • • • y^ 
and Zij . . , by means of (2). We sMly Uierefore^ speak of four 
pairs of solutions (y,, zi) for tvkieh the determinant D does not vanish, 
as a fundamental system of simultaneous solutions. 

We may express the condition i) = 4 = 0 in another way. If 2) = 0, 
it is possible to find four functions A, p, v, q of x, so that the four 
equations 

(5) Ay* + yy*' + vst + p*r*' = 0 (A = 1, 'J, 3, 4) 

may be verified 

If (pi, Zk) form a fundamental system of solutions, it must there- 
fore he impossible to find functions X, p, v, q so as to satisfy (5), or 
what amounts to the same thing, it must be impossible to find func- 
tions a, /3, y, d of X, which satisfy the system of equations 


“y* + Pyi + yyj + ^y* = 
«yi' + /Jyj' + rya + ^y* = 

a«i f /3«, + y = 0, 

ag]' + P gj -i- y d el = 0. 


( 6 ) 
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In particular ?/i, . • . 2^4 und . . .5^4 must not satisfy two conditions 
of the form 

i £ 

( 7 ) ^c,y, = 0 , ^c,i, = 0 , 

t — i 


where Cj, . . c^ are constants, the same in both equations. 

Suppose now that four pairs of functions (y,, 0,), which verify 
no relations of the form ( 5 ) or (6), are given. Then we may always 
determine a system of differential equations of the form (A), of which 
these functions form a simultaneous fundamental system. The coef- 
ficients of this system may be obtained from the eight equations (1) 
by solving for pa and 7,4. If we write 


(S) 


we shall find 


Diaiy Ihy Cl,, 


rf,)- 


h fi <h 

a, \ c, rf,] 

Ug ^ i ^3 

fli 64 C4 (/,| 


= ■ 

-i>(yk", 

i 

Vly 


DiJji = ■ 


, f 

Ih, 

^a), 

D3„ = - 

-D{y,', 

-A i 

Vk'y 

^kj) 

■®321 “ ■ 

- T){yl, 



^a); 



I) 

= -0(2/0 


Dftj - - I) {yi', ?/<", lA, Si), 

Ihhi - - JHVi, -i!', Ih, -i), 

■ 03,2 - 0 ( 2 //, ilk, y"), 

Dq^, = - I) {in', a ', Vk, Zk"), 

k> Vk, ’k) 


From these equations we find 

( 10 ) l>ll+}> 2 i’=- 1 )^’ 

whence 

( 11 ) D = Cc + 

if C denotes a non- vanishing constant. 

If we subject the general solutions of system (A) to a trans- 
formation of the form 


( 12 ) = a?/ + i-=ry d cr, 

where a, ft y, $ are arbitrary functions of x, then 7 j and g will be 
the general solutions of a system of equations of the same form 
as (A). Moreover, if we put 

(13) 7^, = ay, -f p:„ 5. = yy, -f {i = 1, 2, 3, 4), 

the four pairs of functions (rp, g,) will form a fundamental system 
of solnfeions for the new system of equations, and its general solutions 
will be 

4 4 

n=^c,ri„ S = 2 'c*S.- 
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Thus, if we consider instead of a pair t)f general solutions of (A), 
four pairs of solutions whicR form a fundamental system, these are 
transformed cogrediently with each other and with the pair of general 
solutions. 

§ 2. Geometrioal interpretation. The integrating ruled surface of (A). 

Let us interpret • • • ^ 4 ) and • ^^ 4 ) as the homogeneous 

coordinates of two points and P, of space. If (A) is integrated, 
we shall have these quantities expressed as functions of xi 

Vk =» fk (a?), 0k = 9k (x) {k = 1, 2, 3, 4). 

As X changes, Py and P^ will describe two curves Cy and 0*; the 
points of these curves, moreover, are put into a definite correspon- 
dence with one another, those being corresponding points which 
belong to the same value of x» 

But there is a restriction on the point -correspondence between 
these curves, owing to the condition that (y,, are to be members 
of a fundamental system, so that equations (5) must not be verified. 
Let us write (5) as follows 

+ 9yk = ~ (vZk -f Q^k) Qc «= 1 , 2, 3, 4). 

We have seen in Chapter II, § 6 that the quantities 
^yk + yyk {k = l, 2, 3, 4) 

represent the homogeneous coordinates of a point on the tangent of 
the curve Cy at Py. Similarly vZk + Q^k are the coordinates of a 
point on the tangent constructed to (7, at P,. But, if the above 
equations hold, these two points coincide, i. e. the two tangents 
intersect for all values of x. 

In order, tJten, that the curves Cy and C^ may he the integral 
curves of a system of form (A), it is ’necessary and sufficient that ihe 
tangents of these two curves, constructed at corresponding points, shall 
not intersect. 

In particular, the two curves may be plane curves but they must 
be in different planes. 

What is the geometrical significance of the transformations ( 12 ) 
or (13)? Let us mark on the two curves Cy and C, the points Py 
and Ft corresponding to the same value of x, and let us join them 
by a straight line Ly,. Then, it is clear that the transformations (13) 
convert the points Py and Fg of the line Lyz into two other points 
Fjj and P^ of the same line. Consider the ruled surface S, which is 
the locus of the lines Ly, sa x passes through all of its values. 
Since a, / 3 , y, d are arbitrary functions of x, this transformation 
enables us to convert the curves Cy and 0 , into any other two curves 
Cri and Of upon this ruled surface. The correspondence of the points 

WiLOZYKSKX, projectiye differential Geometry. 9 
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and Pf wmains such ^thafc the line joining coireqxmding points 
is a generator of the ruled snifaoe 8. 

A transformation of the form 


where f{x) is an arbitrary function, changes the parametric represen- 
tation of the curves in the most general way, without changing 
either the curves themselves or their point to point correspondence. 

ThuSy there belongs to every system of two linear homogeneous 
differential equations of the second order a. ruled surface, which we 
shall call the mtegrating ruled surface, whose generators are the lines 
joining corresponding points of the two integral curves. This ruled 
surface is the same for all such systems which can he transformed into 
each other by a transformation of the form 


'll = ay + 
& = 


S “ /* W, 


where a, y, 8, f are arbitrary functions of x. 

There is one important restriction however; if (jfi, Zt) constitute 
a fundamental system D must not vanish, i. e. corresponding tangents 
of the two curves Cy and C. must not be coplanar. Suppose that 
they were, so that four functions I, p, v, q might be found which 
satisfy the equations (5). These equations may be written 

^ (m + qh) = C/i' - X) 1/* + (p' -v)0i. 


But pyt -f are the coordinates Uk of a point Pu of The 

right member gives a second point P, upon Ly^, whose coordinates 
are v*. As a; changes P„ describes a curve whose tangents, as the 
above equation shows, are the lines Ly^, In this case, therefore, the 
ruled surface is a developable, since its generators are the tangents 
of a certain space curve. If, in particular, Py coincides with P„ we 
shall have , , , 

p — I — mp, Q — V = (DQ, 

where cd is a proportionality factor, i. e. 

fi'p — PQ^ — (Ip — pv) == 0. 

In this case, as x changes, the point remains fixed, i. e. the curve 
Cu degenerates into a point, and the developable into a cone. We 
have found the following result. 

The integrating ruled surface of a system of form (A) cannot he 
a developabk. This is the meaning of the condition D ^0. 

Incidentally we have found a further result, which will be 
useful later. If four pairs of functions (yk, Zk) satisfy a system of 
equations of the form 
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(14) Xyt + *f V01, -f QZk - 0, (A; — 1, 2, 3, 4), 
cmd if ifk Zk ore interpreted as (he homogeneous coordinates of two 
points Pp and Pt, the line, joining corresponding points of the two 
curves, generates a developable; the quantities 

(16) Uk = pvk + (h ^ 1, 2, 3, 4) 

are (he coordinates of a point Pu of its cuspidal edge, the developable 

being the locus of (he tangents of the curve Cu described by Pu^ If 

(16) Il'(f — (IQ'-(XQ — Iiv)‘=0, 

Cu degenerates into a point, and (he developable into a cone whose 
vertex is Cu. 

While we shall assume that D is not zero for all values of x, 
it may happen that for some particular value a, 

i) = 0. 

In the vicinity of a generator of this kind, the ruled surface resembles 
a developable^ in so far as all of its tangents along such a generator 
are coplanar. We may say that^ in this case, two consecutive gene- 
rators of the ruled surface intersect, and speak of the generator as 
a torsal generator. More accurately the state of affairs may be 
described as follows. If we consider the generators g and g^ corre- 
sponding to values of x which differ from each other by an in- 
finitesimal dx, the shortest distance between g and / will be, in 
general, an infinitesimal of the order dx. If it is of a higher order, 
we may say briefly that the two consecutive generators intersect 
Their point of intersection is called a pinch point of the surface. 
Both of these names are due to Cayley}) The equation D — 0, there- 
fore, characterizes those values of to which correspond torsal gene- 
rators of the ruled surface. 

But this must be taken with a proviso. Since y, . . . y^i are the 
homogeneous coordinates of a point, it is not admissible that they 
should vanish or become infinite simultaneously. For, then the point 
would be indeterminate. We may therefore express our result as 
follows. 

If for a certain value of x^a, neither y^,... y^ nor z^, , , . z^ 
become simultaneously zero or infinite, while the determinant D vanishes, 
the corresponding generator of the ruled surface is a torsal generator. 

After these remarks it becomes a simple matter to understand 
an apparent paradox which presents itself in this connection. We 
have seen in § 1 that 

(17) 2) * Ce ^ft*)***. 

1) Cayley'^ principal papers on ruled surfaces are in the Cambridge and 
Dublin Math. Jour. vol. 7 (1852), Phil. Trans. (1868 and 1864), Messenger of 
Math. 2^* Series, vol. 12 (1882). 


9 * 
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Bat we have also seen in the preceding chapter, that the trans* 
formation 
( 18 ) 

will convert system (A) into another of the same form for which 
saspj 2 = 0. This transformation would therefore reduce D to a 
mere constant. But, if D is a constant it cannot vanish for any 
value of X, unless it is zero identically The torsal generators seem 
to be lost in this process, and this constitutes the paradox just 
mentioned. In the light of our previous theorem this becomes quite 
clear. If neither nor are simultaneously zero or 

infinite for rc ~ a, while 7) = 0, the exponent in (17) must be infinite. 
Therefore, one or both of the exponents in (18) will be infinite, and 
either Si> • • • Si s®!'® of coordinates will be 

indeterminate for x = a. Strictly speaking, therefore, a transformation 
of the form (18) is legitimate only for such a portion of a ruled 
surface as contains no torsal generator. 

We return to the consideration of the ruled surface S. This 
surface has been defined, starting from a particular simultaneous fun- 
damental system of solutions. Since the members of any other 
fundamental system (y*, Zk) can clearly be expressed in the form 

4 4 

= (k=l,2,3,4) 

any surface obtained from /S' by a projective transformation may be 
regarded as integrating ruled surface of (A) as well as S 

By means of equations (13) we associated, with each fundamental 
system of the original system of equations (A), a fundamental system 
of the transformed system of equations. It is only for such associated 
fundamental systems of the two sets of equations that it is true that 
they give rise to the same ruled surface. In general the two inte- 
grating ruled surfaces will be merely projective transformations of 
each other. Let us speak of two systems of differential equations as 
equivalent, if they can be transformed into each other by a trans- 
formation of the form (12). We may then state our theorem more 
precisely as follows: 

Jf two systems of differential equations of form (A) are equivalent, 
their integrating ruled surfaces are projective transformations of each 
other. Moreover if the fundamental systems of solutions he properly 
selected, the ruled surfaces coincide, 

Conhersdy, if the ruled surfaces of two such systems coincide, the 
systems are equivalent. 

If the ruled surface is not of the second order, this converse is 
clear at once. For, the arbitrary functions a, y, d in the trans- 
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formation can be chosen so as to convert any pair of carves on the 
surface, which are not generating straight lines, into any other pair. 
Thus the pair of curves corresponding to the first system may be 
converted into the pair corresponding to the second. The independent 
variables of the two systems of equations will also be expressible in 
terms of each other, since to every generator of the surface corre- 
sponds a value of £ as well as a value of x. The equivalence of the 
two systems of equations is therefore ensured, if ihe ruled surface 
is not of the second order. In case of a surface of the second order, 
this conclusion appears doubtful because such a surface contains two 
distinct sets of generators, and it may happen that the lines joining 
corresponding points of Cy and Cm are the generators of one set, 
while those joining C,j and Cr are the generators of the second set. 
In that case the relation between x and | cannot be established as 
before. Since, however, it is always possible to transform the gene- 
rators of one set into those of the other, by a projective trans- 
formation, the theorem is true also if iSf is a quadric. 

Let any non -developable ruled surface S be given. There corre- 
sponds to it a class of mutually equivalent systems of linear differential 
equations. In fact it is easy to indicate how a representative of this 
class may be found. Trace any two curves, which are not generating 
straight lines, upon the surface. Express the coordinates of their 
points as functions of a parameter x, in such a way that to the same 
value of X correspond points of the two curves which are situated 
upon the same generator. The system of differential equations whose 
coefficients may now be found from (9), will have S as integrating 
ruled surface, and is a representative of the class defined by the 
surface S. 

Therefore, any non- developable ruled surface may he defined by a 
system of form (A). The general theory of such systems of differential 
equations is, therefore, equivalent to the general theory of ruled 
surfaces 

Any equation or system of equations between pa, q.tki p\k which 
remains invariant for all transformations of the form (12), expresses a 
^ojedive property of the integrating ruled surface. 

For, such equations remain unchanged whatever may be the two 
curves Cy and Cg upon S which are taken as fundamental curves, 
and whatever may be the independent variable x. They express, 
therefore, properties of the surface itself, independent of any special 
method of representation. These properties are projective, because 
the coefficients of (A) are left invariant by any projective trans- 
formation. Conversely, any projective property of a ruled surface 
can be expressed by an invariant equation, or system of equations. 
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$ 3. Dnalistio interpretetioiL The adjoint ayotem of (A). 


Instead of interpreting (Fi, . . . yd • • • ^ 4 ) coordinates 

of two points ; we may consider them as being the coordinates of 
two planes py and p,. As re changes, these planes envelop two 
developahles By and D,. Corresponding planes intersect along a 
straight line Xy, whose locus forms a ruled surface 8, which is left 
invariant by all of the transformations here considered. 

We may combine the two interpretations. At corresponding 
points Py and P, of the two fundamental curves Cy and let us 
construct the planes py and p^ which are tangent to the ruled sur- 
face 8. These will intersect along the straight lino Lyg which joins 
Py and Pz, The four pairs of coordinates, determining these planes 
Py and pt^ will form a simultaneous fundamental system of solutions 
for a new system of differential equations, which we shall now deduce 
and which shall be designated as the adjoint of (A). These two 
systems of differential equations, (A) and its adjoint, wiU correspond 
to each other by the principle of duality. It is in this way that we 
generalize the Lagrange adjoint of a single linear differential equation. 

Let 


so that 

( 19 ) 

where 



2// 


Vi ^1 

p* 

Vi 

h* 

y2 h 


Vz 

h' 

Vz ^8 

4 

Vi 

^ 4 ! 

?/4 ^4 

4 


-2’' 

ji=i 


( 20 ) 


“j=-(?/i'y»«4). *‘s=+(yi'y8«4)> ‘U’t.=-Wyth)> 
%-= + (Vy8«4). «, = - t>s=+ («i'%«4). Vi=—WyiH)> 


the symbol 




denoting a determinant of the third order whose main diagonal is 

aihjCjt. 

It is evident that the homogeneous coordinates of the planes 
tangent to the integrating ruled surface of system (A) at the points 
(Pi) and ( 0 ,) respectively, are proportional to (m,) and (t;^) (cf. Chapter 11, 
% 6). 

We Hshall now prove the following theorem: If the two fmdor 
mental curves Cy and Gzy on the integrating ruled surface 8 are trans- 
formed into two other curves Cy and (7$ on the surface, hy the tram- 
formation 
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( 21 ) yt — aQe)ik + et “ y (m) i/t + (& — 1 , 2 , 3 , 4 ), 

the devdopable awrfam formed by the planes tangmt to the surface 8 
(dong Cy and Cg are tramformed by the equations 

(22) — ^ [«(»)»* + ^ (*)»»], »* — ^[y (»)«! + ^ (»)»*] • 

(*=1, 2, 3, 4), 

where 

(22 a) J^ctd — Py, 

i. e., except for the factor by cogredient transformations* 

Proof. We have, the summation everywhere being for 1,2, 3,4, 

Sutii =« — 2 ), JSutyt' -= 0 , Hutet = 0 , £uiyi — 0 , 

^ JSvitgi = 0, = D, = 0, Svityt = 0. 

Moreover it is clear that these eight equations are just sufficient to 
determine Uk and Vt. The values (21) of yt and Zt being introduced, 
the following system, of which again u^, Vk are the unique solutions, 
is obtained: 

•Suk (yyk + + y y* + d^^*) « — D, £ui (yyk + di*) =* 0, 

2Uk {ayi! -f 4- P'^k) == 0, Zuk (ayk + di*) ~ 0, 

^ ^ Zvk {yyk + di*' 4- y^'h 4- d'i*) = 0, Zvk (yyk 4- di*) = 0, 

£vk (ayi! 4- 4- o!yk 4- P%) = A 2vk (ay* 4- P'^i) ^ 0. 

By direct computation we find 

(25) 

Moreover we have the relations (23) between the transformed quan- 
tities D, Uk, Vk, yky h, i- e,, 

(26) = — 5 = - 2:uk'yk = 0, ZukZk = 0, Zukyk * 0, 

^ ZvkZk^^O, Zvkyi^~B^DlJ\ = 0, Zvkh^O. 

Multiplying the first four equations of this set in order by 
dj y? d', y' and adding, we find the first equation of the following 
system: 

21uk (yyk 4* di*' 4- y'y* 4- d'^*) = — Zu^ (yyk 4- d^*) =« 0, 

Zuk (ayk 4- pZk 4- a'y* -f /3'I*) == — pBj/P, Zuk (ccyk 4” pZk)===‘0, 

2:vk (yyk 4- dV 4- y'y* 4- d'^*) = yI>M\ Svk (yyk 4 - di*) = 0, 

21Vk (ayj! 4- PV 4- a'y* 4- P's]) « aDlJ^, Zvk (ayk 4* Ph) = 0. 

From (27) follows very easily a system of precisely the same 
form as (24), only with 

gd(auk 4- Pvk) and J(yuk 4* dv*) 
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in place of w* and Vn. But equations (24) were sufficient to deter- 
mine Uk and vk completely. Therefore we must have 

Uk ^ {pLUk -4* Vi ~ ^ (ywi + dvi) Qc *= 1, 2, 3, 4), 

which proves the theorem. 

If we put 

(28) Er.=^, = ^ (fc=l, 2, 3, 4), 

where the sign of the square root may be chosen at will, (U*, F*) 
are absolutely cogredient with («/*, r*). 

For a = const, we single out a generator of the ruled surface S 
and we consider two points Py and upon it, together with the 
planes tangent to 8 at these points. The transformation (21) then 
transforms Fy and P^ and their tangent planes into P^ and P, and 
their tangent planes. The transformation (21) is now a linear trans- 
formation, and from the fact that the tangent planes are transformed 
by the cogredient transformations (22) follows the well-known 
theorem, known as Chash's correlation, that the anharmonic ratio of 
fowr points on any generator is the same as the anharmonic ratio of 
the corresponding tangent planes. 

If yk and ssk form a fundamental system of solutions of equations 
(A) the determinant D does not vanish, i. e., the ruled surface 8 is 
a non -developable surface. If the corresponding determinant for Uk 
and Vk be formed, its value turns out to be I)\ and therefore also 
different from zero. 

We may therefore regard ui and vi as constituting a simul- 
taneous fundamental system of solutions of a pair of equations of 
the same form as (A). We proceed to set up this system of differential 
equations. 

Denote the minors of Za and yi in D by g* and r^k respectively, 
so that 

(29) 

* — 1 1 = 1 

where 


^3 yt)> Ss"— {yi^s'y^i ^i~'^(.yi^sy3\ 

Then, making use of (A), we shall find 


(31) 

whence 


Vk^ — rik— JP8i«t - PiiVk 
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(32) 


St' — PilSi + Pa Vt + (Pu + PaPii — Ml) “t 
+ (Oil + J>*s)l’u 

Vi" = - V - + \{Pti +P»t)Pii 

+ (^8 +Pisl>si -JPm)«’*- 
By differentiating (30) we find 

Vi = - Oil + J^js) 12* + 2u®* - 281 M*. 

5* = - (i»ii + Pa) St + 2i8®t - 2 s8“j. 

and from (31) 

— V/ - PiiUk — 

6* == Uk^ + Pi^Uk -f PiiVk. 

Substituting these values in (32) we find that (w*, Vk) are simul- 
tcmeous solutions of the following system of equations: 

+ (2ftl +l>8s) m' +I)i8l>' + W, + 288 + (j>ll +j>8s)j>lll*‘ 

+ {PW - 2i 8 + (Pll + P8s)Pl8) » = 0> 
V" +P81«' + (2^88 +Pl,)®' + {Psi - 2si + (Pll +P88)Psi)*‘ 

+ {PS 2 + 2n + (Pll +P88)PS8)» “ 0- 
Moreover (uk, Vk) form a simultaneous fundamental system of (33), 
since, as we have already seen, their determinant does not vanish. 

We shall prefer, in general, to use another system, namely, that 
one whose solutions are the functions Uk and Vk defined by equations 
(28). Remembering that 

(34) D = Ce 

one sees that this other system may be obtained from (33) by making 
the transformation 


(33) 


TV 


J j Cj»ll +J>«5 




(35) 


A" 

The resulting system is 

P" +P 11 U’ +p,, r + ( 2 „ + ' («„ - u,8) ) U+ (g,8 + i «„) 7= 0 

+P21 + P22 + (221 + 2 **»i) ^ + fei + 4 ("as ~ “11) 1 

where Wa- are the same as the quantities so denoted previously 
[cf. Chapter IV, equations (20)]. 

A third form, which may be convenient, is obtained by putting 
Xe +P22)dx^ V = fie 
Its fundamental solutions are 


A*=4> 2** = 5- (* = 1,2, 3, 4). 
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The equations which A and (i satisfy are 

- (pU - &t) * + 0» - 2i») 

Wc shall speak of system (35) as the system adjoined to (A). Of 
coarse (33) and (36) have essentially the same properties as (35). 
But the relation of (35) to (A) is somewhat simpler because its 
solutions are absolutely cogredient with the solutions of (A) under 
transformation (21), while those of (33) and (36) are cogredient with 
(A) except for a factor. 

§ 4. Properties of adjoined systems. Beoiprooity. 

The relation of adjoined systems to each other is a very close 
one. In the first place Uiey have the same semmva/riants and invariants. 
For, if we form the quantities f^tky for the system (35) 
and denote them by capital letters, we find 

(37) = 1^22 > ^12 ^21 ~ ^2S “ ^11 f 

and similarly for F,* and TF^. 

The relation between systems (A) and (35) is a reciprocal one^ i, e., 
if of two systems the second is the adjoined of the first, then the first 
is also the adjoined of the second. 

For let us denote the coefficients of (35) by P,* and Qa- Then 

P|* 

(38) ^11 4 (^11 ~ ^22)> Q\2 “ (Zi2 + 2 

G22 = </22 + \ (««22 - %l); Q21 = ^21 + \ ^21- 

But this gives, on account of (37), 
p,k = Tay 

9.11 ~ ^11 + 4 (t^i ~ ^^ 2 ); 9\2 ^ Qi2 "I~ 2 ^^2? 

(in “ Q22 +■4 (^22 ■” ^11); 9.21 ~ G21 "I" 2 ^21 > 

i. e., and are formed from and Q,k just as P,/l and 
are formed from pa and g,*. This proves the reciprocity of the two 
systems. 

From (38) it will be noted that the adjoint system comcides with 
the original j if and onhj if 

(39) — W 22 = ^12 = Wgj = 0, 

the meaning of which system of equations we shall find as an immediate 
consequence of this remark. 
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Since — Ujt and Vk are ilie minora of 0 ^ and yk reapectirely, in 
B, we have 

^F,y,-0. 

issi »=i <=i t=»i 

If tile differential equationa for U and V are the same aa thoae for 
y and e, we must have 

4 4 

^ihVk, 


where Cit are conatants. But these expressions , when substituted in 
the preceding equations, show that the curves Cy and Cg are situated 
on the same quadratic surface, and that the line joining the points 
Py and Pg ia Si generator of this surface. 

We can therefore say: a system of two linear differential equations 
of the second order is identical with its adjoined system, if and only if 
its integrating ruled surface is of the second order. 

If the original system has either the semi 'Canonical or the canon- 
ical form the same is true of the adjoined system. 

From our definitions of the quantities involved we have the follow- 
ing relations: 


(40) 


where 

(41) 


sziiVt — yz), 

Syi Vt = 0, 

^Zi 14 = 0, 

iVr/*=o, 


2 !yi' n = + yz), 

•Sy* Vk = 0, 

F* = 0, 

2:z,’ F = 0, 


J) = D(yt, zt, yt, zi). 


It follows from the reciprocity of the two systems fuid may also 
be verified directly by differentiation of (40) that 


(42) 


£ F*'y* - ys, s v; z, = + yz>, 

2Utyt = 0, SU.z.^O, 

2;r*y* = 0, ^F«* = 0, 

.£I4'y* = 0, nVt'zt^O, 


where Z) in the first place stands for 

Z)(W F', V„ F); 
but this is the same as (41), for 
(43) D ( U,', F4 F) - Z) (y4 y*, z,). 
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Now let yk and Zk simultaneously transfonned into 

I 4 

y* = ^ CuDi, ^)' 

»=1 

where c*,- are constants, whose determinant does not vanish. We 
may look upon such a transformation as a change of the tetrahedron 
of reference, or else as a projective transformation of the integral 
curves. 

Equations (40) will be satisfied by the transformed quantities as 
well. Therefore 


1 = 1 A = 1 ^ 


* = 1 A = i 

4 4 



< = 1 1 = 1 ^ 








where G denotes the determinant of the transformation (44). 

These are of exactly the same form as (40), except that Vk and 
Fi have been replaced by 

respectively. But on the other hand equations (40) are sufficient to 
determine 1/^ and F* as their solutions. 

Therefore we must have 

(45) = (/•=!, 2, 3, 4), 

or, solving for Ui and Fi, 

(46) (A = l,2,3,4), 
where Cn is the minor of c*, in the determinant 


C=|c„|. 
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We may state our result as follows: If the elements yi and of 
a simviltaneous fmdamental system of (A.) are made to undergo cogredient 
linear substitutions mth constant coefficients and non-vanishing deter- 
minants^ the correspmding solutions of the adjoined system of differential 
eguMions also undergo mutually cogredient linear substitutions with con- 
stant coefficients. The coefficients of the second set of substitutions are 
the minors of those of the first set in their determinant^ divided by the 
square root of that determinant. In a slightly modified sense then, the 
qua/ntities {yk, Zk) and (Uk, F*) are contragredient. The quantities 
ip hi and (X*, pk) = {nk/Bj Vk/B) are contragredient in the ordinary 

sense of the word. 

Upon this theorem rests the simple relation between the mono- 
dromic groups and the transformation groups of reciprocal systems 
of differential equations.^) 

We may complete the relations (40) in an interesting manner. 
We have 


4- Puyk 4- Piii^k 4- qnVk 4- = 0, ^^^1 2 3 4) 

4- PiiVk 4- Pn^k 4- qn yk + = 0 

If we multiply these equations by Uk and Fi successively and 
add, taking into account the relations (40), we shall find 


(47) 


_ ^ y,' Uf = 2 9" VD, 

A - 1 A = 1 

k~ l 




^ Ui = 4- Pa VBy 

A = 1 

*=1 


Also, if (40) and (47) are used, 

(48) ^ yf Vf = ^ + j>n l/2>, 2" 


1) We shall have no occasion in this work to discuss these notions. They 
may be defined by generalizing the corresponding concepts for a single linear 
differential equation. 
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Finally, treating (35) aa we hare jnat treated (A), we obtain 


(49) 


jtS 

^Vi"yi = +p„yD, 



-PhVD, 


as may also be seen from the reciprocity of (A) and ( 95 ). 

We have seen in Chapter IV that every system of form (A) may 
he reduced to a semi -canonical form characterized by the conditions 
Pa = 0 . We can now show that this transformation corresponds to 
the determination of the asymptotic curves of the integrating ruled 
surface.^) 

As a matter of fact a simpler reduction is sufficient to determine 
the asymptotic lines. For, let the given system be transformed into 
another for which merely i>i2=l>2i = ^> while and p^, may be 
arbitrary. Then the integral curves C,j and Cg on S will be such that 


k~l 


^ V,y,' = 0, 

I — I 

^ = 0 , 

A =1 


^Px?a" = o, 

A = 1 

A 1 


i. e, the plane tangent to S at (i/,, ys> .Vd) is i^he osculating plane 
of the curve at that point, and the plane tangent to S at 
is the osculating plane of C at that point Therefore C\ and Cg are 
asymptotic lines of the surface, asymptotic curves of the second set, 
those of the first set being the generators of the surface. 

Iff then, in any system of form (A), integral 

curves are asymptotic lines on its integrahng ruled surface. 

If a given system (A) has by a first transformation been con- 
verted into another for which p^ = p^i = 0, the semi - canonical form 
for which p^ and pgj also vanish, may be obtained very easily by 

putting 1 /• I r 

- o jPndi c, \pvtdx 

\ — lie ^ . jEf s= ge ^ J 


y = 


Since such a transformation merely multiplies ^i, . . .,2/4 by the same 
factor, and similarly jS'i, . . ., ^2^4, it does not affect the significance of 
these quantities as the homogeneous coordinates of corresponding 
points on two asymptotic lines. 


1) A curve is an asymptotic line upon a surface, if its osculating plane, 
at each of its points, coincides with the plane tangent to the surface at that 
point, A surface has two families of asymptotic carves upon it, which coincide 
only if the surface is a developable 
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If the system (A) is written in the semi-oanonical form, the most 
general transformation which leayes this form inyariant was found to 
be [Chapter IV, equations (90)] 

| = t(»), 1) = Vl' (ay + fe«), g = /I' (cy + (i«), 

where | is an arbitrary function of a?, and where a, &, c, d are arbitrary 
constants. 

These equations show, in the first place, that there exists upon 
the ruled surface a single infinity of curved asymptotic lines. But 
ftirther these equations show that the double -ratio of the four points 
in which any generator of {he surface intersects four fixed asymptotic 
curves of the second se{ is constant. 

This theorem is due to Paul Serret^), and gives a most elegant 
generalization of the well-known property of a quadric ruled surface. 

§ 5. The fundamental theorem of the theory of ruled surfaces. 

In Chapter IV, § 7 , we have shown that, if the invariants ©4, 
@4.1, and ©10 are given as functions of a;, provided that ©4 and 
©10 are not zero, a system of differential equations of the form (A) 
can be written down whose invariants coincide with these arbitrarily 
given functions of x. Its coefficients were given by the equations 
(102) of that paragraph, and all other systems of the form (A) which 
have the same invariants were found to be equivalent to tliis special 
system (102). We may now express this theorem in the following 
form. 

If @4, ©4.], ©y and ©10 are given as arbitrary functions of x, 
provided however that ©4 and ©i^ are not identically equal to zero, 
they determine a ruled surface uniquely except for projective trans- 
formations. 

This theorem may be regarded as the fundamental theorem of the 
theory of ruled surfaces. 

If we denote the invariants of the adjoint system by ® 4 , ©4.1, etc., 
we find from ( 37 ) and (^ 38 ), 

(50) ©4 = @47 ^4.1 = ©41, ©9 = - ©9, ©10 = ©10- 

We may, instead of interpreting TJk, Vi as coordinates of planes 
interpret them as point coordinates. Then, the integrating ruled sur- 
face of the adjoint system, instead of being the surface S in plane 
coordinates, will be a surface S\ dualistic to S, in point coordinates. 
We have, therefore, the following further theorem. 

1) P. Serret. Th^orie Nouvelle G^om^triqne et Mdcanique des Ligues k 
Double Conrbure. (Paris -Bachelier, 1860.) 
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If the fundamental invariants of two ruled surfaces 8 and S' 
expressed as functions of the same variable Xy satisfy the relations (50), 
tl^ two surfaces are diicdistic to each other. 

We notice at once a further consequence. The system (A) and 
its adjoint are referred to the same independent variable x. If (A) 
and its adjoint are equivalent, it must, therefore, be possible to trans- 
form (A) into its adjoint by a transformation 

(51) U=^ay-\-PSy + 

involving the dependent variables only. But such a transformation 
leaves the invariants, absolutely unchanged. Therefore, (A) and its 
adjoint can be equivalent only if 

^9 = 0 . 

Moreover, as our fundamental theorem shows, if @4 =|= 0, and =f= 0, 
this condition @9 = 0, is not only necessary but also sufficient for the 
equivalence of (A) and its adjoint. As (51) shows, the integrating 
ruled surface of the adjoint will coincide with S, generator for gene- 
rator. Let us speak of a ruled surface as being identically self -dual, 
if a dualistic transformation exists, which converts it into itself 
generator for generator. Then we have seen, that the necessary and 
sufficient conditim for an identically self- dual ruled surface is = 0, 
provided that 6^4 and are not zero. 

We shall find, later, a very simple interpretation for the con- 
dition = 0, which will make the truth of this result intuitively 
evident. 

In the case that 

‘^^22 “ ^^12 ~ ^^21 

the adjoint system coincides with (A), so that we may put 

v.^y, r=c. 

Therefore, the quadric surface is identically self- dual in a still more 
special sense. There exists a dualistic transformation which converts 
it into itself, point for point. More strictly speaking, this transforma- 
tion converts every point of the surface into its tangent plane, and 
every tangent plane into its point of contact. It is evident what 
this dualistic transformation is; it is merely the pole -polar trans- 
formation with respect to the quadric itself. 

We have proved the fundamental theorem under the assumptions 
@4 =4= 0, @40 4= shall see that theorem actually breaks down 

if either @4 or vanishes. We prefer to leave the proof of this 

statement for a later chapter, as we shall then be able to interpret 
these conditions geometrically. 
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Examples. 

Ex. 1. The equation of a cubic ruled surface, with distinct 
directrices, may be written — x^x^^ = 0. The two curves (straight 
line directrices), 

yi“y8-=o, ^4 = 1; h = = 0, = g^ = o■, 

are upon it. Show that the differential equations of the surface are 

= 0, ^' = 0. 

Compute its invariants. Show that its asymptotic curves are unicursal 
quartics, which intersect every generator in two points harmonic 
conjugates with respect to its intersections with the directrices. 

Ex. 2. If the directrices of the cubic coincide {Cayley\ cubic 
scroll), its equation may be written x^^ + (x^x^ x^x^) = 0. The 

curves 

Vi = 2/2 = — 2 / 4 = 1 ; (directrix), 

— 1^ ^2 = Xj % ~ C, ^4 = 

are upon it. Its differential equations are 

y' = 0, .s" -f iry - 2/ = 0. 

Its asymptotic curves are twisted cubics. All of its invariants vanish. 

Ex. 3. Find the pinch -points of the above surfaces, and show 
that the asymptotic curves pass through them {Snyder). 

Ex. 4. If 

lf^-^2ld+p^.r + llx^+ lkx% 
y, = Id + 27 * + ® kxd, 

2/;j = ^ + 2 

!h 

and 

3 

^ + 2 <e^2 = <^3 = 1; -^4 = 

the line PyPz generates a developable, whose edge of regression is 
the cubic 

= 7 + + ft ft = ®ic, ft = l. 

Ex. 5. For the general transformation, the left members of the 
adjoint system are cogredient with y and z, except for a power of J'. 
They are absolutely cogredient with the left members of the system 
(A). Thence deduce a new proof that (7 is a covariant. 
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VI. SIGNIFICANCE OF THE CO VARIANTS P AND C, 


CHAPTER YI. 

SIGNIFICANCE OF THE COVARIANTS P AND C. 


§ 1. The fleonode ourve and the fleonodal surface. 
Consider the quantities q and 6 defined by the equations (112) 
of Chapter IV. If we substitute y = yk, 2 = Zk, = 1, 2, 3, 4) in 
these expressions, we obtain 


( 1 ) 


= 2, 3, 4), 

<Sk = 2ei,' +p^iyt + PtiZi, 


which quantities may again be interpreted as the homogeneous coor- 
dinates of two points pQ and Pa. Clearly is a point of the plane 
tangent to the integrating ruled surface S of (A) at Py, and Pa is a 
point of the plane tangent to S at P*. 

If the points Py and P. be transformed into two other points 
Pv, Pj of the line Lys which joins them, by the equations 


y ay z =‘ yy -f 

then, as has already been noted in Chapter IV, P^ and Pa will be 
transformed cogrediently into P^, and Po, where 
p = ap-f/3d, 0 = 

i. e. into two other points of the line which joins P^ to Pa. 

Thus, we have, by means of equations (1), a straight line Li^a 
corresponding to every generator Lyg of S. Moreover, there is a 
one-to-one correspondence between the points of these two lines, 
which we now propose to investigate. 

For this purpose, suppose that (A) has been reduced to its semi- 
canonical form, so that Cy and Cg are two asymptotic curves of Sy 
and = We shall then have 

p* = 2yi!y 6 = 2Zk\ 

i. e. Pp and P„ are points upon the tangents of Cy and C,. If there- 
fore, we consider any point P upon the generator Ly, of S, the point 
P' of the line L^a which corresponds to it, is situated upon the 
tangent t of the asymptotic curve of S which passes through P. 
Now, as P moves along the generator Ly, or g of 5, this tangent t 
describes a hyperboloid H. For, the asymptotic tangent t of the 
point P of p is determined by the condition that it shall also inter- 
sect ^ and two generators of S infinitesimally close to g. The 
hy^rboloid H shall be called the hyperboloid osculating S along g. 
We shall speak of those generators of H which are of the same kind 
as g, as its generators of the first kind. Then, as P moves along 
i coincides successively with all of the generators of the second kind 
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on JET P' ii a point of and its locus is a straight lint Lqa> 

Therefore, L^a can only be a generator of the first kind upon J7. 

The lim is a generator of (he first Icvnd up<m the hgperholoid 
osculaMng the ruled surface along g. The correspondence between the 
points of g and of a is such that the straight lines joining correspon- 
ding points are the generators of the second kind upon the osculating 
hyperboloid. 

The position of upon the osculating hyperboloid changes 
when the independent variable x is transformed We have seen 
in chapter IV, equation (115), that if we put 

p and a are converted into p and a, where 

c=|. (p + ijy), 5 = *(« + !}«), = 

Clearly, may be chosen in such a way as to make coincide 

with any generator of the first kind upon H. We shall construct 
the line Lg„ for every value of x, and thus get a new ruled surface 
S' associated with S. We shall speak of S' as the derivative of S 
with respect to x. If S' is given, is known as function of Xy and | 
is determined save for a linear transformation. The derivative ruled 
surface may, therefore, serve as an image of the independent variable. 
This image does not change if x is converted into oa; -f & where a 
and b are arbitrary constants (cf. Chapter III). 

If the independent variable of (A) is given, the generator L^a 
of the derived surface S' may be defined directly by a limit process. 
Let us assume = 0, so that Cy and C, are asymptotic curves 
upon S. Then 

p=«2y, 6 -=- 2 z '. 

Consider the three consecutive generators _ i, of fi^as belonging 

to the values of a:, 

Xq - xix, a*o, a^o + 

respectively, where xix is an infinitesimal. Construct the tangent to 
Cy at Py. It meets the three generators g—i, f/of is an 

asymptotic curve. The coordinates of the three points of intersection, 
A, B and C, are 

Vk — Vk A X, yky yk + yk Ax, 

so that the point Fq whose coordinates are proportional to yky is 
the harmonic conjugate of B with respect to A and C. Similarly 
for Fa. Therefore the line Lqa may be selected as follows. We 
consider three generators of the surface S, corresponding to three 
values of x forming an arithmetical progression of common difference d. 
Upon the hyperboloid, determined by these three lines, we construct 

10 * 
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the generator which is the harmonic conjugate of the middle line 
with respect to the other two. As the common difference d approaches 
the limit zero, the hyperboloid approaches as a limit the osculating 
hyperboloid, and the fourth generator approaches as a limit the line Lqa* 
Omitting the subscripts in ( 1 ), we find by differentiation 

p' = 2 i/'' -f pi, y' + + p\, y + 

^ “h PitV 4" “f” P^y 

whence, making use of (A), 

q' = -Pii.V' -Pn- + (Pn ~ y + iPu - 
= “Pai^/ “P22- + (Pn ~ ^^hi)y + (P22 “ 

If the values of y' and in terms of y^ r, p, 6 be substituted from 
( 1 ), the following equations will be obtained: 

-R = Sp' +i)„p + J),2« = M„2/ + «i2r, 

= 26 ' + i)*, p + = «2,3/ 4 

where B and S are merely abbreviations for the left members, and 
where the quantities u,k are the same as those which have been 
previously denoted by these symbols. 

The left members of ( 2 ), for p = p^,(y = or*, are clearly the 
coordinates of two points, one in the plane tangent to S' at Pq and 
one in the plane tangent to S' at Pa. The equations ( 2 ) show, there- 
fore, that if the planes tangent to S' at Pq and Pa are constructed, 
they will intersect the generator Lyt oi S in the points 
and U2iyk 4 - ^22-* respectively. Or, in other words, the lines joining 
p* with u^^yjc Ux2^kj and 6 j, with + '^22^^ tangents of the 

derivative ruled surface S' at and Pa respectively 

In particular then, ij = 0 , tlw lines ivhich are tangent to 

tlie asymptotic curves of the surface S at Py and Pz, are also tangents 
of the derived ruled surface S'. But we can find a simpler and more 
fundamental interpretation for the conditions — 0 . 

Consider three consecutive generators g^i, gQ, g^i of the ruled 
surface S. The hyperboloid osculating S along is determined 
by these three lines. On Hq we have a line L^,a, or for short 
which is the generator of S' corresponding to the generator gQ of S. 
Consider a fourth generator ^2 of 5 , consecutive to g^. The lines 
9of9ijy2 determine the hyperboloid i/^, osculating S along There 
is upon it a line Aj which is the corresponding generator of S\ Any tangent 
to along Jiq must intersect Uq and If it is, at the same time, 
tangent to an asymptotic curve of S at any point of g^, it must 
intersect also the lines g—i, gQ, g^. Such a line must, therefore, 
intersect the five lines g-i, go, gi. But since Aq is on the 

hyperboloid determined g-^i, 9 o, g^, we may suppress Aq, since any 
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line intersecting 9^ 9 1 will also intersect Therefore, we may 

say that such a line must intersect the four lines g^y 

But any line intersecting <9^01 is a generator of the second 

kind of the hyperboloid ifg, and any line intersecting go, gi, is a 
generator of the second kind on ITj. 

Therefore any line, which is tangent to an asymptotic curve of 
5 at a point of g, and which is at the same time tangent to the 
derivative surface at a point of the generator of that surface which 
corresponds to g, is common to two consecutive osculating hyper- 
boloids of the surface S. Or, in other words, such a line intersects 
four consecutive generators of the surface S. 

There are, in general, two such lines, since four lines in space 
have two real, imaginary or coincident straight line intersectors. In 
fact, if ?!, ?2> h three of the given four lines, any line t which 
intersects them, is a generator of the second kind on the hyperboloid 
H determined by The line 1 4^ intersects H in two points. 

Therefore, the required intersectors of I4, are those two gene- 

rators of the second kind on which pass through these two points 
of intersection. They coincide if Z4 is tangent to IL 

We have seen in Chapter IV, § 8, that, if the factors of the 
covariant C be denoted by rj and f, so that 


( 3 ) 


u—i/f} r -f- "I 

2 y + “12^ = 2 


. u+Vf), , r M-V®, n 

S = 2 » + "12^ “ 2 

where 

( 4 ) u = — w. 


_ u-yj\_ 






the system of differential equations for rj and g will be of the form 
(A) and will satisfy the conditions == ^21 = 0 . Moreover we may 
see from ( 44 ) Chapter IV, that the most general transformation of 
the dependent variables which leaves the conditions M12 = = 0 

invariant, may be compounded from 


g = a 7 jy c==di, 

and 

?y = e, 

in other words, the two curves 0 ,^ and on S are absolutely deter- 
mined by the conditions Wjg = == 0. 

Therefore, the Uvo curves upon S, which are characterized by the 
conditions = Wgi = intersect every generator of the surface in the 
two points at which tangents can be drauMy which have four consecutive 
points in common with the surface. 
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In his general theory of the singularities of a surfsce'), Cayley 
denotes a pointy at which a four -point tangent can be drawn^ as a 
flecnode. The tangent itself may be called the fkcnode tcmgent, and 
the locus of all of the flecnodes of S, its flecnode carve. The ruled 
surface of two sheets, the locus of the flecnode tangents of 8y shall 
be called its flecnode surface. 

A flecnode tangent is clearly tangent to the asymptotic curve 
which passes through the flecnode. It is not, in general, tangent to 
the flecnode curve. For, if it were, the flecnode curve would be at 
the same time an asymptotic curve, i. e. if we identified this curve with 
Cyy we should have simultaneously 

^12 == Pij = 0. 

But from these conditions, we w'ould find that also must vanish, 
BO that the first equation of (A) would become 

?/' + Pill/ + iiiV = 0 . 

If, however, ... are four solutions of this equation, there must 
be two homogeneous linear relations, with constant coefficients, between 
them. For, such an equation can have only two linearly independent 
solutions. In other words, the curve C„ would be a straight line. 

We may recapitulate our main result as follows. 

The flecnode curve is determined hy factoring the covariant C. Its 
intersections with the generators of the surface are distinct if 4= 
they coincide if = 0. If the coefficients of system (A) are real, and 
if the solutions yt and are real, the flecnode curve intersects the gene- 
rators in real, coincident or imaginary points according as 

If the curves Cy and themselves are the two branches of the flecnode 
curve, system (A) is characterized by the conditions 

“u = Msi = 0. 2) 

The flecnode tangent is never tangent to a branch of the flecnode 
curve unless that branch degenerates into a straight line. In that 
case that branch is also an asymptotic curve, and the corresponding 
sheet of the flecnode surface degenerates into a straight line. 

The flecnode curve becomes indeterminate if 

z<ii ^22 = 1^2 == Wji = 0, 

Ij Cayley. Mathematical Papers, toI. II, p. 29, 

2) If we speak of the two "branches of the flecnode curve, we must guard 
against possible misunderstanding of the term. It is merely a word expressing 
the fact that the curve intersects every generator in two points. The curve 
need not therefore be a bipartite curve. 
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i. e. if is a quadric. That this must be so, is obvious geometrically. 
But even if do not vanish identically, there may be 

particular values of x for which they do. 

For such generators, the flecnodes are indeterminate. We may 
say that the osculating hyperboloid hyperosculates the surface, a singu- 
larity of ruled surfaces first mentioned by Foss who, it seems, was 
also the first to consider the fiecnode curve.^) 

In this connection we notice further that the covariant C vanishes 
identically, i. e. for all curves Cy and upon the surface, if and 
only if the surface is a quadric. 

In order to be able to deduce further results from our con- 
siderations, it becomes necessary to set up the system of differential 
equations for the derived ruled surface It will be, of course, a 
system of form (A) between p and 6. 

We find from (2), solving for y and r. 


( 5 ) 


Jy=- — 

J g =. R -|- j Sy 


J — ^12^^21* 


Further, if (2) be differentiated, and if the values of y and ^ 
be expressed in terras of y, .r, p, 6 from (1), we shall find 

2S’ = Mj, (> + «,8<J + (2 m' 8, - -«22P»l) + (2 - UjlPll - «m1> 


The quantities u[i may be expressed in terms of the quantities jp,* 
and V,* by equations (32) of Chapter IV. If this be done, if moreover 
both members of th(‘ equations be multiplied by J, and if use be 
made of (5), these equations become 

2JJR' — J Ifjip — J + ^ii-R + ^12^^ = 

2 J S' — J U 21 Q — J U 22 ^ ~i" ^21 ^ 

where we have put 

^11 ~ + ^^21 ^12 “ *^22 ^’11 7 

t,2 == JPi2 - «11 ^12 + thi ^ 11 , 

^2 ~ *^22 ^^ 11^^22 ^ 2 ^ 21 * 

Performing the differentiations indicated, inserting the values of 
li and S from (2), and collecting terms, we find the required system 
of differential equations: 


1) V 088 . Zur Theorie der windschiefen Flftchen, Mathematische Annalen, 
vol. 8. 
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+ 2{Jp,, + + ^(JPt2 + h2)^' + 

.gv + + ^ 121 ^ 31 ) Q + (^*^1^12 “ *^*^12 + hiPii + ^ 12 ^ 22 )^ * 

4e7 6^^ H” 2 (tTPii “f" ^ 21 ) ^ i^Pi2 “i" ^ 22 ) (^*^-^21 *^^21 

+ hlPll + k^Pil) Q + (^«7P22 “ '^*^22 + hlPli + ^iPii)^ ” ^• 
Let us put 

/q\ ^31^^12 “ *^22 %1 “ *^21% “■ '*^22^21 ~ ^eTAgj, 

Wil^’l2 4" ^12^11 ~ ^11^22 ^^12^21 ~ ^tT^Xgg^ 

SO that 


. 4" ^* 21 ^ 12 ) — \v ^(^ 11^21 "f“ ^ 1 ^ 2 ) ^2i> 

2 (%2 Ail 4“ Wgg Aig) = — %, 2 (Wi2 Agi 4“ Wg2 Agg) =» — Vgg. 

We may then write the system (8) as follows 
9^' + ^\\9f + ^12 + ^11 P + ^12*^ “ 

<3'^^ 4* ^ 22 ^^ "t" Q^xQ ^2^ 

where 

^ik — Pik 4- Af* {i, Ic == 1, 2), 

(12) ~ “I" ^(^llJPll “i" ^12JP2 i); Qil “ 9'21 “I" “2 (^2iJPi 1 ^2JP2l)> 

ft2 == ^12 '» (^llPl2 "1“ ^X2P2i\ Q22 “ (?23 o {.KlPn ^22f’32)' 


These equations will be of the greatest importance in a later chapter. 
Our present purpose, however, is to eliminate z\ z^\ tf, (?',(?'' from 
the eight equations (A), (1), (2) and (11), under the assumption 
Wig = Wgi —jPii =i?22 = S' system of differential 

equations between y and p, whose integrating ruled surface is one 
sheet, F\ of the flecnode surface of j8. We may find in the same 
way the equations for the second sheet, of the flecnode surface. 
We assume, therefore, Pn = *^12 == Wg, = 0. We find, from (1), 

(13) pi^g = 9 - 2?/, 
whence by differentiation 

(14) p\^g' 2i>,jj/' + 2p\J +p^,q' -p\^q. 

If we substitute these values into the first equation of (A), we 
shall filnd the equation 

- Paf + 20;,- gy)/ + jPjjp' + p^^q^^y - {p'^ - g,j) p = 0, 
which is one of the required differential equations. 

From (2) we find 

2<y' = - i9gip 4- Wgg^^, J(?i2^ = - 2p' + Wii2/. 

If these values be substituted into the first equation of (11), we 
shall find 

^PuQ'' + 2 (y>i8Pn - 2 ftg) q' - 2Pi 2 Wg2«4' 4- Swu 
“b (^Pi2 Qn "b -^12^22 ^nPuPt^ 9 
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whicli is the second equation of the required system. If the values 
of f Qn>^ni Qvi under the special assumptions, = Wji = 0, 
he introduced, we find finally the following system of differential 
equations for the sheet F' of the fiecnode surface of Si 

y" - 2 y - p' - q^y + 9 = 0, 

(15) p" 4 [2(L + 2.,) - P.A.] y' - 2 «'• p' 

Pi a 

+ [22u -1>is28i - - Sas? = 0. 

In precisely the same way we find the equations of the second sheet jP": 

Pal Pai 

(16) 4 12(2u + qn)-Pt.Pn\^ - 2j; 

+ [22m -1>si2u - 2m]2 - 2ji« = 0. 

In these equations Gy and are the two branches of the fiecnode 
curve of S*^ and (\j are two arbitrary curves on the two sheets of 
the fiecnode surface. It has, moreover, been assumed that in (A), 
Pii=l>ss = 0- 

It may easily be verified, that if the two sheets coincide, i. e. if 
^4 — the single sheet of the fiecnode surface is still given by (15), 
if we there put = Q'n* 


Examples. 

Ex. 1. Find the system (A) determined by the two conics 

?/l=0. '/4=^^ 

= 1, = X, r, = a*, St = X. 

Determine its fiecnode curve and fiecnode surface. 

Ex. 2. Solve the same problem for the ruled surface determined 
by the curves 

Vi = 0, i/j = 1, »/3 = X, 24 = A 
s^ = 1, = X, C 3 = = a:’. 

Ex. 3. Find the asymptotic curves, fiecnode curve and fiecnode 
surface of the integrating ruled surface of 

yf'^ay + be, 5" = C2 4(/j, 
where a, ... d are constants. 

Ex. 4 Set up the differential equations for the various classes 
of ruled surfaces of the fourth order (cf. for example Jessop^B Treatise 
on the Line Complex, Chapter V). Determine their fiecnode curves 
and surfaces. Also their asymptotic curves. 
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CHAPTER VII. 

ELEMENTS OP LINE GEOMETRY. 

§ 1. Line coordinates, complexes, congruences, ruled surfaces. 

A point is determined by three coordinates, a fact, which may 
be expressed in the language of Lie by saying that there are cx)* 
points in space. There are likewise planes in space. The older 
geometry considered only points as elements, all other configurations 
being looked upon as being composed of points. The general formu- 
lation of the principle of duality by P(mcelet in 1822 led necessarily 
to the consideration of the plane as a space element, thus giving rise 
to a broader view of the problems of geometry. The idea that the 
straight line may be employed as a space -element was first formulated 
by Pluclcer in 1846, and has been of inestimable value for the deve- 
lopment of geometry. Although some of the configurations of line- 
geometry were studied by other mathematicians previous to FlucJceTf 
it is from the explicit formulation of this principle that the existence 
of line- geometry must be dated. And it is also a consequence of the 
large views of Fliicker that nowadays geometers are ready to intro- 
duce as element of space any configuration which may happen to 
be especially well fitted for the purpose of the problem in hand. 

The first line- coordinates introduced by FJucher were very im- 
perfect. If are cartesian coordinates, a line may be (in general) 

represented by the two equations 

ir = rxr H- p, y -= sz + o, 

where the four constants r, s, p, 6 are characteristic of the line. These 
four quantities may, therefore, be taken as the coordinates of the line. 
For, to every line corresponds one set of these four quantities r, 6, p, (S 
and conversely. There are, therefore, oo'^ lines in space. These quan- 
tities are the line -coordinates introduced by Fliicker in 1846. 

If any projective transformation be made, the line is converted 
into another 

X == r'z + p', 2/ = s': -I- 

Without going into the details of the computation, we must never- 
theless state the result of such a transformation. It is found that 
r\s\ are expressed in terms of r, s, p, 6 as fractions with a 

common denominator, this denominator and the numerators being linear 
functions of r, s, p, a and of 

ri — r6 — SQj 

with constant coefficients. An equation of degree n between r, s, p, 6 
would therefore have its degree changed by a projective transformation. 
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This disadvantage of the above system of four coordinates was 
avoided by the introduction of as a fifth, supernumerary, coor- 
dinate. This step was taken by PlucJcer in 1866. The degree of an 
equation between r, s, q, 6, ri remains invariant under projective trans- 
formation, and may therefore serve as a characteristic for a con- 
figuration of line -geometry in the same way as the degree or class 
of a surface in point- or plane -geometry. 

But these coordinates remain cumbersome, being unhomogeneous. 
We have already introduced homogeneous line-coordinates in Chapter II, 
§ 6 in accordance with the general notions due to Grassmann, which 
were explained there. Essentially the same line -coordinates were 
employed by Cayleij, in 1859, who showed that by means of them 
it becomes possible to characterize a space -curve analytically, by means 
of a single equation. To Cayleijf also, is due the quadratic relation 
between the six homogeneous line -coordinates. 

We repeat the definition. Let t/i, . . . ?/t aud . . . .^4 be two 
points of the line. Put 

( 1 ) (Oit = Vigt - ytHi («, * = 1 , 2 , 3, 4). 

Since g),/== 0, and coa = — we need retain only six of these 

quantities, say 

We define these to be the six homogeneous coordinates of the line. 
The propriety of this definition has already been explained. There 
is a one-to-one correspondence between the lines of space and the 
ratios of the above six quantities. There is, of course, a relation 
between these six quantities, since there are not oo-'*, but only cx>* 
lines in space. This relation has already been found to be (cf. 
Chapter II, § (1), 

(2) SI = + ( 043(042 -f (DuOgs = 

where SI may be used as an abbreviation for the left member. Con- 
versely any six (Quantities which satisfy ( 2 ) may be interpreted as 
homogeneous coordinates of a line. 

It is easy to see that, corresponding to any projective trans- 
formation of space, the six homogeneous line -coordinates coa- undergo 
a homogeneous linear substitution which, of course, leaves ( 2 ) in- 
variant. 

A line may be determined as the intersection of two planes, 
instead of being considered as joining two points. If % , . . . W 4 and 
Vi, ... are the coordinates of two planes which contain the line, 
the determinants 

tik = UiVi — UkVi 

may also be defined as coordinates of the line. These new coor- 
dinates Tik are defined in a fashion dual to the definition of the first 
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set ojtjtf and line -geometry is clearly a self- dual field; its element 
being self- dual. As a consequence of this we shall see that the 
quantities T/* are proportional to the quantities co/m, the indices being 
complementary. 

In fact, let the line of intersection of the planes (m), ( v ), coincide 
with the line joining the points (y), {s). Moreover, let the plane 
coordinates be chosen in such a way that the relation of united 
position for a point and a plane (m?j, . . . ^^ 4 ) assumes the 

form 

U \ X ^ + H \ X ^ -f + ^’4^4 = 0. 

Then we shall have 

Wi2/i + ^<22/2 + = 0, 

-f + %% + 

+ VA + * 4?/4 = 0 , 

I’l 4- = 0. 

If we eliminate successively Mj, Wg, from the first two equations, 
we find 

* 4- 012^2 + -f = 0, 

^3^ 0)21^1+ * 4- ©23^3 4- ©21^4 = ^; 

©31^1 4- ©32^2 4“ * 4- 0)34 ?/4 = 0, 

4" © 12^2 4" © 43 % 4" * — 0, 

which are the conditions satisfied by a line {(Oa) which lies in a plane 
(w*). The skew symmetric determinant of this system of equations 
is equal to Sl^ and, therefore, vanishes. Of course there is a similar 
system with Vj, in place of %. Thus we shall have 

©12 ^"^2 4“ ©13 ^3 4“ ©1 1 ^4 0, 

©12^2 4- ©13 ^^3 4- ©14^4 == ^y 
whence, eliminating ©jg, 

®13 • ®14 “^12 • • 

In the same way we find the other terras of the proportion 

(4) T42 : ^13 : Tj 4 : tga : T42 *• V34 = ©34 : ©jg : ©23 : ©14 : ©13 : ©42 > 
which we were to prove. 

The six quantities r,* satisfy the quadratic relation 

(5) T — T 42 Tgj 4- tTjj ^42 4- V 44 T 23 = 0 

analogous to (2). 

Let (t/i, . . . y,), («i, . . . 0 i), j/,', . . . y^), . . . z^’) be the cooiv 

dinates of four points which are in the same plane. Then 
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3^1 Vt Vi Vi 

^1 _ 

Vi Vi Vi vl 

^1 % ^8 ^4 

whicli becomes, after expansion, 

(6) + ^13^^42 + Oi4®2s + ^ 

where , 

OJ/Jfc = Vi^k — (Qlk == — .W . 


Therefore (6) expresses the condition that two lines dik and ©-^ 
intersect. This condition may he written 


(Ga) 


= 0 . 

^«>ik 


shall 


We have seen that the six quantities ©,* determine a line if 
they satisfy the condition = 0. Let us adjoin to this relation, 
which is satisfied by the coordinates of all lines of space, another 
equation between the line coordinates. In order that this new equation 
may be capable of geometrical interpretation, it must be homogeneous. 
For, since the coordinates ©,* are homogeneous, the quantities cmik 
represent the same line as ©i* if c is an arbitrary constant. The 
equation of a line locus must, therefore, remain unchanged if c©,it 
is put in place of ©,a, i. e. it must be homogeneous. Let 


( 7 ) 


<f (pa) = 0 


be such a homogeneous equation, distinct from SI — 0. Then it is 
clear that the totality of lines, whose coordinates satisfy this equation, 
depends upon three independent parameters or, in other words, this 
totality consists of straight lines. Such a locus of oo^ straight 
lines has been called, by Fliiclcer, a line coinplex. 

If the equation (7) of the complex is algebraic, of the degree 
the complex is said to be of the degree. 

We may write (7) as follows. 

^ (Vi^k — VkS) == 0 . 

Let us regard ?/i; • • • lU constants. The equation becomes homo- 
geneous and of the degree in Moreover we know that 

if (z^y . . . is a point which satisfies this equation, any point of the 
line joining it to will also satisfy it. The equation represents, 

therefore, a cone of the order with its vertex at the point 
In other words: the straight lines of a complex of the degree 
which pass through a given point of space, are the generators of a 
cone of the order whose vertex is the given point. By means 
of the complex, therefore, there corresponds to every point of space 
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a cone of the order with its vertex at that point. This cone may 
he called the complex cone of (he point 

In place of the coordinates we may introduce into (7) the 
coordinates r,* which are proportional to them. We shall then find 
an equation of the form 

^ (uiVk — UkVi) = 0, 

also of the degree. By the same reasoning as above, we find 
that the lines of a complex of the degree, which are situated in 
a given plane, envelop a curve of the class, the complex carve of 
the plane considered. 

The locus of all lines which satisfy two independent equations, 
homogeneous in the line coordinates, consists of oo® straight lines. 
It is known as a congruence. Clearly the lines common to two com- 
plexes form a congruence. But a congruence need not be the com- 
plete intersection of two complexes, just as a space curve need not 
be the complete intersection of two surfaces. The essential part of 
our definition of a congruence is that it contains straight lines. 
The locus of oo' straight lines is a ruled surface, which may or may 
not be the complete intersection of three complexes. 

We shall have occasion to make use of the expression of the 
homogeneous line -coordinates in terms of non -homogeneous point- 
coordinates For this purpose we need merely put 

Ih = Ik = yy 2/3 = Va = 

~ Xy ^2 ~ y y ^3 = ^y 

SO that 

®12 — ^ 2 /^ “ ^ Ify ^ ^y — X — a\ 

023 == 2 /^' - 2 /' 042 =^' — 2 /^ © 34=0 — /. 

In particular the two points x, g, z and /, ?/, ^ may be infinite- 
simally close to each other, so that 

/ = it -h dXj \J = ?/ + / =s -f dz. 

Then the line coordinates become 

xdy — ydxj xdz — zdx, dx, 
ydz - zdy, dy, dz, 

in which form they have been employed principally by Lie. If x is 
the independent variable, and ^ and ^ are denoted by y and /, 
they become 

xif-yy 1, y^ - zy\ y, /, 

in which form Hal^^ien has made use of them. 
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§ 2. The linear oomplex. Nnll-Byetem. 

Let us consider in greater detail the case in which the equation 
of the complex is of the first degree. Such a complex is known as 
a linear complex. Let its equation be 

(8) C0i2ai2 -f (Oijaij + + Q523«2s + co,2a4, + 

There is one case, in which the interpretation of this equation 
is obvious. Suppose that the coefficients satisfy the condition 

(9) A. =* <^12^4 ^13^42 "f" ®14®23 “ 

Then a,^ are the coordinates of a fixed line, and (8) is the condition 
that the line (ra,*) shall intersect the line (a,*) [cf. equ. (6)]. There- 
fore, if condition (9) is satisfied, the linear complex consists of all 
of the lines which intersect a given line, its axis. The line-coordinates 
of the axis are proportional to the coefficients of the equation (8) of 
the complex, taken however with complementary indices. In this 
case the linear complex is said to be a special linear complex. The 
equation (8) may be regarded as the equation of a straight line in 
line -coordinates. In the same way any curve may be represented 
analytically by a single equation between line -coordinates, viz.: by 
the equation of the complex made up of all the oo^ lines which 
intersect the curve. It was principally this fact that lead Cayley to 
introduce line -coordinates. 

Let A be different from zero. According to the general theorems 
of § 1, we know that the lines of the complex, which pass through 
any point P, form a plane pencil with its vertex at P. Let p be 
the plane of this pencil. Then the lines of the complex which are 
situated in 7), intersect in P. The complex determines, therefore, an 
involutory one-to-one correspondence between the points and the 
planes of space. Moreover, the corresponding elements are in united 
position, i. e. P lies in p and p passes through P. p is called the 
nulUplane of P; P the null -point of p. The correspondence itself is 
usually spoken of as a null -system. 

It is easy to set up the analytical expression for this correspon- 
dence. If, in (8), we introduce the explicit expressions for and 
put — a24 place of we shall find 

( * “15% 

( 10 ) *‘“‘**'' + * “ ~ 

+ («isyi + + * - «S4J'4) 

+ (“l.yi + «i42^S + ®84»5 + * ) ^4 = 0- 

For a fixed point (t/j, . . . ^4), this is clearly the equation of the plane 
which corresponds to it. If . . . M4 are the coordinates of this 
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plane ; they will he proportional to the coefficients of . 0^ in 
the above equation. 

Whenever the coordinates Wj, ... 1/4 of a plane are given as homo- 
geneous linear functions of the coordinates of a point, we 

have a so-called dualistic transformation, giving rise to a one-to-one 
correspondence between points and planes. Let 

(11) = a*ia:i + akiXi + 0 * 33-3 + o***-*, Qc = 1, 2, 3, 4), 

where p is a proportionality factor, be such a dualistic transformation, 
and let us assume that it has the further property that every point 
lies in the plane which corresponds to it Such is the case, as we 
have seen, in the point- plane correspondence determined by a linear 
complex. We must then have 

-f- WgiTg -f — 0 

for all values of a^y ... x^. We find immediately 

i. e. the determinant of ( 11 ) must be skew -symmetric. But this gives 
precisely the point -plane transformation determined by the linear 
complex. Therefore: 

The point-plane correspondence determined hy a linear complex is 
the most general dualistic correspondence y for which all pairs of corre- 
sponding elements are in united position 

We have found that the coordinates (Mj, . . . of the plane, 
which corresponds to the point (a;,, . . . ^"4), are given by the equations 


( 12 ) 


Put 


== /j, _ ai3.r3 - a^^x^y 

QW, = -f * _ a^^x^ - a^^J^y 

Qu, = + a^,^x, + ^ - a^^x^y 

9 U 4 ^ + ^^34-'^3 + * . 

a:, = «/* + 


i. e. let the point describe the line PyP,. Then we shall find 

QU^ = V, -f XW,y 

where (Vj, . . . ^’4) and {w^y . . ivf) are the coordinates of the planes 
which correspond to Py and P respectively; i. e as e, point P^ describes 
a straight linCy the corresponding plane turns about another line as axis, 
Th(s relation between the two lines is reciprocal. They are said to 
he' reciprocal polars of each other with respect to the complex. It 
is easy to show further, that ev(^ line of the complex is reciprocal 
polar to itself y and that every line, which intersects two reciprocal polars, 
belongs to the complex. 
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The determinant of (12) is equal to 

0 , ~~ ^14 I 

(13) ^ ^ 0 n ==(^i2%4+G^l»^^42+«14«22)* = ^* 

^14? ^34» 

The equation of the complex may be written 

4 

(14) 2 = 0, 

if we put a,t = Of a,k = — ait. A general projective transformation 
?A = ^ b.iyk, 

k=l k~l 


transforms the line coordinates (o,i in accordance with the equations 

4 

(15) cD,i = ^h,/,bit(x)'u,j (/, A- = 1, 2, 3, 4) 

u,t -1 

The result of this transformation upon the complex (14), will be 
to convert it into 

4 

^ a,kbtiubivG>'f,t = 0 , 

-1 

i. e. into another linear complex whose coefficients a\n are given by 
the equations: 

4 

(16) ^ ^ aabt/ubit, (fi, v = 1, 2 3, 4). 


If we denote the quantity A for this new linear complex by A', A'^ 
may be written in the form of a skew -symmetric determinant cor- 
responding to (13), If we denote the determinant of the quantities 
b,k by A, and if we make use of equations (16), together with the 
rule for the multiplication of determinants, we shall find 

= A^A^ 


i. e. is a relative invariant of the complex for projective trans- 
formations. 

That a linear complex has no absolute invariant under projective 
transformation may be seen as follows. Let us choose the tetrahedron 
of reference in such a way, that two of its non -intersecting edges, 
say Xi==^ X 2 — O and x^ — x^ — 0 are reciprocal polars with respect 
to the complex. Then the plane, which corresponds to any point of 
the edge must contain the other edge; i. e. for x^^^x^^O 

we must find = Wg ~ 0 , for all values of x^ and 074 . But equations 

WiLC'ZYNSKi, projective differential Geometry 11 
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(12) show that* this is possible only if == =« o^g ** =* 0. The 

equation of the complex reduces to 

"f" ^84®®34 ~ ^ 

or 

(17) (0^2 ^0®34 “ 

the invariant of which is 

(18) ^ - A-. 

If J. = 0 this becomes 

(19) CDi2 = 0. 

If ^ 0, the transformation 

.-C3 = ^3, x^ = ir^, 

converts the equation into 

(20) c3i 2 — Ost == 0- 

Therefore, by a projective transformation every special linear complex 
can be converted into (19), and every non -special linear complex 
into (20). 

In other words, every special linear complex can be transformed 
projectively into any other, and every non -special linear complex into 
any other non -special linear complex. The linear complex ^ therefore, 
has no absolute invariant under projective transformations. 

Since the equation of a linear complex depends upon the five 
ratios of the coefficients it is clear that a linear complex is deter- 
mined, in general, by five of its lines. The exceptional case, when 
five lines do not determine a linear complex, will be easily under- 
stood after the developments of the next paragraph. The complex is 
also determined by a pair of reciprocal polars p,p^ and one of its 
lines I which does not intersect p and p'. For any four lines, which 
intersect p and p', are also lines of the complex. It is also deter- 
mined by two pairs of reciprocal polars. But not both of these pairs 
can be assigned arbitrarily. 

For other properties of the linear complex, especially for a 
complete discussion of the arrangement of its lines, the reader may 
consult: Pluclcer^s Neue Geometrie des Eaumes; Clebsch-Lindemann, 
Vorlesungen iiber Geometrie, vol. II; Jessop, A treatise on the Um* 
complex. 


§ 3. The linear oongruenoe. 


^'The lines common to two linear complexes 


( 21 ) 


%S®I8 "i" Q'4S®^4S ®84®84 

&]a®is “i" ^18®18 ^14®14 ^S8®88 ^4a®42 ^84®84 


0 , 

0 , 
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form a linear congruence. They belong also to each of the 
complexes 
( 22 ) 

If we denote the invariants of ^ == 0 and M = 0 by A and B 
respectively, and if we put 

(23) C = ^12^31 "1“ <3f23^14 "i" ^31^42 "I* ^34^12 ^14^28 "I" ^43^81; 

the invariant of (22) will be 

X^A f XfiC-i- 

If, therefore, 

- AAB =H 0, 

there will be two linear complexes of the family (22) which are 
special. In other words, the linen of the congruence are the commofi 
intersectors of two straight lines, the directrices of the congruence. 

The directrices of the congruence will be skew to each other. 
For, suppose that they were coplanar. Then every line of their plane 
would belong to all of the complexes (22). But, unless a linear 
complex is special, all of the lines of any plane which belong to it, 
form a plane pencil. Therefore, under our supposition, all of the 
complexes (22) would be special complexes, i. e. we would have 

In this case, the congruence degenerates into two systems of 'X)^ 
lines, viz,: the lines of the plane of the two directrices, and the lines 
through their point of intersection. 

If 

- 4 AB==:0, 

we may speak of a congruence with coincident directrices. Such 
a congruence will be obtained as a limiting case of a congruence 
with distinct directrices if we allow these directrices to approach each 
other as a limit without, however, becoming coplanar. This way of 
looking at such a congruence shows that its lines may be regarded 
as the tangents of a hyperboloid along one of its generators. For, 
these tangents intersect two consecutive generators of the same set 
upon the hyperboloid. The lines of the congruence may, therefore, 
be arranged in a single infinity of plane pencils. The vertices of 
all of these pencils lie upon the directrix. As the vertex of the pencil 
moves along the directrix, its plane turns around the directrix as axis; 
the point -row and the pencil of planes thus generated are projective 
to each other. In fact they stand in the same relation to each other 
as the points of the generator of a hyperboloid to their tangent planes. 

It is clear now that five lines determine a linear complex, 
provided that they do not belong to a linear congruence. It is also 
evident that four lines, in general, determine a linear congruence, its 

11 * 
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directrices being the two straight line intersectors of the given four 
lines. There is, of course, an exception if the given four lines are 
generators of the same hyperboloid, or if they intersect. 

We give, without proof, a few other theorems which we shall 
employ occasionally. 

Let J = M^O be two linear complexes, and consider any 

four complexes ^ 

A + kiM = 0 (/ = 1, 2, 3, 4) 

of the pencil of complexes determined by them. To any point of 
space there corresponds, in each of these complexes, a plane. These 
four planes form a pencil whose double ratio is equal to (fcj, ^2t Kf ^ 4 )* 
To any plane there corresponds, in each of these complexes, a point. 
These four points are collinear, and their double- ratio is equal to 

A'4). 

We may, therefore, speak of the double -ratio of the four complexes 


defining it to be equal to Ic^j 

Let two of these four complexes be the special complexes of 
the pencil (supposed distinct). Let the other two be chosen in such 
a way that the double -ratio of the four complexes becomes equal to 
— 1. The two latter complexes are then said to be in involution. It 
is not difficult to show that the condition for two linear complexes 
in involution is nr. 


In the cases in which our former definition breaks down, the equation 
r/ == 0 may be taken as the definition of the involutory relation 
between two linear complexes.^) 

Finally, we may call attention to the fact tliat Lir has set up 
a geometry whose element is the sphere. This geometry is four- 
dimensional as is Pliicker'B line -geometry. By making use of a simple 
transformation due to Lie, the two geometries may be converted into 
each other, a line in one corresponding to a sphere in the other. It 
is a mere matter of convenience in most cases, whether a given ana- 
lytical theorem is to be interpreted in line- or in sphere -geometry. 
In place of ruled surfaces we would have surfaces generated by moving 
spheres, in place of asymptotic lines, lines of curvature, etc. We 
shall not enter into details, but leave it to the reader to re -interpret 
the theorems about ruled surfaces in sphere -geometry.^) 

1) This idea of two linear complexes in involution is due to Klein Math. 
Ann. vol. 2 (1870) p. 198. For a proof of the above theorems cf. Lie- Scheffers, 
Geometrie der Beruhrungstransformationen, pp. 296 — 300. 

2) For a convenient treatment of this subject, cf. Lie -Scheffers, Geometric 
der Beruhrungstransformationen, pp. 468 et sequ. 
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CHAPTER Yffl. 

THE EQUATION OF THE RULED SURFACE IN LINE 
COORDINATES. 

§ 1. The differential equation for the line coordinates. 

We return to the consideration of a system of differential equations 
of the form (A), and put 

( 1 ) = 

SO that G^^k will be the Pliickerian coordinates of the generator 
of the integrating ruled surface. Of course the identical relation 

(2) CJjj (Dji + COijffljs, + fi>28»i4 = 0 

will hold. 

Corresponding to the infinite group G composed of all of the 
transformations 

(3) Tf cty z = yy + 5: = | (./), 

the functions G),k will be transformed in accordance with the equations 

(4) G) = (ad — jiy) (o — q)(o, T == | (x). 

Now the six line coordinates o,* will satisfy a linear homogeneous 
differential equation of the sixth order, say 

(5) PoOjW + Pi 4- Pg®'*) -f + ^4®'^ + i"-,®' + Pe® = 0, 

where Pq, . . . Pg are functions of the coefficients p,*, g,* of (A). 

Clearly, invariants of the linear differential equation of the 
sixth order, which the line coordinates of a generator of the integrating 
ruled surface of system (A) satisfy^ will also he invariants of system (A), 
and conversely. 

We have found in Chapter II, a system of rational invariants 
for (5), complete in the sense that every other rational invariant can 
be expressed rationally in terms of them. We may, therefore, con- 
sider the problem of finding siwh a system of invariants for system (A) 
as essentially solved. 

We proceed to set up the differential equation (5) in a special 
form. Let us assume that the system (A) is written in the semi- 
canonical form, and let (y, z) and ('g, t) be any two simultaneous 
systems of solutions of this system, so that 

y" ^ - luy - V' = -3ii’2-2i2& 

“ QilV 28S®> S' ~ 221 2286' 


( 6 ) 
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Then put 

(7) m = yg — = (yg). 

We wish to find the differential equation satisfied by a». We find 
from (6), 

(8) (ijy") — l-aijO), (ij«'') = + 228 «>> = 

where we have put for abbreviation 

(ijy") = rif - y»/', - yg", 

(gy'o^sy'-^v', (g^'')=e^"-^r 

In general we have denoted by (a/3) the expression 

a/3 — ahy 

obtained from the term actually written by substracting a corresponding 
term, in which the Greek and Roman letters are interchanged. 

Put 

2t' = m" + (g,i + fe) <D, 

(9) = ®'' - 2 ('fn 2 m - 2i82si) <o + (2ii + 

/ = ^ (2u 222 “I" 2222ii ” 2i2221 221212 ) ^ (2ll“i" 222 ) 

P = ^ - ( 2 ii 2 m + 222211- 2i22m - 221 212) ® + ( 2 ii+ 222) 

Then we shall find from (7), by successive difierentiation and by 
making use of (8) and (9), 

®' = - + {ii/), 

r' = 3,1 (ij 2 ') + 3,8 (g^r') - 3s, (y y') - 3,2 (gy), 

{ 10 ) «• = 3 ;, (ija*) + 3^2 (gs') - 3 ;, (ijy') - 3'22 (gy), 

t = 2ii (’!:') + 2 i 2 (g«') - 221 (v y') - 222 (§y')i 

P = 2ff(>;- ) + 2g(5^) - - S&W)- 

If we eliminate the four determinants (?/;?'), etc., we find the 
required differential equation of the sixth order for o, viz.: 


9, 








'/i,, 

- At, 

- 222 


w, 




-«22 

1 

-0, 


9.ny 


~~ ffaiJ 

-222 


o', 

-1, 

0, 

0, 

+ 1 



where p, t, w, x/ are defined by equations (9). 
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§ 2. OonditioiiB for a ruled surface whose generators belong to 
a linear complex or a linear congruence. 

Equation (11) is, in general, of the sixth order, so that the six 
line coordinates will be linearly independent. It may, however, reduce 
to the fifth order. In that case there must be a linear homogeneous 
relation with constant coefficients between the line- coordinates, i. e. the 
ruled surface must belong to a linear complex. 

If we recur to equations (9), we see that the only one of the 
quantities p, t, w, v', which contains is p. The equation (11) will, 
therefore, reduce to the fifth order, if and only if the minor of p 
in (11) is zero, i. e. if 

0-^) j ” Q.22f Q 2 I ~ 

I ^11 ^22* 9l2f 921 

But the invariant of system (A) reduces to the left member of 

(12) , except for a numerical factor, if (A) is reduced to its semi- 
canonical form. 

Therefore, the condition that a ruled surface man helony to a 
linear compleoc is 

(13) ^9 = z/ == j = 0. 

1^11 — ^ 12 ? 

If the linear complex, to which the generators of the surface 
belong, is special, additional conditions must be fulfilled. The surface 
has, in that case, a straight line directrix. This straight line directrix 
is clearly both a branch of the flecnode curve and an asymptotic 
curve upon the surface, so that we shall have 

if the directrix be taken as fundamental curve (\, If the surface 
does not belong to a second linear complex, the invariant must 
be different from zero. For else the second branch of the flecnode 
curve would also be a straight line, coincident with the first, and the 
surface would belong to a linear congruence with coincident directrices. 
We shall, therefore, have 

*^12 “P12 “ “ ^^22 9\2 ” 

whence follows therefore 

(14) + ®,o = 0. 

The conditions (14) are therefore necessary for a ruled surface with a 
straight line directrix. They are also sufficient. For, let them be 
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satisfied. Then the two branches of the fiecnode curve are distinct, 
and if we identify them with the integral curves Cp and €» of system 
(A), we shall have 

= 0, Wjj W22 

BO that 

^10 ~ “ (%1 ~ 

If = 0 , we must, therefore, have either or Vgi equal to zero. 
But 

^’12 “ ^^*12 "I" (Pn ~ P92) ^^12 ~ Pa 0^11 ~ '*^22)> 

^21 ~ ^^^21 iPn Pi 2 )'^hi ” 1 “ P 9 t (%i " '*%)• 

We find, therefore, either or ^>2^ equal to zero, i. e. either Cp or 
Cg is a straight line. 

Of course ^ also vanishes in consequence of these conditions. 

If the ruled surface belongs to a linear congruence with distinct 
directrices, it has two distinct straight line directrices upon it, so 
that system (A) may be reduced to a form for which 

Pli = "12 = 0> P 3 I = «21 = 0. »U - "22 + 0. 

In this case we shall find further 

^’12 ^21 ^'^'12 ^21 

so that all of the minors of the second order in the determinant ^ 
will vanish, as well as On the other hand, suppose that all of 

the minors of the second order in J are zero, while ©4 does not 
vanish. Identify Cp and (\ with the (distinct) branches of the fiecnode 
curve. We shall have 

= ^21 — ^ 

Two of the minors of d reduce to 

Ki - '^22) ''12 
so that we must have 

= ^21 = 

But, from ( 15 ), we now find p^» == Pn — i- e. Vy and Cz are two 
distinct straight lines 

Therefore, the conditions , necessary and sufficient for a ru(>ed 
surface with two distinct straight tine dircct/rices ^ are that all of the 
minors of the second order in the determinant A shall vanish ^ while 
^4 

This result may be obtained in another way. The equation (12) 
shows, that if a ruled surface belongs to a linear complex, and if 
the corresponding system (A) is written in the semi -canonical form, 
there is a linear relation with constant coefficients 
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® fei ■“ S'aa) 4- 4 cq^i ~ 0, 

between the coefficients of the system; and it is for this reason that 
the first four equations of (10) suffice for the elimination of the four 
determinants etc. But, if there is a second linear relation of 

this kind, the first three equations of (10) will suffice for this elimi- 
nation, BO that the differential equation for o will reduce to the 
fourth order; i. e. the ruled surface will belong to a linear congruence. 
On the other hand the conditions for two such linear relations between 
?/ii ■“ 322 > 9^12 > precisely these, that the minors of the second 

order in ^ shall all vanish. 

If the ruled surface belongs to a linear congruence with coincident 
directrices, the minors of A must again vanish, as the last consideration 
shows. But (^4 must also be zero. 

We may show this directly. Of course ©4 must be zero, since 

the two coincident directrices of the congruence are identical with 

the two branches of the flecnode curve, which must therefore coincide 
Let Cy be this straight line, so that 

= 0. 

Let 6a be any other curve of the ruled surface. 

Since vanishes, we shall have 

-- t(22 = 0 . 

We find as consequences of these relations 

’ll - '’22 = 0, i’,3 = 0, M),1 - W22 = 0, = 0, 

so that, in fact, all of the minors of the second order in A must 

vanish. The <|uantity Wgj will not also be zero unless the surface 
is a quadric 

Conversely let us suppose that all of these minors vanish, and 
that 6^4 also is equal to zero. Take for t ^ the flecnode curve, so that 

= u^i U22 ~ C, 0 

assuming that the surface is not a quadric. One of the minors of 
A reduces to 

(^14 ^’22) ^21 ” 

so that i?i2 = 0 ; i. e. 0 ,, is a straight line. Moreover both branches 
of the flecnode curve coincide with it. It must therefore be a double 
directrix of the ruled surface. 

The further case that presents itself in the theory of linear 
congruences, in which its directrices are coplanar, has no interest for 
us. For the lines of such a congruence are either all of the lines 
of a plane, or all of the lines through a point. A ruled surface 
belonging to such a congruence would therefore be either a cone, or 
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else its generators would envelop a plane curve. In either case the 
ruled surface would be developable; but a developable cannot be the 
integrating ruled surface of a system of form (A). 

If a ruled surface belongs to three independent linear complexes 
it is a quadric. We know already that the conditions for this are 

^11 - = Wi2 = ^^21 = 

In this, as in the preceding case, all of the invariants are zero. 

We may recapitulate the results of this paragraph in the following 
theorem. 

The mcessary and sufficient conditions for a ruled surface belonging 
to a single linear complejtj wJiieh is not special, are 

4 = 0 , ^ = 0 , 0,0 =4 0 , 

while all of the minors of the second order in A do not vanish. If 

®io = 0, 

while the other eonditions remain the same, the cornplea is speeial. The 
surface belongs to a linear congruence with distinct directrices if all of 
the minors of the second order in A vanish, while is different from 
zero. The directrices of the eonffrimice coincide if 0^ also vanishes. 
In this latUr case the surface is, or is mt a quadric according as the 
equations 

//ll ^ 

are, or are not sat i sped. 

Suppose A — 0 and 0^ = 0. We may put — Wgg = 

and assume u^^ =4 ^ surface is not a quadric We find from 

z/ = 0, 

(?’ll - - ?^22) — (^11 — ^<^ 22 ) ^’12 = 

which equation reduces to 

~ = 0, 

so that p^^ must vanish, and Tj, be, therefore, a straight line. We 
have the following theorem, due to Voss.^) 

If the two branches of the flecnode curve of a rub d surface belonging 
to a linear complex coincide, it is a straight line. 

This gives a simpler test than that given above for a ruled sur- 
face belonging to a linear congruence with coincident directrices. 

We found in Chapter V, § 3 that the identically self- dual sur- 
faces were those for which 0g = 0. We may, therefore, express this 
result by saying: a ruled surfcwe, with two distinct branches to its 
flecnodt curve, is identiealhj self -dual, if and only if it belongs to a 
non-special linear complex. 


1) Fbsfi. Mathematische Annalen, Bd. VIH p. 92 
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The proof of this theorem however is not quite complete, since 
we had assumed not only =f= 0, but also We shall now 

consider these exceptional cases. We shall see at the same time that 
the fundamental theorem, that a ruled surface is determined uniquely 
by means of its invariants, actually ceases to be true in these cases. 

First, let 0, = 0. The ruled surface S has a single 

straight line directrix, which we may identify with 6^. We shall 
then have 

Pi 2 = ^12 ^ whence = 0. 

Let €t be the second branch of the flecnode curve of S distinct from 
Cy. Then 

= 0 . 

But, multiplying y and z by properly chosen functions of Xj we may 
further make 

Pn = Pit = 

so that the system (A) assumes the form: 

?/" + 9i. 2/ = 0, 

■«" + Pn y + \ P'n >J + 'hi ^ 

The non -vanishing invariants ^ and 6^,. being given as functions 

of X do not determine which may still be chosen as an arbitrary 
function of x. This arbitrariness does not disappear even if the 
independent variable of the system, which is still capable of arbitrary 
transformation, be chosen in a determined fashion. We may determine 
it so that, without disturbing the other conditions, 


We shall then have 




but remains an arbitrary function. Now, the most general trans- 
formation, which leaves all of these conditions invariant, is 

i — + x const., y = a?/, z = hZy 

where a and h are constants. Evidently such a transformation cannot 
remove the arbitrary function 7?2i- Therefore, if 4= ®io ~ 
the invariants do not suffice to characterize the ruled surface. 

The adjoint system of (16) is 


The independent variable is the same for both systems. Moreover 
both systems are referred to their flecnode curves. Therefore, the 
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only transformations, which could transform (16) into (17), must be 
of the form either 

ij = aV, z = sr, 

or 

y^aV, z^dU. 

Moreover a and 6 must both be constants, so as to preserve the 
conditions jOu = == 0 which are satisfied in both systems. Since 

^22 ffii) transformation cannot accomplish this. The second 

can, if and only if = 0 , i. e. if Cz also is a straight line. The 
ruled surface has two distinct straight line directrices, and therefore 
belongs to an infinity of non -special linear complexes. This completes 
the proof of our theorem about identically seif-dual surfaces, if =4= 0. 

If 6)4 == 0 , we must have, in the case of an identically self- dual 
surface = 0 as in the general case. But this gives either a ruled 
surface belonging to a linear congruence with coincident directrices 
or else a quadric. In all of these cases the surface belongs to an 
infinity of non -special linear complexes. 

Therefore, a ruled surface is identically self-duaf if and only if 
it belongs to at least one non-special linear complex. The dualistic 
transformation which converts it into itself, generator for generator, 
is that which consists in replacing every point of space by the plane 
which corresponds to it in the complex. 

The invariants do not determine the surface, if — 0 . We may 
assume in this case 

Up2 — Mj! — W 22 ~Pii ~P22 ~ 

SO that (Jy is the flecnode curve. We may assume further 

P21 = 

so that Oz is an asymptotic curve, and the independent variable 
may be chosen so as to make 

^11 + 

We find for the coefficients of a system (A) satisfying these conditions 
Pii = P12 = dll di2 == 2 

( 18 ) =0, 2j, - ‘ Mai -=-(/(x), 322 =<1, 

- 4^’ 

il =4= l^he two functions f and g one remains arbitrary. 

Moreover, the most general transformation, which leaves the above 
system of conditions invariant, contains only arbitrary constants, and 
cannot, therefore, remove this arbitrary function. 


1) Equation (61) of Chapter JV shows how this may be done. 
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If 0Q also vanishes, we find either = 0, i. e. ^ is a quadric, 
or ~ ^ belongs to a linear congruence with coincident 

directrices. In either case all of the invariants vanish. 

We may, therefore, complete our fundamental theorem negatively 
as follows. 

The ruled surfaces, for which the two hranches of the flecnode curve 
coincide, and those which have a straight line directrix, form an exception 
to the fundamental theorem which states that a ruled surface is deter- 
mined by its invariants, up to a projective transformation. 

§ 3. A function -theoretic application. 

Consider a homogeneous linear differential equation of the n^^ order 

( 19 ) - 

and let yi, . . yn form a fundamental system, so that 

(20) l>(?y.) = 0 {i = \,2,...n). 

Let the coefficients jPi, . . .i>« of (19) be uniform functions of x, 
and let x = be a singular point of one or all of the coefficients. 
If the complex variable x describes a closed path around one of 
these points aft,y^, . . . y„ will, in general undergo a linear substitution 
with constant coefficients, changing into 

Hi = (J>' = 1. 2, . . . n), 

/ = l 

where the determinant Ai“^l is not equal to zero Denote this 
substitution by jif,, so that we may write 

(21) 

Now, put in (20), 

n 

(22) y* 

* -1 

where again the determinant a,* | is different from zero, and where 
cckt(x) are uniform functions of t Then will satisfy a 

system of n linear differential equations of the order, obtained 
from (20) by the transformation (22). 

This system of differential equations has the special property 
that, when x describes a closed path around a/u.rji, . . . ii„ undergo the 
linear substitution 

S-^A^S, 

whose coefficients are uniform functions oi x. . . . ?;„ are, there- 
fore, a special case of what the author has called A functions. In 

1) Fuchs. Crelles Journal, vol. 66 
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fact, a system of functions .e„ is known as a ^ function if 
are uniform, finite and continuous for all values of the 
complex variable x, except for certain values, say Og, . . . Om] and 
if, when x describes a closed path around one of these points 
undergo a linear substitution, whose coefficients are uniform functions 
of x}) 

In the case w == 2 we can now write down the conditions under 
which a system of diifferential equations of form (A) will have this 
property. There must exist a transformation 

y == a(.r)i? -f ^ = rix) i/ + d(a;)e, 

which converts the system into 

v" + ;>V + f/V = 0, 

?"+K+2£ = <>, 

BO that 7} and i satisfy the same linear differential equation of the 
second order. But for this latter system we find at once 

( 24 ) Wjl ^22 ” ~ ^*21 “ 

an invariant system of equations, which must therefore hold of the 
original system (A) as well. The integrating ruled surface must, 
therefore, be a quadric. The curves (\j and are clearly any two 
generators of the second kind It is evident that the conditions ( 24 ) 
are also sufficient for a system (A) of the required kind, if we do 
not insist u])on the condition that the coefficients of the substitution 
S shall be uniform functions of .i, and still speak of the functions 
y and z as J functions. 

We may, therefore, say that a system of form (A) gives rise to 
a binary system of* J functions, if and only if its integrating ruled 
surface is a quadric. 

Examples. 

Ex. 1. If a ruled surface belongs to a linear complex, its dif- 
ferential equations may be put into such a form that 

Pn =P22 = fh2 = ^*21 = = const, 

provided that and do not vanish. 

Ex. 2 . The points of the straight line y^ = 1 , ?y2==iP, ^3 = ^4 = ^ 
are joined to those of the conic 

^*0 ^k\X ~{“ ^)* 

What are the conditions under which the ruled surface thus generated 
has a second straight line directrix? 

1) Wilczymlci. Am. Jour, of Math. Vol. 21, pp. 86—106 (1899). 
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CHAPTER IX. 

THE FLECNODE CONGRUENCE. 

§ 1. The developables of the oongruenoe and its focal surface. 

In Chapter VI, the covariant P led to the consideration of the 
hyperboloid Hy which osculates a given ruled surface 8 along one of 
its generators g. It was found that the generator h of the ruled 
surface S', the derivative of S with respect to x, was a generator of 
the first kind upon H, There is an osculating hyperboloid H for 
each generator g of S] and upon each of these hyperboloids there is 
a single infinity of generators of the first kind. The totality of these 
generators consists, therefore, of oo* straight lines; we shall speak of 
this congruence, composed of all of the generators of the first kind 
on the osculating hyperboloids of S, as the flecnode congruence of S, 
and denote it by the letter F. The reason for choosing this name 
for the congruence, will appear in the course of the present chapter. 

The ruled surface S', the derivative of S with respect to x, is 
always a surface of the flecnode congruence, one of its generators 
being situated upon each of the osculating hyperboloids of 8. Clearly, 
unless all of the osculating hyperboloids coincide, i. e. unless 8 is 
itself a (|uadric, the congruence F does not degenerate into a single 
infinity of lines. A transformation | ~ |(a) of the independent variable 
transforms the surface S' into another ruled surface of the congruence 
F, since it transforms q and a into 

0) e = (p + o = (»+'/-)> 

Since the coordinates are homogeneous, the factor is of no im- 
portance, and two transformations, which give the same value to 
give rise to the same ruled surface of F. In other words, a linear 

transformation ^ _ 

l = ax + h, 

where a and h are constants, does not affect the derivative ruled sur- 
face. On the other hand, rj being an arbitrary function of x, any 
surface of the congruence F, which has one generator on each 
osculating hyperboloid of 8, may be regarded as the derivative of 8 
with respect to an appropriately chosen independent variable, excepting 
only 8 itself, for which rj would have to be equal to infinity. 

Equations (8) of Chapter VI reduce to the form 

uq' 4 4 + dtf = 0 , 

if «7 0. In that case, therefore, the derivative surface S' is developable 

[cf. Chapter V, equations (14)]. This conclusion would seem to be 
doubtful if, besides J » 0, the conditions 
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were satisfied. We may, however, see directly that the condition J=sO 
always gives rise to a developable surface for S\ In fact, we have 

29 ' + Pn9 + = “1,2/ + 

2^' + +i^22<^ = ^nV + Vf 


(2) 


If 0^ =J= 0, the two branches of the flecnode curve are distinct. If 
we identify them with Cy and 0., we shall have ~ ^21 “ 

J vanishes, we must therefore have either or equal to zero. 

In either case, equations (2) prove that S' is developable. 

If 0 ^ == 0, the flecnode curve has only one branch, say 6^, so 
that Mjj 0. But from 0^ = J — 0 then follows = (3, so 

that again S' is developable. 

In all cases then, if J =0 the derivative of S nith respect to x is 
dr>^ehpahle. One may easily see that if J =|= 0, S' is not developable, 
for in that case the planes tangent to S' at and Pa intersect 

the line Lyt joining P„ and Pg in distinct points, as is shown by 
equations (2). 

We shall, therefore, obtain all developable surfaces of the congruence 
F, by finding the most general transformation | == |(./), which reduces 
the seminvariant J to zero. But according to equation (51) oi* Chapter IV, 
the most general solution of tlie differential equation 
(3) 4{|, rP + 2J{|,^) + J=0, 


is the most general independent variable for which J — 0. To reduce 
J to zero we may, therefore, take for 5 the general solution of either 
of the two ecjuations 




/ -y©, 

4 ' 


(3a) (I,.'! =“^7"'’’ (3’’) 

where 

&, = P- 4J. 

Although eacli of the equations (3 a) and (3 b) is of the third 
order, we obtain in this way only two families of developable 
surfaces, as we should. For, as has already been remarked, all values 
of I which give the same value to i] belong to the same developable 
surface S'. As a matter of fact, equations (3a) and (3b) may be 
written 


' 2 ' 4 


>2 = 




and these are of the Biccati form, so that the anharmonic ratio of 
any 'lour solutions is a constant. 

We have therefore proved the following theorem: 

To every ruled surface S there belongs a congruence F determined 
hy its osculating hyperboloids. This congruence contains two families 
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of developable surfaces j which coincide if and only if ©4 = 0 , i.e.y if 
and only if the two branches of the flecnode curve of S coincide. To 
determine any developable su/rface of the congruencey it is necessary and 
sufficient to find a solution of the equation 

and to take this solution ^ = %{x) as the independent variable of the 
defining system of differential equations. The derivative of 8 with 
respect to | will then be a developable surface, and all developable sur- 
faces of the congruence may be obtained in this way. Moreover, any 
fou/r devdojmbles of the same family intersect all of the CLsymptotic 
tangents of 8 in point rows of the same (ross-ratio. 

Let us suppose that the variable .t has been so chosen as 
to make J~0. Tlien the line Lqo, joiniug and Pa generates 
a developable surface of the congruence P, and Cn and Ca are two 
curves on this surface. Let us assume that @4 =j= 0, and that Cy and 
Ct are the two (distinct) branches of the flecnode curve on 8. Then 

^^22 ~l~ «/ === ^12^^21 ^7 

so that either or 0 , 22 , hut not both, will vanish. Suppose that 
?fji = 0 Then, according to (2), 

+ PnQ 

i. e., if i)i 2 is 3 . point on the tangent to the curve Cq described 

by P^,. Jn other words, is the cuspidal edge of the developable 
surface. If p^.., together with Wjg, were zero, Cy would be a straight 
line, and the curve (\, would degenerate into a point of this line. 
The developable surface would be a cone 

If Wjj = 4 = 0, U 22 must vanish, and then Ca is the cuspidal edge of 
the developable surface. This ambiguity corresponds to the fact that 
every line of the congruence belongs to two of its developable surfaces. 

But, if Py and Pg describe the flecnode curves on 8, P^, and Pa 
are points on the flecnode tangents. We have called the ruled sur- 
face of two sheets, generated by the flecnode tangents of 8, its 
flecnode surface, so that we have proved the theorem: the focal surfaces 
of the congruence P are the two sheets, F' and F'\ of the flecnode 
surface of 8. 

For, the focal surfaces of any congruence are the loci of the 
cuspidal edges of its developable surfaces. The theorem is true also 
if @4 — 0 , only in that case F' and P'' coincide.^) 

1 ) For a clear treatment of the general properties of congruences, the reader 
may consult Darhoux Th^oric des surfaces, t. II, chapter 1. Compare also 
Wilczynski, Invariants of a system of linear partial differential equations, and 
the theory of congruences of rays American Jour, of Math, vol XXVI (1904) 
pp. 319 — 360. 

WlLC'ZYNSKl, proJecti\e differontial Qoomotry 12 
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We may also prove tliis theorem geometrically. Let g^g^, g^y etc., 
be consecutive generators of the ruled surface S. The hyperboloids 
III, etc., osculating S along giy g^y etc., are determined respectively 
ffi» ffu 9i, ffu 9z, etc- The flecnode tangents f,', f^', along 
generator giy are the two straight lines intersecting g^y //i, g^y g^ The 
flecnode tangents f^' of S, along g^y intersect giy g^y g^y giy f^y /!»" 
intersect g^y < 74 , gr,y etc. Therefore, g^ intersects /*/, f^y fzt 1i as well 
as fi\ fiy fz fij i 6 y ^^ar consecutive generators of each sheet of the 
flecnode surface of S. This shows that each of the sheets F' and 
of the flecnode surface of S, has S itself as one of the sheets of its 
flecnode surface. The congruence F is ma(l<» up of the generators of 
the first kind on the hyperboloids etc //j and intersect 

along the four lines giy g^y f\ y fi ‘ II 2 and i /3 intersect along g^y g^y 
fi) Therefore, a generator of the first kind on Hi can meet 

a generator of the first kind on H only along one of the lines fi 
or //'. Moreover, at every point of // and fi two such lines actually 
do meet. It is clear then, that the cuspidal edges of the developable 
surfaces of the congruence F must lie on one or the other of the 
two sheets of the flecnode surface of S. This completes the synthetic 
proof of our theorem. 

But we have also seen that each sheet of the flecnode surface of 
Sy has S itself as one of the sheets of its flecnode surface. 

To prove this analytically as well, we recur to the system of 
differential equations for F\ which was set up in Chapter VI, equa- 
tions (15). 

Denote by U** the quantities formed from this system in the 
same way as are Ua from (A). Then we shall find 

(4) U,, = 0, = + 

Pm 

- U 52 - 4(3i, - q,^), 

which equations are also valid for 0^ == 0 , in which case = qn. 

Therefore, the curve (7„ is flecnode curve on F' as well as on S. 
If the two branches of the flecnode curve are distinct on Sy they are 
also distinct on F' and F", for qn — does not vanish under our 
assumptions unless 0^ = 0 To complete the proof that /S is a sheet 
of the flecnode surface of F\ we have still to show that the flecnode 
tangents to jp" constructed, of course, along Gy are the generators 
of S. But the flecnode tangent to the surface F' at a point Fy of 
the flecnode curve, is the line joining it to the point, whose coordi- 
nates are obtained from system (15) Chapter VI in the same way as 
the coordinates of are obtained from system (A). But the co- 
ordinates of this point are 
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2, = 

i. e., this point is on the generator of the surface S which passes 
through Fy. This completes the proof of our theorem if pjg =f= 0. 
But if jr>j 2 vanishes, together with degenerates into a straight 

line, and any ruled surface made up of lines intersecting it may he 
called its flecnode surface. The theorem may, therefore, be regarded 
as valid in aU cases. 

The curve Cy is one branch of the flecnode curve of F\ The 
other may be found by putting 

(B) 

this being the second factor of the co variant (' of the surface F. 

The flecnode tangents to F* along this curve generate the second 
sheet of the flecnode surface of but this does not in general 
belong to the congruence F, —never in fact, as we shall see, unless 
F' degenerates into a straight line. 

The flecnode surface F' may be of the second order. This is 
so if, and only if^ 

But this requires — q,.^ to vanish, wliich condition, together 
with those already fulfilled, gives 

<^2 ~ ^^21 ~ ^11 ^'^22 

i. e., only if the ruled surface S is of the second ordcr^ can a sheet of 
its flecnode surface be of the secofid order. Its flecnode surface in that 
case is the surface itself, generated however by the generators of the 
second set. 

If we put 


( 6 ) 


«ai% - ^ 


■ '2,n„ 


U2Ci f 


— ?’i 2 -f Uy, = 2J Xy,j — ^ji = ^22; 


we have seen, in Cliapter VI, that the equations of the surface become 
b + Cii P + 

(S” 4- PhQ' + 7^23^^ H" Q21Q + ^22^ ~ 


0 ) 

where 


( 8 ) 


Fa —pa + l/A? 

^11 “ (Zii “h 2 "f" ^i2i^2i\ ^21 ^hi “b ^22JP2i\ 

Qi2 ” 9'i 2 ~b 2 (^llPl2 "b ^12^^22^^ ^22 ” 9'22 “b ^ (^2lih2 "b ^2P2i}‘ 


Let us denote by Ua the quantities which are formed from 
system (7) in the same way as are the quantities Ua from (A) 
Then we shall find 


12 
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(9) JU^,=JUii -f 2 {^21^22 - 'th2'^hi) - 

^22) ““‘*^2) ^(*^^1^12 — '*^12^21 + ^11^82*“ ^22^11) 
-- 3«7^ (ijj ^ 22 ^* 

If we assume = 0, 6^4 4= curves C„ and C^ are 

tlie flecnode curves on S, and the curves (7^ and 6 ^, on the derived 
surface S\ are the intersections of this surface with the flecnode sur- 
face of S. It may happen that C\, is one branch of the flecnode 
curve of S\ This is so if, iind only if, = 0 . In other words, 
the derivative of S has a branch of its flecnode curve on the flecnode 
surface of S, if one of the two conditions 

^^2 = ? 7 i 2 9 or ?/ 2 i = ~ ^ 

is satisfied. 

There exist two families of 00 ^ nmi-derelopahle ruled surfaces of 
the cmgruence F each of which has one branch of its flecnode curve on 
the flecnode surface of S, 

This we shall now proceed to prove. Assuming J 4 = 0, TJ^^ — 0 
win be a consequence of = 0, if 

( 10 ) 


as is shown by (9). The equation = 0 is left invariant by an 
arbitrary transformation of the independent variable. Jf then Cy be 
taken as one branch of the flecnode curve on >S', the curve (7^, will be 
a branch of the flecnode curve on jS"', provided the independent variable 
be so chosen as to satisfy the equation 






or, making use of (49), (53) and (54) of Chapter IV, if 
('ll-) «' +‘^r r-3i' •^' + 2 4.^l^'+2 4,4J+8U.a-){S,x}' 

which equation is of the second order with respect to rj. This proves 
our assertion, that there exists a family of ruled surfaces in the 
congruence JT, each such that one of the branches of its flecnode curve 
lies on F^. There is another such family connected with the other 
sheet F" of the flecnode surface. The surfaces of the second family 
are , determined by the equation 

(12) + 2^.„ - 3... ^5i m 

which is obtained from ( 11 ) by permuting the indices 1 and 2 . 
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It may happen that the denvative of S has both of the branches 
of its flecnode curve on the flecnode surface of S, one on each sheet. 
If this is so (assuming 0 ), we have simultaneously 

~ ~ ^12 “ U21 — 0 , 

whence 

Jt J! 

^^12 J ^21 ^^21 j ~ 

But, since J is not zero, this gives 

“^12^21 — ^21 *’12 = 
which together with Wjg — makes 

^11 ^J 2 %2 ^21 

Z / = 4^22 ^12 ^21 ^ 

^’12 ^’21 

But this is the condition under which S belongs to a linear complex 
(Chapter VIIJ). The converse is also true, i. e., if z/ = 0 and ®^=^ 0 , 
a double infinity of surfaces S' exists, each of which has the property 
in question. For, equations ( 11 ) and ( 12 ), will then be identical, the 
two (distinct) branches of the flecnode curve on S being taken as 
fundamental curves. 

If however ( 9 , vanishes, we may still assume Mjg — 0 , whence 
follows in this case — 4^22 ~ The flecnode surface F of S has 
only one sheet, and in order that both of the branches of the flec- 
node curve of S' may be on Fy they must coincide. We must then, 
in this case, choose the independent variable so as to satisfy the 
simultaneous conditions 

?/^2 ~ ^12 ~ ^^11 ^^22 “ ^ 11 ^22 “ 

The first three give 

= =0, 

so that either 4^21 or p^, must vanish, i. e. S is either a quadric or 
has at least a straight line directrix. In either case, the other condition 
will also be satisfied, without specializing the independent variable 
in any way. In other words, not only a double infinity, but all ruled 
surfaces of F will have the property in question. The same is true 
for @4 4= if ^12 = ^21 = 0- 

We have the following theorem: 

If there exists a ruled surface of the flecnode cmigruence F, different 
from S, which has hoth of the hranches of its flecnode curve on the 
flecnode surface of S, one on each sheet, then the surface S belongs to a 
linear complex. 

Conversely, if S belongs to a linear complex, but not to a linear 
congruence, there will be 00^ ruled surfaces in its flecnode congruence 
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which have the required property. If S helonys to a linear congrueiKXj 
this is true not merely of hut of all ruled surfaces of the flecnode 
congruence whichy in this cascy coincides with the linear congruence to 
which S belongs. 

If ^ does not vanish identically, it will, in general, vanish for 
particular values of x. If the flecnodes on a generator of Sy cor- 
responding to a particular value o{ x == a for which /d — 0, are 
distinct, one of two things must take place Either the osculating 
hyperboloid hyperosculates the surface along that generator, or else 
the two flecnodes corresponding to x = a on the derivative are on 
the flecnode surface of Sy one on each sheet. For. if we take u^^ = u^^ — 0, 
the condition that ^ vanishes gives either 

^12 = ^21 = ~ '^22 **12 = ^21 = '^’l2^Jl ^^21 ^12 = 

for X = a 

In the first case, the osculating hyperboloid hyperosculates the 
surface. In the second case, any solution of (11) will, for x ■— Uy also 
satisfy (12), i. e, for x = a the simultaneous conditions 

— ^^12 ~~~ ^*'21 — ^^21 ^ 

will be satisfied, i e., and P„, two points on the flecnode surface 
of Sy will be on the flecnode curve of S\ One sees at once how 
this is to extended to the case when 0^ ~ 0. 

Equation (11) can be integrated once. Since we have 
we find [Chapter IV, equations (32) and (39)]; 

% "= - f 12 (^11 “ ^^ 22 ); « n - ' % = 2 (?<;, - iQy 

+ {ihi ^^ 22 ) ^12 P 12 (^11 ^ 22 )- 

Divide both members of (11) by We find 

^la "ii — ’^88 s 


Moreover, since u^^ = u^^ =-^ 0, we have 


I = u^^ + J — 
Therefore, we obtain by integration 


(13) 


J^8)j (S')* J{pli—P-22)dX _ 


+2{a, x)r 0 -}) 


where c is a constant. Of course (12) may be treated in the same 
manner. 

We have seen that there exist 00 ^ ruled surfaces of the con- 
gruence Fy the flecnode curve of each of which has one of its branches 
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upon one of the sheets of the flecnode surface of S. The question 
arises^ whether among these there exists one (there cannot in general 
be more than one) whose flecnode surface has one of its sheets in 
common with that of S. 

Let us suppose that is at the same time a sheet of the flec- 
node surface of S and of Then 6y and Cq are flecnode curves 
on S and S' respectively, so that we shall have = 0. But 

more than that, the flecnode tangent to S' at any point of Cq must 
be a generator of F\ i. e., must pass through Py and Fq. In other 
words, the conditions 

“i2 = = 0, 2()' + Pji p + PijjO = ly + iiQ 

must be simultaneously fulfilled, where X and p are some (as yet 
unknown) functions of x. But we have 

P/A = 4- 

-t-f'llP + J’lS® = “ill/ + 

so that our second condition becomes 

yy + iiiP -f ^12 <7 = Ay/ + .up, 
or 

(111 p + ^12^ --- (^ ~ Uii) y 

But, except for singular values of Jj Py, Pq and Pj are not 
ct)llinear. Therefore we must have 

II — All, ^ ^12 “ 

which last equation, together with /qg gives ri„ — 0 if J 0. 

But === ^ satisfied by either ^ which case F' 

degene^^ates into a straight line, or by 

Ui2 ~ ^^22 “ 

But since Pig must also vanish, we must have also = 0, which, 
if p ,2 4" gives the additional condition Wgj === 0, i. e., S must be a 
surface of the second order 

We have proved the following theorem. If the surface S is not 
of the second order, and if its flecnode surface has a sheet F' which 
does not degenerate into a straight line, no other ruled surface of the 
congruence F has F' also as a sheet of its flecnode surface Or, in 
other words, the second sheet of the flecnode surface of F' does not 
belong to the congruence F. 

If P" does degenerate into a straight line, every ruled surface 
of F clearly has this straight line as a degenerate sheet of its flec- 
node surface. 
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We have seen that may degenerate into a straight line. It 
is, in general; a ruled surface. Can it be a developable surface? If 
it were developable, according to equations (15) of Chapter VI, 
would have to vanish. But the simultaneous conditions p^^ = == 0, 

would make Cy a straight line. Therefore: if n sJieet of a flecnode 
surface is developable ^ it degenerates into a straight line. 

This is a generalization of the result which we found in Chapter VI; 
that the flecnode tangent is tangent to the flecnode curve only if 
the latter is a straight line. For, in that case, the flecnode curve 
would be also an asymptotic curve, and the flecnode tangents along 
it would form a develo])able. 

§ 2. Correspondenoe between the curves on a ruled surface 
and on its derivative. 

Assuming again ~ 

A. = As + (- ^ 2 ^;; (»n + As), 

■Ps. = A. + As%) = (a, + As)- 

But we can always choose the independent variable so as to 
make -+-%*=/ vanish. According to (51) of Chapter VI, it is 
only necessary, for this purpose, to take as the new independent 
variable any solution of the equation 

(14) 

which gives the condition 

(15) 2(2V-rO + -/ = o 

for rj. This is of the first order and of the RIccafi form, so that 
the anharmonic ratio of any four solutions is constant. The con- 
ditions -Pis = -Psi ~ 0 prove that (\ and C„ are asymptotic lines on 
B'. Moreover, ifi^i^ and jtjji are not both zero in the above equations, 
i. e., if S is not contained in a linear congruence, it is not only 
sufficient, but it is necessary to make Wjj -f Wgg vanish so as to have 
Pi 2 = Fn = ^^ave the following theorem: 

If S is a ruled surface with two distinct branches to its flecnode 
cwrve and not belonging to a linear congruence, Hu re exists just a single 
infinity of ruled surfaces in the congruerwe JT, whose intersections with 
the two sheets of the flecnode surface of S are asymptotic lines upon them. 
They ore the derivatives of S, when the ind^endent variable is so chosen 
as to make the seminvariant I vanish. Moreover, the point-rows, in 
which any four of these surfaces intersect the asymptotic tangents of S, 
all have the same anharmonic ratio. 
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In Chapter IV, § 6 , we considered a canonical form, to which 
system (A) can always be reduced, namely that, for which 

3ii+ 222 = 0- 

We can now say that, if a system (A) is written in its canonical 
form, its integral curves are asymptotic lines on its integrating ruled 
surface, and its derivative with respect to x is cut hy the two sheets of the 
flecnode surface of S along asymptotic lines. 

If @4 = 0 , since 

4 J, 

J also will vanish for the canonical form, so that in this case the 
surfaces just mentioned will coincide with the (single) family of devdopahle 
sm faces of the congruence. 

Pi2 ^ Ihi = ^ together with = ^^21 flecnode curve 

of S consists of two straight lines, and every ruled surface of the 
congruence has the property in (piestion The reduction to the 
canonical form must, therefore, have a different significance in this 
case. To find it, let us assume that the curves Cy and C’, are asymp- 
totic lines on 8 , but not at the same time flecnode curves, i. e., let 
them be any two asymptotic lines different from the straight line 
directrices. Then p^., and p^^ will vanish, while u^^ and do not. 
We may, moreover, also assume p^^ -= Pt^ == 0 , so that system (A) has 
been reduced to the semi-canonical form. 

The conditions, which are necessary and sufficient to make 8 
belong to a linear congruence, are that alJ of the minors of the second 
order in z/ must vanish. Three of these minors are 

- "22) '’12 Mi 2 ( '’ll - "22')) ("11 - “22) *21 - «21 (i’ll - ®22)> 

”12 ^ — *'>l<’l 2 - 

Since we have assumed pa 0 , 

== — Aga, u'a == *- 

Inserting these values m the above minors of /J, and equating them 
to zero, we find that the ratios (?i2 *221 • 9 'ii ~(/22 “lust be constants. 
If they are, the other minors will also vanish. 

We may, therefore, put 

(16) '712 = « 2. 221 = &2. 2ii- 222 “C2i 

a, h, and c being constants, so that our system (A) has the form 

3/" + 2ii2/ + <»2« = 
r" + 6gy + = 0, 


( 17 ) 
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If we compute the coefficients 
from (8), we shall find 


(18) 


??ii Ss* ~ 2ai 


Pjg and Pgi of the derived system 

p ~- 33 ^ i: ^^22 . 


Pjg wiU be zero, if and only if the ratio : g is a constant, i. e. if 
^11 = 

where X and /a are constants. We shall then have 

q^i = biii, <?„ it, fe ■= (^ - C/*)^ 

BO that Pgi also is zero. If, therefore, the independent variable be 
chosen in such a way that there is a linear relation between and 
q 22 of the form 

(19) aq,, 4- Pq,i =- 0, 


where a and fi are constants, whose ratio only is of importance, the 
curves C^, and Ca on S'j which correspond to the curves Cy and dg 
on Sj will be asymptotic curves.^) But (19) is the special form to 
which the equation 

( 20 ) atiii + ^1*22 

reduces when (A) is reduced to its semi -canonical form, and ^ is 

an essential constant. If 4- /3%, is not zero, the transformation 
|=^|(^) makes it zero, if |(.r) satisfies the equation of the Hircafi 

/ 1 \ 

4- Pu.j,2 4- 2 (« 4- ^) (if - ,, ri) ^ V * 

This equation is oi' the first order, but contains in its coefficients 
an arbitrary constant We find, therefore, solutions for i. e. 
there are cx)^ ruled surfaces of the congruence which have the property 
that two of their asymptotic curves correspond to two of the asymp- 
totic curves of S. 

But we see that, in this case, all of the asymptotic curves of S' 
correspond to those of S. Therefore : if a ruled surface S is contained 
in a Umar congruence j there exists a double infinity of ruled surfaces 
in this congruence whose asymytotic lines correspond to those of S. They 
are obtained hy taking the derivntire of S with respect to an independent 
variable, ivhich is chosen so as to wake 


4- /Ji/gg -- 0, 

where a:p is an arbitrary constant. 


1) If c4=0, the ratio a:§ cannot be equal to — 1, since the equation 
2ii — S'*! = 0 remains invariant for all transformations ^ ^ (£c). We may always 

assume c4=0, so that the curves Cy, Cz and the directrices do not divide the 
generators harmonically. 
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Let the independent variable be so chosen. The planes tangent 
to at pQ and Pa intersect L,jg in the points and Pp respectively, 
where . ^ 

[cf. Chapter VI, equ. (2)]. Under the condition (20) the curves (\ 
and Cv described by P„ and P*, are again asymptotic curves. According 
to Serrct^s theorem, the anharmonic ratio ol' these four curves is 
constant. It is found to be 

~ ah (a -f 
C“ a/3 ^ 

a function of the ratio a:/3. For the canonical form this double 
ratio becomes 

— Aah 

The 00 - surface!:^ of the cohgrucncc, whose asymptotic curves correspond 
to those of S, may therefore he arranged in a single infinity of one- 
parameter familhs. Each family is characterized hy the value of the 
ratio a : /3, i. e. hy the double- ratio of the four asymptotic curves Cy, 0„, Cp. 
Any four surfaces of tJu' same family wtersect all of the asymptotic 
tangents of S in point -rows of the same cross -ratio. 

The significance of the reduction to the canonical form has now 
been made clear, also in this case. 

Let us sup})ose that the asymptotic curves Cq and of 8^ 

correspond to Cy and and that the diflerential equations for S' 

assume the semi -canonical form simultaneously with those for 8. In 
other words, let the simultaneous conditions 

^ P,;=0 

be verified. Then we shall have 

- 0 , 

whence, since d 0, the surface 8' not being developable, 

so that the ({uantities u,i, and, therefore, are constants. All the 
minors of the second order in z/ will vanish. We have, ther^ore, 
a special case of a ruled surface 8 contained in a linear congruence, 
determined by a system of equations 

(21) if -f- q^^y 4- — 0, f + q.^y -f q..^s =- 0, 

where the quantities q^ are constants. Conversely, if (A) has the 
form (21), the equations of the derivative surface 8' are actually in 
the semi -canonical form. But more than that, the differential equa- 
tions of 8' are identical with those of 8, so that the surfaces 8 and S' 
are projective transformations of each oUwr. 
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Denote by /S"' tbe derivative of S* with respect to jTf the second 
derivative of S. Then the generator of joins the points 

( 22 ) == '^nV + + ^iiQ + ^12 

2o^ + -PglP "h ^ 22 ^ ~ ^*21 3/ ^22^ ^2l(^ "b 

obtained from the equations of S' in the same way as are p and a 
from the equations of S. But clearly, g" coincides with g if and 
only if A.i = 0. Since we assume J =)= 0, these conditions are equi- 
valent to = 0. These equations form a semiiivariant system; 
i. e, if they are satisfied for a pair of curves Cy and V upon Sy they 
are fulfilled for any otlier pair of curves on .S', the independent variable 
not being transformed. The conditions = 0 may be satisfied 
without transforming the independent variable. We shall then find 
also P,i = 0. Every ruled surface S, irhich has a second derivative S" 
coinciding with S itself, may therefore be defined by a system of form 
(21) with constant coefficients. If the independent variable is so cliosefh 
that its second derivative S" coincides with S, the first derivative S' is 
a projective transformation of the original surface, and its asymptotic 
lines correspond to those of S. 

We proceed to find the explicit equations of these ruled surfaces 
Let us assume that the two straight line directrices of S are 
distinct. Since they will be obtained by factoring the covariant C, 
whose coefficients in this case are constants, we may write (21) in 
the form 

(23) 0, ^0, 


where and are non -vanishing constants, and wher** 
Qll ~ ^22 


since we have assumed J =^() and 0^ 4^ 0. The integral curves of 
(23) are the straight line directrices of S. Let the edge XJ^ = x^-^0 
of the fundamental tetrahedron of reference coincide with C,,, while 
the edge iCj = iCg == 0 coincides with We may then put 


where 


If we put 


= y, = 0, y,^0. 








= fxyi -f 


where a and /5 are arbitrary functions of x we shall obtain (x^, . . , xf) 
as the coordinates of an arbitrary point of the surface. We find 

Xi = X2 = ae^^', x^ = x^ = 
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The relation between x^y , . .Xj^^ obtained by eliminating a, /3, x 
from these equations, will be the equation of the ruled surface S. 
It is 

X^ 2 y~ 2 V- vu _ 2 F- 2 V- Ju ^ 

or more briefly 

(24) ir/ic/ — x.^^x^^^ = 0, 
where X and are constants. 

If the directrices of the congruence coincide, we may write (21) 
in the form 

(25) «^" + 2n2/ = 0, n" + q^y + == 0, s„4=0, 

where G,j is the straight line directrix, which we shall again identify 
with the edge 1 = 0 of the tetrahedron of reference. We may 

therefore put 

J/i = p+'^ = ?/3 = 0, 2/4 = 0, 

where 

r = y- . 

We shall then find 

“fr (Jr “ “ ar ('Jt + 

so that 

will be the coordinates of an arbitrary point of the surface. By 
elimination we find 

(26) 2 q' 4 i (jJi Xt - .jj X 4 ) = 3 sia:jir 4 log 
as the equation of the surface. 

From (21) we find that y and z separately satisfy the differential 
equations 

+ (?ii + fe)y" + (?ii!?8s - qiAi)y^ 6, 

+ (2ll + 322) + (?ii922 - 9i2?2i) “ = 0. 

Since any asymptotic line may be found by putting 

u = ay + hSy 

where a and h are constants, we see that all of the asymptotic curves 
of the surface satisfy the same linear differential equation of the fourth 
order with constant coefficients. We shall, in the theory of space 
curves, speak of such curves as anharmonic curves, and may therefore 
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express our result as follows. Every ruled surface^ tvhich has a second 
derivative coinciding mth itself, has the property that all of its asymp- 
totic lines are anharnmiic curves with ilw same invariants. 


Examples. 


Ex. 1. Prove that for every ruled surface S there exist oo* deri- 
vative surfaces S\ such that one asymptotic curve on S' corresponds 
to one on S. Find the condition that there may be two asymptotic 
curves on S and S' which corres)>ond to each other. 

Ex. 2. Find the conditions that a branch of a tiecnode curve 
of jS' may correspond to an asymptotic cur\e of S] that both branches 
of the flecnode curve on S' may so correspond to asymptotic curves 
of S. 

Ex. 3. According to the general theory of congruences, the two 
families of developable surfaces intersect F' and F" along conjugate 
curves. Prove this directly. 

Ex. 4* The cuspidal edges of one of the families of developables 
form a family of oo* curves on F'. Consider the family of curves 
conjugate to the first. Its tangents will form a congruence, one of 
the sheets of whose focal surface is F'. Find the other sheet. Simi- 
larly for F". 

Remark. This problem is a geometrical i’ormulation for the 
Laplace transformation of a j)artial differential ecpiation of the form 


< vdy 


+ a 


, 7^-1 




■ 0 , 


for which cf. Darhoux, Th'oric des Surfaces, vol. II, Chapter 1. The 
repetition of this transformation will give a series of covariants, in 
general infinite in number. An extensive theory is thus suggested. 
In particular the (juestion arises whether these surfaces thus obtained 
from I' and F" are, in general, ruled surfaces, and if not, under 
what conditions they will be. 

Ex. 5.**^ Another question, closely related to the preceding problem, 
concerns the gcmeral theory of congruences. We have found a con- 
gruence r, whose focal surface is a ruled surface. We suggest the 
general problem: to investigate the properties of congruences whose 
focal surfaces are ruled. For the case of a W- congruence, which is 
at the same time a congruence of normals, this problem may be 
solved without difficulty (cf. lHanchi- Luhat. Vorlesungen iiber 
Differentialgeometrie, Chapter IX). 
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THE FLECNODE CONGRUENCE (CONTINUED). 

§ 1. The derivative cubic curve. 

If and CC 2 are arbitrary, -f will represent the co- 
ordinates of an arbitrary point on the generator g of the ruled surface, 
where («/*, Zi) for k = 1, 2, 3, 4 are four simultaneous systems of 
solutions of our system of differential equations, whose determinant 
does not vanish. We shall usually write a^y suppressing the 
index 7c, as has been done occasionally in previous chapters. Of course, 
this is essentially a form of vector analysis, which enables us to make 
one equation do the work of four. The point aj p -f OgO of the cor- 
responding generator </' of will then be such, that the line joining 
it to a^y a^z is a generator of the second kind on the hyperboloid 
H osculating S along g. Therefore, if /3j and /ig are arbitrary, 

ft («!«/ + + ft («! e + a,®) 

will be an arbitrary point of //. 

If we choose the tetrahedron Fy P, P^, P<j as tetrahedron of 
reference, we may choose the homogeneous coordinates in such a way, 
that an expression of the form Xy gz vq + k6 will represent 
the point = A, j’g = /a, ^ v, — x. We have then 

‘^1 ~ ’^2 ~ y a ” ^2 y ~ ^2 ^^2 

as the coordinates of an arbitrary point on H, and therefore 

( 1 ) — 

as the equation of H in this system of coordinates. 

Let us consider now the hyperboloid IV y which osculates 
along g^. The coordinates of P^, and P„ were obtained from the 
system of differential equations delining S by forming 

p = 2?/' +!)„)/ + « = 24:' + J)a2“- 

We shall obtain the coordinates of two points on a generator^'' 
of the derivative of S' with respect to Xy by applying the same 
process to the equations (8) of Chapter VI, which define S'. The 
ruled surface S"y thus obtained, shall be called the second derivative 
of S with respect to x. Its generator g" is then a generator of the 
hyperboloid H' which osculates S' along g'. The following quantities 

, 2p' -f Pjip + Pi2<y = H- + ^11 p 4 

-f Pg^ Q 4- Psj = ^21 y ^^22^ 4- ^21 P 4- ^2 ^ 

are the coordinates of two points on g". 
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These equations show that intersects g, if and only if 
^ 11^2 - ^ 12^21 = 0, i. e if JS: == = 0, provided we assume 

that S’ is not developable, so that J ^0, By changing thejndependent 
variable one can always change K into K such that K^Q. The 
differential equation, which rj must satisfy so as to make JC = 0, is of 
the second order. Therefore, there exist no* non -developable ruled sur- 
faces in the congrmnce F, each of tvhich, when considered as the first 
derivative of S, gives rise to a second derivative whose generators inter- 
sect the corresponding generators of S. 

Let us consider any point on g\ whose coordinates are + 

The corresponding point on (f’ will be given by 

+ hn^)s + («, 

Therefore, the expression 
di “h "b (^1^12 ^^ 22 }^ 

■b “b ^2^21) "b b |dj (£1^12 "b ^2^22) "b ^2^2]*^ 

will, for arbitrary values of £|,£ 2 ,di,d 2 ? represent an arbitrary point 
of H’. If we introduce again our sjiecial system of coordinates, 
we have 

“f- ~ "b ^ 21 ^ 1^2 b ^2^1, 

b ^21^1^1 "b ^22^1^2 "b ^2^'2f 

as the coordinates of an arbitrary j)oint of H’. If we eliminate 
di,d 2 ,£i,£ 2 ? the equation of JI’: 

(^22^1 W21''^2) ['■^•^4 ^^12^^22 ^2*b2)^J "b (^i2^0l ^22^bl)^2) 

(3) 

"b (^12^1 ^hi'^2) (^11^^22 ^ 21 ^^ 12 )^!^" ^21 

We shall mostly assume that P,, and are the liecnodes of g, 
supposed distinct, so that Wjg = = 0, and (3) simplifies into 

"b + ^ bl ^^22 (^11 — ^22)'‘^1''^2 

4- ?^nW22 = 0. 

It is easy to see from (3 a) that 11’ cannot coincide with H, unless 
5 is a quadric. 

The hyperboloids U and H’ have the straight line g’ in common. 
The rest of their intersection is therefore, in general, a space cubic. 

shall call it the derivative cubic, and discuss some of its properties. 
It is interesting to notice that we obtain in this way associated with 
every ruled surface, surface containing a single infinity of twisted cubics. 
We shall consider some of the properties of these surfaces. 
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Let US again assume and let Fp and be the flecnodes 

of g. Then, it follows from (1) and (3 a) that we may take 

Xi =» tx^y x^ = ^ 22 ) ^ ^3 ~ ^^ 4 ; 

^4 “ ^12 ^^11^22 (^11 ^ 22 )*^ ^ 21^11 

as the parametric equations of the cubic. From these, the following 
corollaries follow at once. If -- Agg = 0, the derivative cubic, and 
therefore the hyperboloid intersects y in two points which are har- 
monic conjugates with respect to the flecnodes. If 

(Aji ^2)* "I" ^^12^21 ~ 

the cMc is tangent to g, 'She congruence F contains 00 ^ surfaces S' 
corresponding to eaoh of tJtese properties of the derivative cubic. For, 
the corresponding equations for ri are again of the second order. 

The equation of a plane which is tangent to H' at a point 
{x^y .r./, xl\ Py and P, being flecnodes, is 

1 -j" ^<’11^^22 C^ll ^ 22)^2 ^^22^4 1^1 

(5) + [i(„u„ (i„ - 4- 2li,ulfy' - 

-- 0 . 

Consider the two points of r/' which correspond to Py and P,, yiz., 

P/^ = (^^1, 0, A|j, Ajg), P^' = (0, M22> ^ 2 )' 

The equations of the two planes tangent to S" or H' at these points 
respectively, are 

W 22 ^ 12^*1 ^ 11 ^ 2^2 ^^22 ■^4 ” 

^-'2^11^1 ^^11^1^2 ^^11^22*^3 ~ 

They intersect g, i. e., the line :»‘3 = =- 0, in two points 

2^1 = (Wji A 22 , ?<22 ^12 J ^2 ~ 0^11 ^21 > ~ *^22 ^11? 

which coincide, if and only if AjjAgg — Ajg = 0, i e., if and only 
if g" intersects g, as is moreover geometrically evident. P^ and Pg 
are harmonic conjugates with respect to the flecnodes if A,, Agg -f Ajg Agj =0, 
i. e., under this condition the planes, tangent to the second derivative at 
the points which correspond to the flecnodes of g, divide these flecnodes 
harmmically. 

The line Pg Pq has, besides Pq, another point in common with 
H'. Its coordinates are found to be (0, ^ 22 , A2i,0). Similarly PyPa 
intersects Efl in a second point (Un, 0,0, Ajg). Join these two points. 
The coordinates of any point on the line joining them will be 
(ftWii, At< 2 g, AAgi, ftAjg), where X:p determines the position of the 
particular point It is easily seen, by substituting in (3a), that this 
line is entirely on H' if A^ — Agg = 0, and in no other case, provided 

WiLGZYMBKi, projective differential Geometry, 13 
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that S' is not developable. We have therefore the following result. 
CotrespondMff to every jmint of S we have a point of S'. If each of 
the two flecMdes on a generator g of S U joined to the point of S' which 
corresponds to the other, the tiro straight lines thus obtained intersed the 
hyperboloid H' osculating S' along (f in two new points. The line join- 
ing these latter poinh lies entirely on H', if H' intersects g in two points 
which are harmonic conjugates with re-ijicet to tlw flecnodes The converse 
of the theorem is also true. 

Let us introduce the following abbreviations: 

A = (uii — U.J 2 ), V' 4- DtJ, 

(6) 1 

J3 — ^12^22? ^ ~ “t Ohl ^2.1 ^ 

and let us write the parameter t of the cubic curve in homogeneous 
form. Then we may write instead of (4), 

^ a;„ -= At^f./, X, - (Ut/ + 2Cf,f, + Dt/)/., -= ft,. 

If the cubic degenerates, each irreducible part wull be a plane 
curve (a conic or a straight line). If, therefore, the cubic degenerates, 
it must be possible to satisfy the equation 


rtjitj + + a.^a^ -f =- 0, 

for all values of t^:t,j the coefficients being indejiendent of t^it^. If 
we substitute in this equation the values (7), and ecjuate to zero the 
coefficients of t^^, fj-^ 2 , etc., ve find 

(8) a^T)==-0, + 0, — 

Let us assume first that neither B nor D vanishes. Then a^=-a^- 0, 
and ^ = 0; for, if A were not zero, w^e would have also = — 

i. e., there would be no plane containing the (supposedly) degenerate 
cubic. But from -4 = 0 follows either — W 22 * Avhich would 
make S a quadric, or else or would vanish, which however 
contradicts the assumption that B and I) shall not be zero. 

Let us now assume B =(=- 0, J) = 0. Then f/y = 0, and either 
^11 must vanish, i. e., either /S" is developable or S has a 

straight line directrix. Similarly if jP = 0, D =f= 0. Finally if J? = 0, 
/> = 0, either S has two straight line directrices, or else it has one 
while S' is developable We have, therefore, the folloAving theorem. 
If a ruled surf ace j with distinct branches to its flecnode curve, has one 
or nyre straight line directrices the derivative cubic always degenerates. 
In all other cases, the only way to obtain a degenerate derivative cubic 
consists in taking as derivative ruled surface of S, one of the devdojiables 
of the congruence F, 
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Another question at once suggests itself. To every value of Xy 
1 . e., to every generator of S there belongs a derivative cubic. In 
general, the cubics belonging to values of a;, differing from each 
other by an infinitesimal 8x, will not intersect. Their shortest 
distance will be an infinitesimal of the same order as 8x. It may 
happen however that, for an appropriately chosen variable, this 
distance becomes infinitesimal of a higher order, or as we may say 
briefly, that consecutive cubics intersect. We ask now: is it possible 
to choose the independent variable in such a way that every pair of 
consecutive derivative cubics may intersect? 

By putting y , 0 2^ (k = 1, 2, B, 4) in 

we obtain the coordinates of any point P</> on the cubic. As x 
changes we go from one cubic to another ; as changes we go 
from one point on a certain cubic to another point of the same curve. 
Equation (9) gives therefore, if both x and be taken as variables, 
the locus of all such points P</>, i. e., the surface generated by all 
of the derivative cubics of 8 If be chosen as a function of x, 
a curve is picked out upon this surface. Let us differentiate 
totally, i. e., assuming tliat and are functions of ir, and consider 
the quantity ^ ,/£> 

djc ^ 

where is an infinitesimal. This will clearly represent the coor- 
dinates of a point on the adjacent derivative cubic determined by 
the parameters .r -f d.r and -f dfijdxdx. If the original cubic and 
this second one, infinitesimally close to it, intersect, it must be pos- 
sible to choose as functions of x in such a way, that the corre- 
s]>onding points of the two curves shall coincide up to infinitesimals 
of higher than the first order Therefore dQ^jdx must differ from a 
multiple of 0 only by an infinitesimal quantity Proceeding to the 
limit Ave must therefore have 


( 10 ) 




dx 




We find by differentiation 


= mi + tlQ A + A'(, + 

+ (<i' - \pnh - Ipnh) + 2 

(10a) 4“ r ^PjAi ij^Pss^^ “h 2 


+ 

1 1 

lAt,% + il>\ 


1 

+ 



y - IPrA 

) + ^^4] 


denoting as usual differentiation by strokes. 
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If we substitute in ( 10 ) we find the following four equations: 

(a) 

+ \ “ e>Ati\, 

(b) + <1%) A + + ^<1^2 {f^ — 

(11) + J 

(c) \ At,\ + ll> (</ - I ' 1)2,^) + tlj'i, = (Oftt, 

(d) I At, ti‘ + f (tj - ’ !>„/, - I Pssf.j + Iff' ts^eotf>ts. 

If we multiply both members of (a) by of (b) by — ti, and add, 
and if we treat (c) and (d) in the same way, we find 

(e) (t' — 2 jPn^i ~ “ 2 2^23^2) 

”f" 2 ^^1^2 (^11 ^^22) “ 

(f) i>ti {t^ - p,it, - * P^,t^ - Iffi, (t^' - I p,,t, - .ji)22<2) = 0- 

Let US assume first ^ =f= 0. Divide both members of (f) by 

and compare with (e). We find 

i’¥i («n - “22) =" 

i. e., either /S' is a quadric, or else either or must vanish iden- 
tically. Assume 0 . Then (e) is satisfied. From (f) we should 
find jOgi = 0, for <3 cannot be zero, since the ratio is the parameter 
which determines a point on the cubic. But from 7/21 =^Pn~ ^ 
follows further V21 = 0 , i. e , D ==0 so that in this case -I 2 Ct^t ;^=0 

contrary to our assumption. It is, therefore, impossible to satisfy ( 11 ) 
except by puttin*^ ^ = 0 . According to (c) and (d) this gives either 
— 0 , or <2 or A = 0 . Assume A =^0 and say = 0 . All 

equations ( 11 ) are now satisfied. But from ^, = 0, ^ = 0 follows 
D = 0, i. e., either «/i, or must vanish, i. e., either S has a straight 
line directrix or else is developable. If however A = 0 , either S 
is a quadric or else is developable. 

In connection with our last theorem, we may therefore say: It 
is impossible to choose the surface 8 ^ of Hie congruence V in such a way 
ihat ^consecutive derivative cuhics may intersect, eoccept in the trivial cases 
when the cuhics are degenerate. 

If in ( 9 ) we put 1^ = 0 , we obtain the locus of the intersections 
of the cubic with the generator of 8 to which it belongs, i e., a 



§ 1. THE DERIVATIVE CUBIC CURVE. 197 

certain curve cutting every generator twice. This may be an asymp- 
totic curve. It is, in fact, if the further conditions 

(12) JP2i^ ““ — Pnh — i^22^2 ~ ®®^2 

are satisfied, where o is arbitrary. For, as < 10a) shows, the line 
joining to i- e., the tangent to this curve, is then a 

generator of the second kind on the hyperboloid osculating S along 
g. In other words it is a tangent to an asymptotic curve of S 

In general, of course, the conditions (12) and ^ = 0 can not both 
be satisfied at once. The question is: when are these conditions 
consistent? We find from (12) 

'l' = -g I (jPll + fij) <1 + Pil ' 2 ' = 2 \Pl2 i, + (Pll + 

Let us substitute these values of and in the equation (Ifldx^O, 

We shall find 

+ B(p^^ 4- cj) + + r-^^+ ^(P22 + o) 4- 

+ [20' 4" J^Pi2 + J^p2i "h ^'(Pn “h 1^22 "h 2®)] ^ 1^2 =0? 

which compared with ijj = 0 gives, 

B' -f B(Pii 4* cj) 4- 0/?j2 = t2?, 

Z)'4" B(p22 -f- gj) 4- 0*^21 ~ 

20' -f Bpi2 4- Bp2i -j- C{pii + />22 ~ 2r0, 

where r is a proportionality factor. Eliminating r, we find 

(a) 2 (2?'0 - J?r") 4- - p^.) -f (2 C^^-Bl))p ,2 - B%, = 0, 

(13) (b) 2(BU^-l)n-}~Dr(p,,-.p,,) + {2C^-~BD)p2,-I)^p,2--0, 
(c) BD' ~ B'l) 4- BD (i>„ - ^> 22 ) + 0(Di>,2 “ Bp^,) = 0. 

We may always assume that our system of differential equations has 
been so written that Equations (13) may then be 

regarded as three homogeneous linear equations for l,i>i 2 >P 2 i* Their 
determinant must therefore be zero. This gives rise to three alter- 
natives: either 0^— BD or O or BD' — B'l) must vanish. 

Consider first the case — BD = 0. Equations (13j become 

2(.B'0- jBO')- ^5^21=0, 2(D'C^DC')-D^p,2-=(\ 

^ ^ BD' -B'D-h CDp,2 - VBp2, == 0. 

If we multiply both members of the first two equations by CD and 
— CB respectively, add and make use of = BD, we find 

2G\DB' - D'B) 4- C^CDp,^ - CBp^,) - 0, 
whence, if C =(= 0, 

- 2 (BD' ~ B'D) + CDp,2 - CBp2^ - 0. 
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But if we consider the last equation of (14), this gives IBW — jB^2)=0, 
2 )jpj 2 — — 0, which last equation may be written 

i. e., the surface S has at least one straight line directrix. 

In the second place let C — 0. Then (13) becomes 

According to the first two equations S must either have at least 
two straight line directrices, or else H- ?(22 must be zero. The 
third condition gives, on substituting the values of B and D, 

^2 __ I *’12 l4l _() 

if we assume that S has no straight line directrix, so that 
^\^ are not zero. By integration we find 


^2 

^’21 


= const.. 


whence, since -f- no .2 = 0 in this case. 


= const. 

Pii 

But if we substitute into the condition z/ = 0 for a surface belonging 
to a linear complex the assumptions ?/,2 — ^^21 ^ Vu ~ P 2 i * whicli 
we have made, we find either ^ is a quadric, or 

~~ P'nlhi ^'y ~ const Therefore we see that if 

0 == 0, jS either has straight line directrices, or at least belongs to a 
linear complex. JVIoreover, if S has no straight line directrices, the 
independent variable must be so chosen as to make -j- vanish. 

If finally BD’ — B'D = 0, Ave find from (13) either T -- 0, 
which leads us back to the case just considered, or else ~ Bp^i 
must vanish, which gives again a surface S Avith a least one straight 
line directrix. 

In all of these cases the surface S belongs to a linear complex. 
K we leave aside tlie trivial cases, we may say that if a ruled surface 
hdongs to a Umar complex, and if the independent variable is so chosen 
that Wj, -f U 22 == 0, the surface of derivative cuhics determines an asymp- 
totic curve upon it which intersects every generator twice. 

We have seen in Chapter IX, that there exists in the congruence 
r a single infinity of ruled surfaces for which -f u^^ = They 
are ihose ruled surfaces of F, whose intersections Avith the flecnode 
surface of S are asymptotic lines upon them. But we can also 
characterise them by saying that such a surface is made up of the 
lines of F which intersect any asymptotic curve on the fibnode surface 
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of S. In fact, if we assume u ^2 = M 21 = Pii 

write the equations of the sheet F' of the flecnode surface as follows 

[cf. Chapter VI, equ. (15)]: 

(15) p" + [2 + fe) - 2 ^ p' 

V\i 

+ -Pain - 4 - ffasP = 0. 

If -f == 0, the coefficient of y' in the second equation vanishes, 
which proves that tlie curve is an asymptotic curve on F\ But 
from equations (16) of Chapter VI we see that Ca is then also an 
asymptotic curve on F'\ 

The asymptotic curves on F' and F" must, therefore, correspond to 
each other. The eongruenee F is a so-called W- congruence}) 

We may now state our theorem as follows: In order that the 
surface of derivative cithics may intersect the ruled surface S in an 
asymptotic curve, S must belong to a linear complex. Moreover, its 
derivative ruled surfa<;e must intersect the flecnode surface of S along 
an asymptotic curve. 

The asymptotic curve on S, thus determined, is unique. For the 
ratio B: D, which determines it, cannot he changed by any trans- 
formation of the variables which preserves the conditions 

Pn ~ Fj2 ^ ^12 = <<2l + ««22 == 

We may, therefore, take any asymptotic curve of the flecnode surface 
and consider the ruled surface of F made up of the lines which 
intersect it. We obtain thus as a consequence a single infinity of 
surfaces made up of derivative cubics. All of of these intersect S 
along the same asymptotic curve. 

But we notice further that C — 0. Therefore, this asymptotic 
carve intersects every generator in two points which are harmonic con- 
jugates with respect to the flecnodes We shall meet this special asymp- 
totic curve again in a later paragraph. 

Another question suggests itself. Is it possible to choose the 
independent variable of our system in such a way that the derivative 
cubics shall be asymptotic lines on the surface generated by them? 

In order to answer this question, we must first find the coordi- 
nates of the osculating plane of the cubic at any one of its points. 
For the moment we prefer to take the equation of the cubic referred 
to a non -homogeneous parameter f, i, e., in the form 

x^ = At, Bt^ 2Ct^ Dt, x^ = Bt^ + 2Ct D. 

1 ) Cf. Bianchi-Lulcat, Vorlemugen uber Diff'erenttalgeometne, p. 815, for the 
general theory of IV- congruenoes. 
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Its intersections with the plane SUiXt == 0, whose coordinates are 
(w, , . . . W 4 ), will be given by solving the cubic equation 

(-d.Wj -f- 2Cug -I" H- (^A.u^ -f- 2Cu^ 4 - Du^^t -f- Du^ = 0 . 

The three roots of this cubic must coincide if the plane is an 
osculating plane of the cubic curve. They must, therefore, also satisfy 
the equations obtained from the above by twofold differentiation 
with respect to t. This gives the following conditions: 

SBu^t -f Aui 4 - 2Cu^ 4 - Bu^ = 0 , 

4~ 20u^ -4- Buj^t 4* 4" JDu^ =■ 0, 

4 “ 2Cu^ 4" JDu^t 4 " = 0 . 

Of course, only the ratios of . .u^ are of interest, so that we may 
multiply Wi . . . W 4 by a common factor if we please. We find 

fl6) > j > 

^ ^ = 2BCt^ 4 - ?>BBt^ I)\ u, =- - ABt^y 

as the coordinates of the plane osculating the derivative cubic belong- 
ing to the generator g at the point whose parameter is t, or in 
homogeneous form, 

. . == B%^ - 3BI)W - 

^ ^ ^2 = 2 Brt,^ 4 - ^BI)t,% - 1 )%\ n, == --ABt,\ 

We have already made use of the expression 

^ ^2 4" ^ 2 -) “l~ ^ (^1 + ^2 

as giving the coordinates of a point (^, : t^) of the cubic curve which 
belongs to the argument ir, or as giving the coordinates of a point 
(Xj : t^) of the surface formed by the aggregate of all of these curves. 
The plane which is tangent to this surface at the point (r, : 1 ^ 2 ) 

must contain also the point of the adjacent cubic, i. e , the 
point whose coordinates are given by 

^ 4 — dx. 

f X ' 

where, in forming ? ^jr x, and are regarded as independent 
variables. The tangent plane must therefore contain the point whose 
coordinates are cQlix. We have 

+ « - 2 ^<i<s(l>i2<i + Pnh) +|V’i<js^] 

+ e - 2 ^ (Pa <1 + i)*i 4) + <i] 

+ O - 2 +1>^8^) + ll <!]• 
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The point, whose coordinates (I,, ■ . . are the coefficients of 
y,g,((,a in this expression, is in the tangent plane of the point 
If, therefore, the cubic curve is an asymptotic line upon 
the surface, its osculating plane must contain the point (£,,■■■ £ 4 ), 
i. e., we must have 

(18) Mill + »2 £s + M.,£3 + M4£4= 0. 

We find 

£1 = + (2A' + 2»„(7 — + (it„2) - 44p2i)<i<j*, 

£j - UjtDti’ + (MjjB - + (2A' + 2m, jC — Ap^i)fJ,‘, 

(’-> +(2zy-I}p^^- 2Cp,,)t , <,=* - Dp,X 

£4 = - + ( 2 -®' - JiPii - 

+ (A — Dp,, + dr" — 2('p„)<,#,* + (2D' - Dp,3)<2’ 

If these values, and the values (17) for m,, be sub- 

stituted in (18), and the coefficients of ii%, etc., be succes- 
sively equated to zero, the following seven equations make their 
appearance: 

-I- .dDVia = 0, 

B^2A' -f 2«,4C' - Ap,,) -t- 2JiCi,i,,B - Ap,,) 

- AB(2B' - Dp,, - 2(7p„) = 0, 
B'‘{u,,l) - Ap^,) - SD^Dmj, -1- 2B('{2A! + 2uttC - ^p,,) 

-f- SBD{it,,B- Ap,,)-AB{A-I)p„ + iC'-2Cpi,)==0, 

- 3BjDi2A' + 2 mii (7 - ,lp„) - 2BCJ)(u,, - %,) 

(20) +3BI)(2A' + 2 «„ C- A p„) 

-t- AB{2B' - Dpii) - AB(2iy - Dp„) = 0, 

- 3DD(m.,D - ^P2i) - 2CD(2A' + 2u,,(' - Ap,,) 

4- 3DD“«22 — T)‘{u^^B— Ap,,) 

+ AI){A - Bp,, + 46” - 26p,i) = 0, 

— 2CD(m,iD — ^pai) — IP(2A' -h 2 m, 26 — .4p„) 

■f ^D(2D' - Dp„ - 26p„) = 0, 

— »„ D* — AB^p^, — 0. 

Let us assume that both D and D are different from zero. Then 
the first and last equations give 

(Wii - - 0, 

^11^22^21 ^22)i^21 ~ 

^<11 **22 (%1 ~ ^22)jPl2 ~ *^11^22 (*^11 ^*22)p21 


or 
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But all of the possibilities here suggested give zero values to either 
B or D, or both, except = 0, in which case /S' is a quadric. 

But this is only apparently an exception, arising from the fact that 
in this case the flecnode curve is indeterminate. If two of the straight 
lines of the second set be taken for the curves Cy and we have 
in this case also B = D == 0. 

There remain two possibilities. If jEf = 7) = 0 all of the equations 
(20) are satisfied. If S' is not developable, S must belong to 
a linear congruence. If S' is developable, it is sufficient for S to 
have one straight line directrix. In either case the derivative cubic 
degenerates into a straight line, and is therefore obviously an asymp- 
totic curve upon the surface of cubics. 

Finally, it might happen that one only of the two quantities B 
and D is zero. Say = 0, D =[= 0. Then the first four equations 
of (20) are satisfied. The other three become 

— 4- ^ 0, 

~ 2Cm,iD - Di^A' -f - Ap.^,) -f- A{2 D' - Dp,;) = 0, 

— D — A^)^, 0. 

From the last of these 'sve find 

whence, since !> 4= 0, follows z«22 = therefore A = 0. The 

second equation now gives us C - 0, which also satisfies the first 
We have again S' a developable surface, so that the cubic degenerates. 
Therefore 

The derivative cuhics of a ruled snrfaie are asijmpiotie curves npmi 
the surface formed hif their totality j only in the trivial cases when they 
degenerate into straight Hues 

§ 2. Null -system of the derivative cubic. 

A twisted cubic always determines a null- system, i. e., a point- 
to- plane correspondence with incident elements. Geometrically this 
correspondence may be constructed as folio w-s. An arbitrary plane inter- 
sects the curve in three points. The three planes, which osculate 
the curve in these points, intersect again in a point which is situated 
in the original plane. This is the point which corresponds to the 
plane in the null -system of the cubic. 

We shall now set up the equations for this null- system. For 
this purpose it is more convenient to use the equations of the cubic 
referred to a non -homogeneous parameter t. 

Let t,yt^jt^ be the three values of t which correspond to the 
three points in which the plane 
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4 - v^x^ 4 - v^x^ = 0 

intersects the cubic. Then ^ are the roots of the cubic equation 
Bv^t^ 4- {Av^ 4* 2Cv.^ 4- Bv^t^ 4- (Av.^ 4- Bv^ + 2Cv^t 4- Bv^ = 0. 
Therefore we shall have 


A 4- 

Bv^ 

Ar^ 4 - 4 " 20/^4 

Dt?3 


=--- *- (/^ 4- ^2 4- ^3), 
==■ hh + yi + 


DV4 _ 
Bv^ “ 


-Wr 


If we solve these equations for vjv-^y ^2/^3 > make 

them homogeneous, and multiply r, . . by the common factor A, 
we shall find 


'1 ^ B -{- — BB (t^ 4“ ^2 + ^3)? ^3 ~ AB, 

-D^+21}CW, + BD{t,i, + t,1, + t,Q, v^ = -ABt,t,U 

'Uhe coordinates of the planes which osculate the curve in the 
three points 1 2 , are, according to (IG), 

i([^^ - BH! - ^6BBt - 2CBy _ ^j) 

of = 2567* + %BBil - 5*, = - ABtl 

Let d\y . . .^4 be the coordinates of the point of intersection of 
these three planes. We must then have 

t 

-=() (' = 1,2,3). 

'—1 

Solving these equations we find 
./'i -- Ait^^'-i "b ^3*^1 “b 

(22) -^-.-^Mk + U + k), 

.r,j "b "b 4- ^1^2) 4“ -0 (<4 4" ^2 "b ^3); 

.^4 = Bit^h “b ^3^1 4" ^iL) 4- + ^2 4- ^3) 4" 3D, 

and a simple calculation will show that ^v,Xt — 0, i. e., as we have 
stated, the point of intersection of the three osculating planes lies in 
the })lane of the three points of osculation. 

In our null -system then, the plane (21) and the point (22) cor- 
respond to each other. To find the explicit equations for this cor- 
respondence, we need only eliminate t^yt^yt^ between equations (21) 
and (22). Denoting by ro and co/ two proportionality factors, we find: 
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fljUj = * -j- 4 (C* — BD)oc2 4 " ABxq — 2ACX4J 

©Vj, = — 4 (C^ — BI))x^ + * -\-2AGx^ — ADx^f 

^ ^ a)V2= - ABxi — 2ACx2 + * + A^x^, 

©V4 = 2 ACx^ -j- AD0L2 — A^x^ + *; 

and 

= * + A}v2 4- ADv^ 4- 2ACv4^j 

. 4. (sJx2=-^- A^i\ 4 * — 2ACv^ - ABv^, 

^ ^ Gi^X2=-- AJDv^ A- 2 AGv^A * 4.{G^ - BD)v^, 

(o'a^ == - 2AGi\ 4- ABv^ - 4 (C^ - BI))v., 4- * • 

But, associated with the null-system, we have a linear complex, 
made up of all of the lines which pass through a point and lie at the 
same time in the plane corresponding to this point in the null-system. 
Introduce line coordinates by putting 

raa == x,ih — XkVn — VkW.y 

where and 2 / 1 ... 2/4 are the coordinates of two points on the 

line, and where . . i\y . u\ are the coordinates of two planes 
containing the line. Then fhe equation of the complex may he written 
in either of the forms 


(25) 

(26) 


— 4(C^— BD)(o^2 ABg)^^ 4- 2AG(o^^ 


2AC(02fi — ADa^ 


A. 0 , 


- 4 (02 - BD)©;^ - AB(o\2 4- 2AGg}[^., 


— 2AG(o\^ — A1)g)\,^ — -4.2 ©Jg = 0. 


This complex becomes special if A^BD = 0, i. e., only if the cubic 


To the flecnode Py (./g = ^3 = .*’4 == 0) corresponds the plane 
[0, - 4(02 - BD), - ABy 2AG\. 


Therefore, if 02 •— P/) == 0, i. e., if the derivative nihic is tangent to 
the generator g, the corresponding plane passes through g. If 0 — 0, 
i. e, Wji/w 22 == const, the plane passes through BoBy. Therefore, if 
the intersections of the cubic with g and the flecnodes form a harmonic 
group on gy the plane corresponding to each flecnode passes through that 
point of the derived ruled surface which corresponds to the other. 


§ 3. The osculating linear complex. 

There is another linear complex associated with every generator 
of a ruled surface, even more important than the one just considered. 
A linear complex is determined by five of its lines, provided that 
these have no two straight line intersectors. Let us consider five 
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generators of a ruled surface, g and four others. As these four 
generators approach coincidence with g, a definite linear complex will 
in general be obtained as a limit. We shall speak of it as the linear 
complex osculating S along g. 

Instead of determining the complex by five consecutive generators 
of Sy it will be advisable to determine it by means of two pairs of 
lines which are reciprocal polars with respect to it. Two such pairs 
are obviously constituted by the flecnode tangent of g and of another 
generator infinitesimally close to g Let us denote by g^, fjj fj\ gj 
the generator of Sy the first and the second flecnode tangents 
and the generator of S\ which belong to the argument x. Similarly 
we denote by gx-\-Sxj etc., the corresponding lines belonging to the 
argument x 6 Xy where 8x is an infinitesimal. 

Clearly fj and fj' are the directrices of the osculating linear 
congruence, (determined by four consecutive generators). Therefore, 
all lines intersecting fJ and /*/' belong to the osculating linear com- 
plex, whose equation must, therefore, be of the form 

(27) a{ajg -f- &O 42 = 0. 

Change the parameter x by an infinitesimal quantity 8x. The 
flecnode tangents and must again be the directrices of 

a linear congruence contained in the complex. We have 

vJ^Jy x = Qx ■¥ Qx 8 X y CtC 

If we substitute the values of y\ p', etc. from Chapter IV equations 
(112) and Chapter IX equations ( 2 ), we shall find 

2yx^6x = 4- (p -PuV 

= -\r — p^y — p^2^^)8Xy 

2Qr + 6x == 2p 4- (#qi 2 / + ^n^—Pn9 -Pi2^)^^f 

2^j:+J* = 20 4- + ^22- —PnP 

where, of course, and may be equated to zero, since Ty and 0^ 
are the two branches of the flecnode curve. 

Now clearly, the coefficients of y, Zy p, o in the expressions 

4" ^yx-\-dx and ffx~^6v 4* p^x-\-dx 

will be the coordinates of two arbitrary points Pj and Pg, situated 
on /’i-f-dr and fj^dr respectively. If (27) is the equation of the 
osculating complex, the plane which corresponds in it to P^ must 
contain Pg for arbitrary values of X and fi. This consideration will 
enable us to determine the ratio a:h. 
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We find first, remembering that Wjg “ ^21 “ A ^3 

the coordinates: 


, 2X + {u^i~Xpii)dor 


— Xp^^Sx I 2+(— + 


-p^^dx 

2 + (—P 22 ^ 


But, if we denote by n ^, . . ., if^, the coordinates of the plane 
which corresponds to the point x ^, . . ., .T^ in the linear complex (27), 
we find 


= ~ ajL^, Ho = 4- 

Substituting for tlie coordinates of J\y and writing 

down the condition that Pg shall lie in the plane corresponding to 
P,, we find that we must have 

a{^~ X) P 2 , + Z/ U — p)Pi2 =- 0 

for arbitrary values of X and /t, i. e., a:h — 

Therefore, the equatkm of the osmlatwff Imear complex, in the 
system of coordinates here employedy is 

( 28 ) ®ij "h P'li. ~ ^ 

The point -plane correspondence, determined by this complei^, is given 
by the equations 

(29) Mi=Pisa'3, = «s= 

Let us consider a point on the generator g. There will corre- 
spond to it, in this complex, a plane, obviously containing the 
generator itself. But to every point of g tJiere also corresponds an- 
other plane through g^ viz, the plane tangent to the ruled surface 
at that point. Clearly, there will exist in general two points on g 
at which these two planes will coincide. We shall call them the 
complex points of and their locus on S, the complex curve of the 
surface. We proceed to determine the complex points of g. 

The plane corresponding to any point of g, (x^y x^y 0, 0), in the 
osculating linear complex, has the coordinates 

(30) == 0, Wg = 0, % = P12 ; '^*4 ~ P2I ^2 ’ 

The coordinates of the plane, tangent to S at the same point, are 
found most easily by computing the equation of the plane tangent to 
the.tisculating hyperboloid H at that point. They are (0, 0, iPg, ~ fl?i). 
This plane and (30) coincide if and only if — •i^ 2 i ^'2 “^ 2 *""^i; 

i. e., if 

(31) 


PiA’‘ - = 0- 
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This shows that the complex points and the flecnodes form a harmonic 
group on every generator of the surface. 

If in (7) we put -f == 0, we find that the derivative cubic 
intersects g precisely in the complex points. Therefore: if the sur- 
face S' of the congruence F is so chosen that it intersects the flecnode 
surface of S in an asymptotic curve, the surface of derivative cuhics 
will intersect S along its complex curve. If S is contaim’d in a linear 
complex, the complex curve is at the same time an asymptotic curve. 

This last statement follows from our previous results, but may be 
verified directly as follows. We notice in the first place that, under our 
assumptions, the factors of the expression —^> 21 2/^ determine the 

complex points. Let us assume p^^ — p,^^ — 0, which we may do 
without affecting the generality of our argument. Then the condition 
jd = Q for a hnear complex becomes =- const. If we now make 
the transformation 

^ VPnU + 5 - 

we find that, in the transformed system of differential equations, 
^12 ~ ~ coefficients of this transformed system being 

denoted by Greek letters. But tins proves that Cy and Cz are 
asymptotic lines on S. It is geometrically evident that the tangents 
of this asymptotic curve will be lines of the linear complex. 

Lie apparently ^^as the first to notice the existence of this 
special asymptotic curve on a ruled surface belonging to a linear 
complex. He proved, m 1871, that its determination requires no 
integration, and that all other asymptotic curves may be obtained by 
quadratures.’) These latter remarks we can also verify at once from 
our theory. Picard found the same theorems independently in 1877.®) 
These results on the determination of all of the asymptotic curves 
by quadratures if one of them is known, follow at once from the 
fact first noted by Bonnet that their equation is of the Biccati form, 
and had already been explicitly formulated and applied to special 
surfaces by Clehsch!^) It seems that Voss^) was the first to notice 
that this asymptotic curve and the flecnode curve divide the generators 
of the surface harmonically. ( ^remona however had already made this 
observation in the special case of a unicursal surface with two straight 

1) X/e, Verhandl, d Ges. d. Wiss Christiania (1B71), Mathematische Annalen, 
vol. 6 (1872). 

2) Ihcard, These, Paris (1877) See also Darboux Bulletin (1877), p. 335, 
and Annales de P^lcole Normale (1877) 

3) Clebsch, Crelle’s Journal, vol. 68. 

4) Voss, Mathematische Annalen, vol. 8 (1876). 

6) Cremona, Annali di Matematiche (1867 — 68') 
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line directrices. Hdlphen and Snyder^) extended this theorem of Cre- 
mona's to all surfaces with two straight line directrices. The general 
notion of the complex curve, its relation to the derivative surface and 
to the surface of derivative cubics seem to occur for the first time 
in a paper by the author.®) 

There always exists a pair of points harmonically conjugate to 
each of two given pairs. We see that the pair 

32) 

is thus situated with respect to the flecnodes and the complex 
points. They are, therefore, the double points of an involution of 
which the flecnodes and the complex points are two pairs. We will 
call them the involute points^ their locus the involute curve. Of course 
these three pairs cannot be real at the same time. 

Consider the covariant of weight 7, 

(33) ^ C\ 

where 

C = + («1, - iiii)yis, E = + (iJj, - Vi^)yz. 

We have seen in Chapter IV that 6, is a co variant. Moreover it 
reduces to (32) under our special assumptions. Therefore, the factors 
of the covariant 0^E — 0^ C give the expressions for the involute points 
in invariant form. If 

(H4) Mu - 0, = 0, 

the combined locus of Cy and constitutes the involute curve. If 
however 

(35) «ii - = 0, - iJu = 0, 

then Cy and Cz together constitute the complex curve. 

We can also write down a covariant whose factors give the 
complex points. It is found by expressing the conditions that a 
quadratic in y and z shall represent points which divide the pair 
of the flecnodes, and the pair of involute points harmonically. We 
find in this way, that the factors of 

(36) [(Mj, - «u) «'i 3 - (®11 - %) “jj] + r («11 - Mas) "ai 

- (»ii - %) “at! + 2 [Mia Mai - M 2 i«’ia] y^ 
represent the complex points. 

1) Hdlphen, Bull. Soc. Math, de France, vol. V (1877). Snyder, Bulletin of 
Am. Math. Soc., vol. V (1899). 

2) Wilczynski, Transactions of the American Mathematical Society (1904), 
vol. 6, p. 243. 
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We can easily show that the derivative cubic cannot intersect g 
in its involute points unless is a quadric. Moreover, if the deriva< 
tive cubic intersects g in two points which are harmonic conjugates 
with respect to the complex point, S can only be a quadric. The 
cubic may, however, intersect g in two points harmonic conjugates 
with respect to the involute points, provided that -f = 0 , i. e., 
provided that S' intersects the flecnode surface of S in an asymptotic 
curve. It then passes through the complex points. 

It is further clear, geometrically as well as analytically, that the 
two complex points can coincide only if S has a straight line directrix 
or if the flecnodes coincide. They become indeterminate if S has two 
straight line directrices. The involute points coincide if @4 = 4 = a-Jid 
if S has a straight line directrix. They are indeterminate for 0^ *= 0. 

To every point F' of g' there corresponds a plane in the 
osculating linear complex, as well as the plane tangent to S' at P^ 
When do these planes coincide? 

Let the coordinates of P' be (0, 0, ctg)- The plane, corresponding 
to P' in the complex, has the coordinates ■“ 

that it contains g'. The coordinates of the plane tangent to S' at 
P' are, of course, the same as those of the plane tangent to H' at P', 
which may he obtained from (5), viz.: ^)' 

These planes coincide if and only if 

'*uPv2^i' “ ^h2Pn^2^' 

The corresponding points on g are again harmonic conjugates with 
respect to the flecnodes, i. e., those asymptotic tangents of S which 
join g to the points of g'^ the planes corresponding to which in the 
linear complex are the planes tangent to S', are harmonic conjugates 
with respect to the flecnode tangents. 

The planes which correspond to these two points of g', in the 
null -system of the cubic, do not contain g' . 

§ 4. Relation of the osculating linear complex to the linear 
complex of the derivative cubic. 

The equations of the two complexes are 

= 4 - BD) CO12 -}- H- AD(o,^ 

(37) 4 - + '2AC(o^^ - 2AC<o^^ = 0, 

+i'2l043 = 0 . 

Their simultaneous invariant is 

(38) ~ 2 Woo (wjj — Mgg)- (m^j 4 2 ^ 21 1 ^ ) 

which, leaving aside the cases when S' is developable or when iS has 
one or more straight line directrices, vanishes if and only if + Wgg—O. 

1) Cf. chapter VII, § a. 

WiLozYNSKif projeotire differential Geometry. 14 
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Therefore, the osculating linear comphor and the complex of the deriva- 
tive cubic are in involution if the first derivative ruled surface ads out 
asymptotic curves on the flecnode surface of S, and the cubic passes 
through the compleji points of <j. Some of our previous theorems are 
consequences of this. 

The two special complexes which are contained in the family 
-j- 11^2 ” 

where A and p are constants, are tliose lor which 

or, discarding again the cas(‘ when S has a straight directrix, 

— V2 u^i^ uj' 4 -- 0. 

They coincide if 

?qy U.J i<qi 4- 4- 12/«i, ‘ (/q, — = 0, 

i. e., if S' is developable, if iS is a quadric, or if 

(39) (i/ji 4 ”1" 12?q,?q„ = 0 

We can always choose the independent variable so as to satisfy this 
condition. In fact, if we change the independent variable by putting 
| = according to Chapter IV, equations (49), we shall have 

(/q, + /7,>.^y + I- 

if 5 be taken as any solution of the equation 

(40) {j4p^ 4- 32 (//,, 4- U2,)p 4- f^qi -f 4- 12 m,, Moo — 0, 
where 

Therefore, there exist tuo families of non - developable ruled 
surfaces in the congruence F such that the linear congruence, common 
to the osculating linear complex of S and the linear complej of the 
derivative cubic, shall have coincidmi directrices Any four surfaces of 
one family intersect all of the asymptotic tangents of S in a point roic 
of constant anharmonic ratio. The two families never coincide unless 
0^ = 0, i. e., unless the flecnode curve intersects every generator in 
two coincident })oints. But in this case the congruence is not defined. 
If S has a straight line directrix this congruence is degenerate 

The coordinates of the plane, which corresponds to a point 
(x^, x^, 0, 0) of g in the null -system of the cubic, are 

4{C^-BD)x^, -A{C^-BB)x„ -ABx,-~2ACx,„ 2ACx, + AJ)x.^. 
This plane contains g if and only if — BB = 0, i. e., if the 
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derivative cubic is tangent to g. It will coincide with the plane 
tangent to S at this point, if further 

— ABx^ — 2AGx^ — o-Tcj, 2A(yx^ + ADj\, === — ox^^ 

where (d is a proportionality factor, or 

ABx^ -j- (2A( ^ -f- ca) ./jj — 0, (2 AO -}- (d ) ./^ 'i~ A ~ 

whence follows ca — — AO or — 3AC. We have therefore 

a^:x,==- or -= 0 : B = I) .0. 

These points are harmonic conjugates with respect to the flecnodes 
Tliereforey if the derivative cuhie is tangent to g, there are two 
points of g whose tangent planes are the planes eorresponding to tlmn 
in the null-system of the cuhie. These points and the llcrnodes form a 
harmonic group on g. They never coincide with the complex points 
unless the ruled surface has a straight line directrix. 

Tlie planes, corresponding to a point of g in the null -system of 
the cubic and in the osculating complex, coincide if 

BB^O, 

{AB — (xip^.f)x^ -f 2A(^\r.j = 0, 

2AOx^ -4- (AB — op.j^)a2 == 0, 

where ca is a root of the quadratic 

(41) ca^ -f (^11 — %>)“ (<Li + — 12 u^^^ u^J (w^, — = 0, 

neglecting again the case when S has a straight line directrix. These 
two ])oiuts of g coincide if Ohi “h = 0. 

More generally, if we write down the conditions that the same 
plane shall correspond to a point {x^, x^, xf) in the osculating 

linear complex and in the complex of the cubic, we shall obtain as 
the locus of these points two straight lines, the directrices of the 
congruence common to the two complexes. These conditions are as 
follows; x^ ... x^ must satisfy the equations: 

■“ + 4(0^ — BB) t., -j- (uiB - (0Pi.j)j.i — 2A(^x^ = 0, 

— 4{(^^ — BB)x^ + * 4- 2ACx^ — [AB— (op^fja^ = 0, 

(42) 

-{AB-cop,.;).^, - 2 AOx 2+ ^ -\-Ah,^0. 

2ACx^ 4- {AB — op^f) x^ — A^x^ + * =0, 

the vanishing of whose skew -symmetric determinant gives for ca the 
quadratic equation (41), which may also be written 

(41 a) {AB - G^p^f) {AB - mp^,) + ^A^ {0^ - BB) - 4A^C^ = 0. 

14* 
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Let Oj and be the two roots of this equation. If we eliminate 
from tbe first two, x^ from tbe last two equations of (42), if we 
make use of (41 a) and assume that neither A nor C* — BID is zero, 
we shall find 

— {AB- A - H- = 0, 

-A{CA -BB)x,-{AB-mPn):e3 + 'i-A.Cx^==0 ^ ^ 

whence 

— 2C [AB x^ — 4-4^i)./55 

(43) + A {AB — (Ot jjij) a-s = 0, {k = 1, 2), 

— (A B — (ai,p^,) a\ — 2ACx^ + = 0 

the equations of the two directrices in simpler form than in (42). 

A line joining the point j^ 2 > 9 point (0, 0, x^y x^ 

of g' is a generator of the second kind on H. It is not difficult to 
see' that it will intersect the directrix (43) if and only if 

(44) — (AB - (oipy^yx^'^ + AA^BDx^^ — (K 

Hence, the two points, in which either of the directrices of the 
congruence common to the two complexes intersects the osculating 
hyperboloid, determine upon this hyperboloid two generators of the 
second set which are harmonic conjugates with respect to the fiecnode 
tangents. 

It also follows easily that the two pairs thus obtained, one 
corresponding to each directrix, coincide only if 

(Wn + W 22 )* + 

i e., if the directrices themselves coincide. Further, if one of these 
pairs intersects g in the involute points, the same is true of the other 
pair, so that this can only happen if the directrices coincide. Finally, 
such a pair of generators of H can pass through the complex points 
only if S has a straiglit line directrix, or if S' is developable. 

The line joining the points (j^i, 0, 0) and (0, a-,, 0, aJg) is a 

generator of the first set on H. The coordinates of an arbitrary 
point of this line are (^Xj, px^, px^) This line will, therefore, 
intersect one of the directiices of the congruence if aJi, aJg, >L, /a can 
be determined so as to satisfy the equations 

A [— 2 C (AB~ G)^py^)xi A {A B— (fikPr>)J'A — 4:pABJ)x^ == 0, 

— X{AB — (QkP^^ Xy -h /a (— 2^C'a’^ 4 A^Xj) — 0, 
which gives either ^ = 0, AB — Oip^^ == 0, or 

(45) 4(C^~ BD) x^ - 4ACx,x, -f = 0 

The first two cases give either a surface S with a straight line 
directrix, or else a developable surface S'. Leaving these cases aside, 
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we notice that (45) does not contain ©a so that if the line on H 
here considered intersects one of the directrices it intersects the other 
also. Combining this with our previous result, we see that the 
following theorem holds. 

The four points in which the directrices of the congruence, common 
to the osculating linear compleoc and the linear complex of the derivative 
cubic, intersect the osculating hyperboloid can be grouped into two pairs, 
such that the line joining the members of each pair shall be a generator 
of the first set upon the hyperboloid Upon this generator this pair of 
points, together with the intersections of the generator with the flecnode 
tangents, form a harmonic group 

The plane, corresponding to a point x^, 0, 0) of g in the 
null-system of the cubic, intersects the fletnode tangents 

f in the point \ABx^ -^2ACx^, 0, 4(6^^- BD)x 2 f 0|, 
in the point [0, 2A('Xi -f ADx^, 0, 4(0^ 

The line joining these points is a generator of //, if either 
A = 0, or -BD^O. or Brf^ - Dx,^ = 0. 

Therefore, ttm'e exist in general two points on g, harmonic con- 
jugates with respect to the ftecnodes, such that the planes, corresponding 
to them in the null -system of the derivative cubic, pass through a 
generator of the osculating hyperboloid. If the cubic is tangent to g 
the null -plane of any point of g contains a generator of H, viz., 
g itself. If .4 == 0 likewise, all points of g satisfy the condition of 
the theorem. Their null -planes all pass through g\ 

§ 5 Various theorems concerning the flecnode surface. 

The principal surface of the congruence. 

Let us consider the plane.s which osculate the flecnode curve of 
*9 at By and P^. We have, of course, u^> = u^x = ^4 

are the coordinates of an arbitrary point of the plane osculating Cy 
at Py, we have for the equation of this plane 

U 

!h Ut th tfi _ 

Hi ih! yl ~ 

Vi thr .V:/' .///' 

But 

'■iyK =QI- PnUi. - 

— y" = Puyi! + i’la"*' + etc. 

If we assume again p^^ == p.,^ = 0, and substitute into the above 
equation, it becomes 
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“*’22 

//m 

2/22 

(>1 “ Pis'll » 

Q'l ~Pl2 


But if we introduce again the fundamental tetrahedron 1\P.FqP„^ 
this reduces to 
(46a) • 

In the same way we find the equation of the plane osculating (\ at 
P, to he 

(46b) - 25',,i.r3 + -- 0. 

To these equations must he added tlie conditions — 0, if 

and (\ are the two branches of the flecnode curve. 

Let us assume that this is the case. The osculating planes at 
Py and Ps intersect along a straight line, whose intersections with 
the osculating hyperboloid may now he found. If are the 

coordinates of one of these points of intersection, we find 

where the ratio of is determined by the quadratic 

(48) (Pt/P,,^- + <>• 

Therefore, if Jh'jQjt ~ ^2 ® 2 V “ ^onsf., thf' iwo 

(ftnerators of the first Ihni on H uhich pass throiif/h these points are 
harnionii eonjiujotes with respert to f/ and (/, If 

(49) {Pn<l~n - i'21 9 i» '■ I- Pv^Pn ' = 

the intersi etion of the two oscidatim/ planes is tan(jent to the hyperholoid. 
This latter property is obviously cliaracieristic of a class of ruled 
surfaces, and can be expressed in invariant form. 

We may find the invariant expression for this condition by 
making use of equations (102) of chapter iV. We there found that 
the coefficients of system (A1 could be expressed as functions of the 
invariants, if the system is supposed to be reduced to the form 
characterized by the conditions ~ ^^21 ~ P\i " P 22 ~ This 

is precisely the form in which we have supposed system (A) to be 
written in deducing (48) and (49). If we substitute the values of 
Pii} 9 'i 2 2 from the equations just mentioned into (49), we find 

('49a) -f- - 0, 

s 

while Pi^^p.^^ becomes We have, therefore, the following results, 
which may also be verified a posteriori. 
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If the independent variable is chosen so that = constj the 

generator of the first derived surfac(‘ is the harmonic conjugate of g 
with respect to the two generators of the same hind m B which are 
determined hy the points, in which the line of intersection of the two 
osculating planes of the /lecnode curve, intersects H. 

If @ 4 * -f 16 = 0, die ruled surface S has the following 

characteristic property. The xilanes, which osculate the flecnode curve at 
the two points of its intersection with any generator, intersect in a line 
which is tangent to flw osculating hypirholoid. 

The plane osculating the flecnode curve at P,, intersects the 
flecnode tangent / " which passes through in the point 
Similarly, the plane osculating C\ at intersects in the point 
(2^21; ^jp 2 ij ^)- Therefore, the line joining these points is a generator 
of H if and only if “■ A>i^i 2 = ^ belongs to a linear 

complex. In other w'ords: the points in which the two planes, osculat- 
ing the flecnode curve at its points of intersection with any generator, 
intersect the flecnode tangents are situate^t upon the same generator of 
the osculating hyperboloid if and mly if the surface belongs to a linear 
complex. 

To each of the two planes (46 a) and (46 b) corresponds a point 
in that plane by means of the osculating linear (jomplex. These 
points have tlie coordinates 

{-PnPii> - -Ih.) and Pan 0)- 

We And that tlie line joining them intersects // in two points, which 
form a harmonic group with the first h\o, if S belongs to a linear 
complex. It is tangent to H if (49) is satisfied. Therefore, if the 
two planes, osculating the flecnode curve at ds two points of intersection 
with a generator, intersect in a lim whidt is tangent to the osculating 
hyperboloid, the line joining the two points of tiuse planes, which 
correspond to them in the osculating linear complei , is also tangent to 
the os(ulating hyperboloid, and conversely. 

We have seen that, under tlie assumptions 

i/,3 =- //3, = = p^j == 0, 

the equations of the sheet F' of the flecnode surface assume the 
form (15). Let us denote by the quantities formed for this 

system according to the same law as are the quantities Ua for the 
equations of S. Then we shall have, [cf. equations (4) chapter IX], 

1^18 

The curve C,, is a branch of the flecnode curve on F' as well as 
on S. The other branch is the locus of the point 

II 21 y (llii II 22 ) Q' 
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Now if iiie transformation | |(ir) is made, q is converted into 
— 1 

(e + *iy), where »? = y • 

Therefore, if a transformation made such that the 

derivative surface of S with respect to may cut out upon F' the 
second branch of its flecnode curve, must be so chosen that 


( 50 a) 


(Zu-3,« 


Similarly the second branch of the flecnode curve on F" will be 

obtained by putting 

( 50 b) 

Qii Pil 


The two surfaces of F thus obtained coincide only if S belongs to 
a linear complex, i. e, ihe second branches of the flecnode curves on the 
two sheets of the flecnode surface of S correspond to each other only tf 
S belongs to a linear complex. 

We have seen that the plane osculating Cy at I\ intersects 
in the point ^^12^ + corresponding point on / ', i. e., the 

point obtained by finding the intersection of /*' with the correspond- 
ing generator of is given by ^^?l2?/ +i>i2(>- We ^ surface 
of r which intersects f and in these points by making a trans- 


formation of the independent variables for which rj ~ 2 
denote this special value of by r/j. 


Pii 


or if we 


If we now denote by y the expression 



1 



“ 2 

1-^*8 

we find 




1 

2 

(Vi + ^i); 

and similarly 

1 

2 



(V 2 + ^2)- 


This gives us an important result. For, we have occasionally made 
use of a normal form for our system of difiPerential equations, in 
which @4 = const. But in order to have = const., we must make 
preciseJy the transformation determined by ly. On account of its 
importance, we shall call the surface of F which is thus obtained, 
the principal surface of the congruence, and the curves in which it 
intersects the two sheets of the flecnode surface of S their principal 
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curves. We see then that the principal surface may he constructed 
as follows. 

We consider the flecnodes Py and P^ of the planes Py and p, 
osculating the flecnode curve at these points j and the points P' and P" 
upm the flecnode tangents f and / " whose loci are the secmd branches 
of the flecnode curves on the two sheets V' and F" of the flecnode 
surface. The plane Py intersects /" in a certain point to which 
corresponds a point on f such that the line joining them is a generator 
of the osculating hyperboloid. This latter' point together with P' con- 
stitute a pair, such that the harmonic cmjugate of Py tvith respect to 
it is the point in which the print ipal surface intersects f. The inter- 
section with is found in the same way. 

We might also say, that in this way there is determined, upon 
the generators of i/, an involution whose double elements are g and 
the generator of the principal surface. 

By combining a number of our previous results with the notion 
of the principal surface, we obtain a number of theorems, which 
may be easily verified. They provide interpretations for the vanishing 
of certain invariants, and therefore furnish characteristic properties 
of certain families of ruled surfaces. 

To prove these theorems it is sufficient to express the conditions 
in terms of the coefficients p^^ ga and then introduce the invariants 
by means of the equations ( 102 ) of chapter IV. 

If = 0, 4= 0, the principal surface is the harmmic conjugate 

of S tvith respect to the two ruled surfaces of the flecnode contfrumce 
which cut out the secottd branches of the flecnode curves on F' and P". 

If 0A X = 0 , or 0 ,, ©1 — 9010 principal surface intersects 

F' and P'' along asymptotic curves. 

If &l \ — 04 = 0, the principal surface is developable. 

If ©15^ — 0,,^ — 0 the principal surface intersects one of the 

sheets of the flecnode surface along the second branch of its flecnode 
curve. It thus intersects both sheets if 0^5 = ©y = 0. 

Our construction of the principal surface becomes indeterminate 
if S has two straight line directrices. If we assume that Cy and (\ 
are two asymptotic curves upon Sj we may put, in this case, 

P.t = 0, = aq, Jj, = bq, q^^ - q^^ = cq, 

SO that ©4 is a constant, if and only if <7 is a constant 

The planes tangent to at Pf, and Pa intersect PyPs in the 
two points 14 = •{. a v ^ bgy g^^s 

respectively. The point P,/ determined by 

t d u , I • . 1 .1 

~Tx^ ^ ^ ^ 2 + 2 

is a point upon the tangent of at P„. If the independent variable 
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is transformed by putting J = |(.r), the curve is converted into 
another curve, and the point is transformed into another point 
of its tangent. But the above equation shows that Pu' lies in the 
plane P„ Pa if and only if (/ = 0, i. e. if and only if the indepen- 
dent variable has been chosen so as to make the principal surface 
of the congruence P/ will then be in the plane PgPf,P„. This 
property may serve, provisionally, to characterize the principal surface 
in this case; another simpler interpretation will be given later.') 


§ 6. The covariant C.^ for 0. 

We have interpreted geometrically all of the fundamental 
covariants, except (\^. With the notions, now at our disposal, we 
may also bnd the significance of this covariant It is equal to 

(51) 

[cf. Chapter IV (116)], where E and N are defined by the equations 
(107) and (114") of Chapter IV. We may write 



1 («^ii —%).'/ 4 

K — ^ 

if 

1 . 

(52) 

j, 

f 


-A 1 , . 

2((_„P (»‘„-Mss)0, 

// 

so that 

c 

(53) 

where 

6'j = a5 - 


(54) 

a = 2(«i] — + 4i<i„(J + ' (i\, 

1 , 


The covariant therefore, determines a ruled surface whose 
generator is obtained by joining the points Pa and P^ determined 
by (54). Our interpretation of the covariant Tg will consist in giving 
a construction for this surface. 

The surface 2J is mt like the derivative surface aS' of S depen- 
dent upon the choice of the independent variable, in fact, it may 
be easily verified that the transformation | |(.i) converts cc and ^ 

into a and where ^ ^ 

« - «, ^ A 

SO thm the points P„ and are left invariant. A transformation 
of the dependent variables 


1) Chaptei XIV, § 6 
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y ==ly -¥ niZf z = ny + rz 
transforms a and p cogrediently into 

«==/« + mPy p = ncc + rpf 

so that there is a one-to-one correspondence between the points of 
the generators of S and JS. 

We may, therefore, in order to determine the surface choose 
the curves C,, and Cs of S, and the independent variable in any way 
that may be convenient. We shall assume =j= 0, so that the 
flecnode curve of S intersects the generators in distinct points, and 
identify (\ and (\ with the two branches of the flecnode curve, so that 

^ == 0 

We shall further assume that the independent variable is chosen in 
such a way as to make 0, = 1, or more specifically (since 
so that 

"n - ‘I jj '• 

The derivative surface of S w’ith respect to x is then the principal 
surface of its flecnode congruence We find, with these assumptions, 

(55) /3 = -2o-f 
We have, on the other hand, 

Q 2// + Pn // 4 =- 4- P,>i?/ 4- 

whence 

(56) y -= 2// -f - d - 2 4 4 p ,. : - & -p^ifh 

The point Pj is obviously the intersection of the tangent to the 
flecnode curve at Py with the line while Pd is the intersection 

of the tangent to the flecnode curve at P^ with the line PyPa- 
But we have from (55) and (56) 

V= 3 (« + />is:). 

8^ - \ ip^-iKai), e=~ -p,iy), 

SO that the points Py and P„ are harmonic conjugates with respect 
to P« and P- on the line while Pt 5 and P^ are harmonic 

conjugates with respect to P^ and Py. 

The generator of the surface is now completely determined 
by the following construction. 

Lei Py and P* hr the tivo flecnodeSj supposed distinct , on a given 
generator of the ruled surface S, and let P,, and Pa he the points 
corresponding to Py and P» respectively, upon the prineijiol surface of 
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t}\s flecmde congruence of S. At p., as well as at P,, three important 
lines intersect j vin.: the generator, the flecnode tangent, and the tangent 
to the flecnode curve. All of these are in the plane tangent to the sur- 
face S at their point of intersection. In each of these plane pencils we 
construct a fourth line, the harmonic conjugate of the generator with 
respect to the other two. Each of these Ihws meets the line joining the 
point of the principal surface, which corresponds to the flecnode con- 
sidered, to the other flecnode. The line, which joins the two points of 
intersection, P^ and Pf, obtained in this wag, is the generatin' of Z 
which corresponds to the given generator of H. 

Examples. 

Ex 1. If S lias two straight line directrices, Z coincides with 
the principal surface of F. 

Ex. 2. If a ruled surface belongs to a linear congruence with 
distinct directrices, every asymptotic curve intersects each generator 
in two points which divide the flecnodes harmonically (Cremona, 
Halphen, Snyder.) 

Ex. 3.* Find the conditions that an asymptotic curve, flecnode 
curve, involute curve, complex curve of S corresponds to one or the other 
of these curves on S\ Investigate these correspondences in detail 

Ex 4. The co variant f 3 can vanish identically, only if S is a 
quadric 

Ex 5.* Set up the difierential equations of the surface Z, and 
find the conditions that it may belong to a linear complex, a linear 
congruence, or be a quadric, etc. . . Express these conditions as 
invariant conditions for the surface S 


CHAPTER XI. 

RULED SURFACES WHOSE FLECNODE CURVE INTERSECTS 
EVERY GENERATOR IN TWO COINCIDENT POINTS 

The formulae and the theorems developed in the preceding 
chapter are not directly applicable to the case when 0^ — 0, i. e., 
when 'the flecnode curve intersects every generator in two coincident 
points. The general notions, employed there, may however be applied 
to this special case as well, and give rise to a number of interesting 
and important considerations. 
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§ 1. The oovariant Cg. 

The interpretation of the covariant Cg given in the last chapter 
is complete for the case 4= 0. It breaks down absolutely for 

^4«0. 

This covariant is 

(1) Og =- - ^2/, 

where 

a = 2 (mj, - + 4m, jO + \ («„ ■ • v,^)y + 

J 

/J = 4mj, p - 2 (m„ — Mjj) — ij ('’ll - %)«• 

We have 

^4 =• (^11 — + 4Wi2 'W21 “ 

Let us assume that the curve Cy is the flecnode curve, so that == 
We shall then have also — 0. Further we may assume 

We have therefore 

^22 ~ Pn ~ thi ~ 

whence 

(3) a = ^ = 4n2i p + v^^ij - ^ 12 ^ 21 “. 

If a transformation of the independent variable be made by 
putting 5 we find that for the new system of differential 

equations 

”si = (ly (‘’21 - 4 Hj, 1?), »/ = ‘ ' 

Therefore, if =j= i- ^ is not a quadric, we can always 

choose rj in just one way so as to take v^i = 0 We obtain, therefore 
a perfectly definite surface of the congruence F, which we will call 
its principal surface, and which we shall characterize geometrically 
farther on 

Let us assume that the variable x has already been chosen in 
such a way that S\ the derivative of S with respect to a:, coincides 
with the principal surface of F. Then ?» 2 i (^) becomes 

CC = Pi2^^2iyy ^ ~ "1^21 p j^l2^^2l'^ ~ 

where 

/3 = 4p 

We have further in general 

p = 2y +Puy+Pui, 

whence 

2^ = p - 2),s«. 


1) Chapter IV, equ. (63). 
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The point, whose coordinates are y^, . . yl, is, therefore, obviously 
the intersection of the tangent to the flecnode curve with the line 
PzP(t. The point whose coordinates are given by is 

also on the line P^Pq, and the cross ratio of the four points P^,P^P«Py' 

is The point P« obviously coincides with P,j. 

The ruled surface ivhich the covariant Cg adjoins to S may there- 
fore he defined as follows. In the plane tangent to S at its flecnode 
Py, construct a line passing through P,, such that if, together with the 
generator, the flecnode tangent and the tangent of the flecnode curve shall 

constitute a plane pencil whose anharmonic ralio is J ■ The locus of 
these lines is the required ruled surface. Moreover the points of any 
generator of this surface are, by means of the covariant 6^, put into a 
one-to-one correspondence with those of g. The lines joining corresponding 
pouvts pass threyugh P^,, that point of the principal surface of the con- 
gruence r tvhicli corresponds to P„ 

It only remains to give a characteristic geometric property of 
the principal surface of F. For this purpose let us assume, in addition 
to our previous hypotheses, that (\. is an asymptotic curve on S, i e., 
let P 21 ~ 0. Then. 


( 4 ) 

and 


2 o' =«!!»/+ I'll-, 

‘Ja" = + (»'„ - »>iPu) ■ + 2 («.i e + «ii 0), 


The first equation shows that the tangent to the curve 6^ at P^ 
intersects the generator g of S Denote this point of intersection by 
Pa'. The locus of the point Pa' is therefore a curve on H, Ca' Its 


tangent at P„' is obtained by joining Pa' to the point Pa" defined 
by the second equation (4). But this equation shows that P„' is in 
the plane PzP^P„ ii' and only if v^i = 0 Put 


T — p + 0; 


then Pr is a point on P(,Pa such that the line joining it to Pa' is a 
generator of the hyperboloid H osculating S along g. We see that 
the tangent to Ca' always intersects P.Pr, and that Pa" coincides 
with this point of intersection if and only if ^ 

The principal surface of the congruence F is therefore defined 
by the foUowing statement, which is merely provisional, however, as 
we shjiH find a simpler interpretation later.^) 

We draw upon the ruled surface S any asymptotic line ft and, 
upon any surface of the congruence F, the curve Ca which cor- 


1 ) Chapter XIV, § 5. 
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responds to it, P, and Pa being corresponding points of the two 
curves. The tangent to 0,, at Pa always intersects the generator g 
of Sf which passes through P^, in a certain point Pa ^ whose locus 
gives a curve Ca' upon S. Upon a point P^ is constructed such 
that the line PtPa' shall be a generator of the hyperboloid osculating 
S along g. The tangent to Ca' at Pa' intersects the line P;Pr. If 
the independent variable has been chosen in such a way that is 
the principal surface of the congruence, the point Pa" will coincide 
with this point of intersection. 

§ 2. The derivative conic. 

In the general case, where =(=-0, the hyperboloid H osculating 
S along g and the hyperboloid osculating along g^ intersect 
along g' and a sf)ace cubic, which we have called the derivative cubic. 
Moreover, this cubic does not degenerate unless either S has a straight 
line directrix or aS" is developable. 

In the present case, however, H and have besides (/ the 
straight line f in common, i. e., the iiecnode tangent passing through 
Py. The rest of their intersection is, therefore, a conic which we 
shall call the derivative conic. 

We proceed to prove these statements and to derive the equations 
of the derivative conic. Taking as tetrahedron of reference the 
tetrahedron PyP,P^,Pa, the equation of B is 

and that of B' 

( \ ^ 1 ('^12 ^^22 ^22 ^ ^12 ^^21 ^22 ^^ 11 )^ 2 ! 

-f- 1 ^^11 ‘^ 2^ ^^22 ^21 "f" ^<21 ^21 

as we have shown in Chapter X, equations (1) and (3). 

In our case we may put 

— 0, J = 

whence 

(5) ?\,j5 -= ^12 ~ ^’21 ~ (Pn ^^ 22 ) ^^31 

and 

2e7Aij = 2e7Ai2 =-■ 0, 

2 e/ ^21 — • ^'22 ^^21? ^22 V.jjj . 

VV^e find, therefore, for B^ the equation 

(^^ 11^1 ^^ 21 ^ 2 ) ^23%1^2J 

— “b (^11*^21 ~ ^21^1l)'^3J ~ 

or 
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(7) Juii — x^x^ 4* Wn (^11 — ^ 82 ) ^1^2 ~ Ju^iX^x^ 

4- MjAgi — ^11^21 (^11 — ^22)1^2^ “ 

while the equation of H is 

x^j\ — = 0. 

Both equations are satisfied by x^ = x^ — Oy as well as by a; 2 ==a ;4 — 0, 
which proves that and f are lines upon both of these hyperboloids. 
They must therefore have also a conic in common, whose plane must, 
according to (7), have the equation 

^ 11(^11 ^ 22 ) *^1 ‘*^ 11 ^ 21^4 "b L^^ii ^21 ^21 (^11 ^ 22 ) 1^2 

If we put for abbreviation 

( 8 ) u 4 — (^ji ^22^’ ~ ^^11^21 “i~ ^21(^11 ^22)^ ^ ^11^20 

whence 

(9) u^A +i)i2<^' = ^; 

we have, therefore, as the equations of the derivative come 

(10) Aji^ — Bx^ — Cjl^ - 0, x^x^ - x^a^ = 0. 

We may also express the coordinates of any point on the conic 
in terms of a parameter /. Any point on the hyperboloid H can be 
represented in tlie form 

.r^ == nty /g = /, x^ ^ Uy = 1 

This j)oint is, moreover, a point of the conic if the condition 
A lit — Bt - (' ^0 

is satisfied, whence 

r+Bt 

At 

If we substitute into the above equations for and multiply 

by Atf we find 

(11) Xy^-i(C Bt), x.,^Al\ a,~A-i-Bt, At 

as the parametric equations of the tonic, or tn homogeneous form 

(1^) ^ I ~ i j x^ — A t^ , /y t^jT^f, x^ — At^t,,, 

where 

(13) + 

The conic, of course, always passes through J\,. The first question 
which we naturally ask is this: when does the conic degenerate into 
a pair of lines? Clearly this can only happen if the plane 

Ax^ — Bx2 — = 0 

intersects the hyperboloid i/ in a pair of lines, i e., if it is tangent 
to H. Moreover since this plane contains it must in that case 
contain at least one of the two generators of H which pass through 
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Fq. If it contains that one which passes also through Fa we must 
have (7=0, i. e , since *)= 0 (iS not being an quadric), =» 0. 

must therefore be a developable. If, however, this plane contains 
the other generator through namely that one which passes 
through Fyy we must have A — 0, which gives either = 0 as 
before or else ~ which case the flecnode curve Cy would be 
a straight line 

There forcj the derivative conics d&jenerate if and only if the sur- 
face S has a straight line directrix y or dse if the derivative of S with 
respect to x is one of the developable surfaces of the congruence F. 

By an investigation similar to that in Chapter X, we obtain the 
further result: 

7'wo consecutive derivative ionics never intersect unless thy de- 
generate. 


§ 3 The developable surface generated by the plane of the 
derivative eonio. 

As X changes, the plane of the conic Ct envelops a developable 
surface, the equations of whose generator we shall now proceed to 
determine. 

Let us form c^jdx under the assumption that t^ it^ is independent 
of X. Then 


will represent any point on the derivative conic Cx-\.dx belonging to 
the argument x 8x, where 8x is an infinitesimal. The plane of 
this conic will be determined by any three points upon it. We have 
(again assuming jiigi “ ^)j 

= + 2 “h 2 

-f g - I (JBti + CQPiJt + 2 

(14) r 1 T 

+ + C'0+ 2 {Bt, + 

+ — 2 + CQPigt^ + 2 "^^*] 

We can obtain three points of the conic C,^Sx by putting 
= 0, ^2 = 1; = 1, ^2 = ^ — Fy which last set of 

values corresponds to ^ ==» 0. Therefore, the equation of the plane 
of Cr+dx is 

WiLCZYNSKi, projective differential Geometry. 15 
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a;, .<•- ^4 

Ctin Sx 0 2 r + 2 C'du — Cpi2 

2B+2B'da 2A-\-{2A~Bp^2)^x Bdx A8x 

{2C{B'C -BC) 2AC^-]-{2A^C^ ^2B{B'C -2ABC -\-{AC^ 

- ABCu2i\d.r - AB(Ut^;)8x - BOdx - 2A!B€)8x 


If this determinant be developed, retaining of course only the 
terms of the first order in 8Xy we find that the planes of Cj. and of 
Taj+jj. intersect along the line 


(15) 

where 


Ax^ — Bx^ — ('J\ ==" 
A7)x^ Ex.~ CFx^^i), 


7) = 4^'rM 2^C'- 


(1()) E=^2BCA' + 2AaB' -f ^ABiV - AC-^, 

F== 4A(^^ -f 2A'r - A /D/„ + Ah^^ - 4Xr' -|- 2A'(^A- Aul, A,, . 


Equations (15) ore, thercforCy the equations of the generator of th^ 
(ievelopahle surface 

This proof would not be valid if either T or I? w'ere zero. For, 
then the third of tlie three points of the conic fV-j dx, which we have 
used to determine its plane, would coincide with one of the other 
two. If r = 0 the conic degenerates. Since, however, we might, in 
the case B ~ 0, choose tliree other points of (\^ dr, as w'c might also 
do in the general ease, tlje result will ob^iously be obtained from 
the genenil case by substituting B~0. 

We see from (15) that the generator of the developable surface 
passes through and that it intersects the plane x^ — 0, in the 
point By or 

|r;(P - BE), A(\D-F)y 0, A{E - 7)‘P;J, 
which we may therefore represent by the expression 

(17) ^ = C{E- BF)if-\-Aa{D-F)z A- A{E- BD)g. 

Since the surface generated by this line joining ]\, to Py is 
developable, it must be possible to find lour functions a, /3, y, 8 of r, 
such that 

(18) UQ A- PxF y(f A 8x' =- 0. 

Now we have 

q' - I (^ny-Pi2^h 

and we find 

(1^) x' ^ A Jiz + Mq -}- Wo, 

where 



§ 8 . DEVELOPABLE OP PLANE OF DERIVATIVE CONIC. 227 
G = C(E’ - BF' - B'l) + (V (F - BF) + (E-BD), 

H - {AC + A'C){1)-F) + AC{B -F')-\ p,,C{E - Bt^ 

( 20 ) +lu„A{E-BI)), 

M^\C{E-BF), 

F^A{E- BD) -irA{E'- BB - B'D) + AC {I) - F). 

If we substitute these values of and q' and also the expression 
(17) for % into (IS), we lind that a, /3, y, d must satisfy the equations 

C{E-BF)^+\ r;d = 0, 

AC{I)~I<')^ +m^o, 

^ A{E-BD)Si- \p^^y + NS --^0, 

a + M8 = 0. 

Therefore, the determinant of the first three ecpations, which 
expanded becomes 

( 22 ) ’ l\J'{B - F)\FC-(rA + lUi], 

must vanish identically; i. e., since the other factors do not vanish 
identically, we must have 

(23) NC- Ga\ 4- HB^O, 

We may also verify (23) directly. For we find from (20), 

JVC- (iA + 11B = f{A('B - \ AC~BAC+ I 

- I)(^A<'B' - I AC^ - BA(” - ' A^Bii,, + \ ABhi,^ 

+ e{AV-A('’- i Ahu, - ’ CBp,,+ 1 A 

- I [F{E - BD) - D(B - BF) + E{D - F)) = 0 . 

We can now determine the edge of regression of the developable 
surface. If yp 4- d% is a point on this curve, its tangent constructed 
at that point must coincide with the generator of the developable, i. e., 

( 24 ) /{. + S'x + y(}' + Sx! = XX + fiQ 

or 

(/ - /i) P + (^' - ■i) Z + pp' + 6x' = 0, 
which is identical with (18) if we put there 

a y' — /3 = d' ~ A. 


15 
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But, on account of (23), we can determine a, /3, y, d so as to satisfy 
(18); we can, therefore, determine X, fi, y, d so as to satisfy (24). More- 
over we find 

(25) y:d - - 2GA{D - JP) + 2H{E ^BF):u,,A{I) - F), 
Therefore, the edge of regression of the developable is given hy the 


expression 


= 1 - 2aA{I) -F)A ^2H{F - BF)]q 


(26) + ^(?^ - F) \C{F- BF)n -f A(\J) - F), 


-\-A{E-BD]6l 


We see from (15) that the generator rT tVi developable surface 
coincides with one of the generators of H which passes through 
only if either A or C vanishes, i e., either if S’ is developable or it S 
has a straight line directrix, in which cases the derivative conic 
degenerates. The gmerator of the developable is tangent to If at Fq, 
negleeting the cases just mentioned, only if 1) — F = 0. As (26) shows, 
the cuspidal edge of the devdopahle then eoineides with If the 

expressions for A, B, 0 be substituted into the condition D — 0, or 



If E — BF = 0, ty lies in the plane I\A\Pa, and if E~ BD~0 
in the plane FyF,]\,. 

It will clearly be possible to characterize sj)ecial classes of ruled 
surfaces (for = 0 ) by special properties of the developable surfaces 
here considered. 


The relation of S to its flecnode surface F is especially close in 
this case (@4 = 0 ). In fact S is also the flecnode surface of F. 
Moreover, the same hyperboloid H which osculates along g, also 
osculates F along the corresponding generator f of F. The con- 
gruence F’, which belongs to the surface F in the same way as JT 
does to Sf is therefore made up of the generators of the second set 
on the osculating hyperboloids of Sy those of the first set constituting 
the lines of the congruence F. All of these remarks follow easily 
from the equations of the flecnode surface which, under the assumptions 
Pi\ ~Pi'i "Ihi — assume the form 


9 " + p' + = 0. 


( 28 ) 
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Moreover, since is a developable surface of the congruence F if 

= 0, and since (28) shows that Gq is then an asymptotic curve 
on F, we see that the developable surfaces of the congruence intersect 
its focal surface F along asymptotic lines, as it should according to 
the general theory of congruences. 

Examples. 

Ex. 1. If S belongs to a linear congruence, with coincident 
directrices, the results of § 1 are modified. Discuss this case. 

Ex. 2. Find and discuss the conditions that the developable of 
§ 3 shall be a cone. 

Ex. 3.* Find and discuss the conditions that the edge of regression 
of the developable of § 3 may be a curve belonging to a linear 
complex; a space cubic. 


CHAPTER XII. 

GENERAL THEORY OF CURVES ON RULED SURFACES. 


§ 1. Belation between the differential equations of the surface 
and of the curves situated upon it. 

Let a ruled surface be given by means of the system of diffe- 
rential equations 

?/" + PnV' + + hi : = 0, 

+ Ihlif +^ 22 “' + 'hxV + ? 22 ” = 


so that the curves Cy and 0, will be two curves upon it, the lines 
joining corresponding points of these two curves being generators of 
the surface. 

We shall eliminate once and once y, so as to obtain the linear 
differential equations of the fourth order which each of these func- 
tions must satisfy. 

We have from (1), by differentiation, 


»/'” = '•n.v' + + SiiV + St2«> 

^ + »'22-' +S2J?/ + 

where 

>■11 = .Pii* + Pisi’.i - Pn - fftu Sii = Pn<In + PMn “ ?ii'i 

*'ja “ 1*12 (Pii 1^22) ~ fts' *12 “J’uSia "L /'lafe Qiii 

^ ” i ’21 (Pii+Pit) - P%i - ? 2 i. *21 = />2i3ii + PaaSai - ffai'. 

*■22 = Pn + PiiPn - Pn - *22 ” PaiSia + PaaSaa - in'- 
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We find by another difibrentiation 


w 

where 


//O) --- -f 4- 

+ 1 ^ 2 ^' + Wisi?/ + 


(5) 

( 6 ) 


^11 ~ Vn^n “h "b •'*11? ~ ^ii^n "b 5ll^ 

^18 “ Pii^'u Ihi^u "h ^18 “h W/12 = ^n^?l2 ^'12^22 "h ^127 

^21 = - - Am ^22 + ^ 2 / 4- ^*21 , W^81 = - ^>1^11 “ ^22<?21 i 6ai', 

?22 ” A’2^22 4” ^22 4" ^227 ^^^22 ~ ^21 9^12 ^22^?22 4" *'>’22 • 

If we put further 

~ Pl2^V2 ^li^V27 -^2 ~ Ar‘’21 ^121^217 


we can find from the above equations: 

A- =A2?/'^^ + ^‘ 12 / 4- (^1^2 -A2ni)// + ((/i1^*12-A2«1i)?A 

(7) 

- 4- .S'j,,/ 4- (i>u«i8 - Uv2^n)v' + (7ii%' - 9^12^11).'/; 

and similarly 

^2?y = Am-^’*'^ 4- 4- (A>2^21 — + 0A‘2>*21 — Ai« 22 )m 

-^2^ “ 4” ^*21^ 4" (A2^'21 ^f21^22)'^ 4" {^122^21 9^21‘^22)~' 


Finally we obtain the sought -for differential equations for y 
and z, viz.: 

- 2, 4- 

(9) + <Ii-J'n'lhi + ^ihiW 

+ [('/11 »'iL' - ^i:'‘'ii ) «'is - I'/n '’IS - ffu-SiiVij + Wu]'/, 

and 

(Pjj, — 221^2 i')'4'‘^ 4- 

( 10 ) + L(lJ-.a»‘ai - l' 2 i'as)"'si - (i'3s«si “ ffai»'sa)/si + ^3^ssl“' 

+ Kfe^Sl — “■ (ffs2''’'3l ~ +-^!»lss]~- 

These equations are oaijable of a vast number of applications. 
Any question, in fact, in regard to the existence of curves of a 
specified character on a ruled surface must make use of them. 

We notice that the conditions = 0 or = 0 will be necessary 
and sufficient to make (J,j or plane curves; the differential equa- 

tions (of the third order) of these plane curves are found by putting 
^1 = 0 0^ ^2 ==- 0 in (7) or (8) respectively. 

We wiU merely indicate a few other applications of these 
formulae. Let us write (9) more briefiy 

(9)' 2/(‘' -1 + Qp^f + 4i»3j/' + p^y =- 0. 
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We shall find, in the next chapter, the conditions that the integral 
curve of (9)' may belong to a linear complex, or that it may be a 
twisted cubic. In one case its invariant of weight 3, and in the other 
both of its fundamental invariants must vanish. These two conditions, 
which we now find expressed in terms of the coefficients of (1), will be 
satisfied only by a particular kind of ruled surface, characterized by 
the property of containing such curves. One may impose further 
conditions; for example such that special curves shall be fiecnode curves 
or asymptotic curves on the surface, and then proceed to study the 
particular class of surface characterized. 

It is not our intention to follow up any of these special problems, 
interesting as they are. We shall, however, apply our equations to 
the problem of answering some questions of a fundamental nature in 
the general theory of ruled surfaces. 8ome of the special problems 
just indicated will be considered in the theory of space curves. 


§ 2. On ruled surfaces, one of the branches of whose 
fiecnode curve is given. 

The fiecnode curve is so important in the general theory of 
ruled surfaces, that it seems essential to investigate to what extent 
it may be arbitrarily assigned. 

If one of the sheets of the fiecnode surface, F' of Sy is given, 
there remain only two possibilities for namely one or the other 
of the two sheets of the fiecnode surface of F\ 

But, let us suppose that w'e merely know that a certain curve C 
is one of the branches of the fiecnode curve on S. Then there are 
two questions to answer. Can this curve be chosen arbitrarily? And 
how far does it determine the surface 

Let the curve ( ' be given by means of its difierential equation 


(in 


d 

dx 


'< + '‘■I-'- + 


’ dT- 


^ dx 


= 0 , 


where - are given functions of jc. In the system of ditie- 

rential equations (1) defining our surface we must regard the 
coefficients p,k and as unknown functions. We may, however, 
assume without exception that a, , =- 0, so that C„ is one of the 
branches of the fiecnode curve on aV, that = 0, so that (\ is an 
asymptotic curve on Sy and that = p^^ = 0. Under these assumptions 
we form the differential equation (9) of the curve Cy. Since (\ is 
to be identical with (\ it must be possible to transform equation (9) 
into (11) by a transformation of the form 

(12) y = x=f\x). 
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The functions 9 and f are not independent however. For, while the 
equations Wjg «= 0 and = 0 are not disturbed by any transformation 
of this form, the conditions Pu *= Jt ^22 = ^ ^ ® trans- 

formation of the form ( 12 ) converts ( 1 ) into another system of the 
same form whose corresponding coefficients and p^^ will be 


Pn-- 


Pii + 2 




r 



JP«+2 

P22 ^ 


r 


+ 


r 

r 


In order, therefore, that after this transformation and p^^ may 
again vanish, we must have 

(13) 


where (7 is an arbitrary constant, which may be put equal to unity. 

If then we apply the transformation (12) to (11), we shall get 
an equation 

2 + 4Afi', + 0*£ + 4,4; + „-O, 


which we must identify with (9). Equating coefficients gives us a 
system of four equations with five unknown functions of x, viz.: 
fi Pny 0.21) ^22' 

We find, therefore, the following theorem: An arhiirary space 
curve "being givefyi^ it can he considered as one branch of the flecnode 
curve of an infinity of ruled surfaces^ into whose general expression 
there enters an arbitrary function. One may, therefore, impose another 
condition and still obtain an infinity of ruled surfaces. 

The most general curve Cz which is capable of being the second 
branch of the flecnode curve on a ruled surface, for which Cy is the 
first branch, involves therefore, in its expression one arbitrary func- 
tion oi X. It cannot, therefore, be an arbitrary curve, as that would 
involve two arbitrary functions. 

Therefore, two curves taken at random cannot be connected ^ point 
to point, in such a way as to constitute the complete flecnode curve upon 
the ruled surface thus generated. 

We may also prove our theorem by purely synthetic considerations. 
Let us take points Pg, Pj,, P^, . . . on an arbitrary curve, corre- 
sponding for example to equal increments Ax of the parameter. 
Through Pj, Pg, Pg draw three arbitrary lines g^, g^, g,^. We can 
draw a line f^ through P^ intersecting g^ and g^, say in Q 2 and Q^. 
Take an arbitrary point on f^, and join it to P^ by a line g^. 
Then f^ intersects g^, g^, g^, g^. Through Pg we draw a line f^ 
intersecting ^3 and g^ in points ^ 3 ', and of course g^ in = P 2 . 
Take an arbitrary point on f^ and join it to Pg by a line g^ 
Continue this process. Clearly, we shall get two assemblages of lines 
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. . . and /i, /i, . . which, when P^, Pg, . . . are taken closer and 
closer together, approach as limits two ruled surfaces having the 
given curve as flecnode curve, and which are flecnode surfaces of 
each other. The first three lines are arbitrary, which gives 

rise to six constants of integration. Further, the double ratios 
(■Pp ^ 2 ^ Og; Qdi Q^y Qiy Qs) may be chosen arbitrarily 

which brings into evidence the arbitrary function involved in the 
construction of these surfaces. 

The construction, which has just been described, becomes 
indeterminate if the given curve (7 is a straight line. For then 
coincides with P 4 , etc. In fact, the most general ruled surface with 
a given straight line directrix depends on two arbitrary functions. 

If the given curve (7 is to be at the same time the second 
branch of the fiecnode curve, i. e. if both of the branches of the 
flecnode curve of S coincide with ( 7 , g^ must be tangent to the 
hyperboloid determined by 95 must be tangent to the hyper- 

boloid determined g^yg^y 9 This condition, therefore, clearly 
fixes the double ratios {QiQiQ^Q^j etc., i e. the arbitrary function. 
Therefore, this problem has in general 00 ® solutions. 

Let us assume that 0,, is not a straight line. Let us call the 
developable surface formed by the tangents of yirmi ary developable. 
There exists another important developable surface containing C,„ 
which we shall speak of as its secondary developable, as indicated in 
the following theorem 

1 , If at every point of tfu flecnode carve of S there be drawn Un 
generator of the surface, the flecnode tangent, the tangent of the flecnode 
curve, and finally the line which is the harmonic conjugate of the latter 
with respect to the other two, the locus of these last lines is a developable 
surface, the secondary developable of the flecnode curve. 

2. We can find a single infinity of ruled surfaces, each havinej 
one branch of its flecnode curve in common with that of S. This 
family of 00 ^ surfaces may be described as an involution, of which any 
surface of the family and its flecnode surface form a pair. The primary 
ami secondary dcvclopables of the branch of the flecnode surface con- 
sidered, are the double surfaces of this involution. In fact, the generators 
of these surfaces, at every point of their common flecnode curve, form 
an involution in the usual sense 

We proceed to prove these theorems. Since Cy is a branch of 
the flecnode curve, we may assume — Pn — Pa 0. System (1) 
assumes the form 

(14) / + + (JnV + = 0, :" + = 0. 

The flecnode tangent at Py is the line joining Py to where 
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while the tangent of the flecnode curve joins Pj to P/. In the 
plane pencil formed by these lines, the harmonic conjugate of PyP^' 
with respect to P„P. and P^P^, will be the line Pj,Pi, where 

V = .V + 

But from the first equation of (14) we find at once 


(15) 




(16) 


i. e. PyPr generates a developahle surface as asserted in the first 
theorem. 

Put 

p = T + kfi = (1 -f- l)lj + 

/• = T - kij = (1 - A)// + 

where k is a constant. Clearly the lines PyPe and PyPj form a 
pair of the involution whose double lines are PyPy and P,,Pt. 

One finds that y and e satisfy the following system of differential 
equations: 

^ 11 .*/ i' Pt2*' QnH + ~ 

where 


+ -Poi// ^22^' + V 21 .*/ + 


Pll = 


^ Pi. \ 
Pli ’ 


i^u>= - 






i Pl^' 


^2^ — (1 4" A )(?u A (I -f A)f/j»55 — kp^^p,,^ 


+ 

(16) „ p.,' 

'ik p,,’ 


4/. 


Pi> 


^^21 = (^ + ~ A Pi>(pji + 


{i-u 

(1 — 3 /i M 1 -f- /i 1 pj 2 


2 k 


Pi; 


*/ii; 




We find 


PiJ’ 

' -^ 12 ^ “ ^12 4" ^12 (^11 4- P^ji) ~ 


i. e. the curve Cy is flecnode curve on the ruled surface Hjc generated 
by PyPe- Tlie flecnode surface of Sk is obtained by joining Py to 
the point 

2y' + P,,y + rne = -lf-\Yl'^y, 

a point on the line PyP/. We see, therefore, that the ruled surfaces 
Sk and S—k are flecnode surfaces of each other. We have now proved 
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our second theorem, and we may speak of an involution of ruled 
surfaces having one branch of their Recnode curve in common. The 
double surfaces of the involution are developables, while the members 
of each pair of the involution are flecnode surfaces of each other. 

We have seen that PyPr generates a developable. If 

g = ay fit 


represents its edge of regression, it must be possible to 

in the form , , . 

f/ = yy -f dxr, 


represent g' 


since the line PyPr must then be tangent to the curve Cg. 
We Rnd, by differentiation, making use of (15), 

g' = ^ r - y) + a'l/ + fi't, 

SO that g' will be of the required form, if and only if 


Therefore 


u : : 2p,,.. 


If we express t in terms of //, : and p, we shall find 
( 1 9a) , 1 / = /),. Q + pj y + Pii- 

an the expression for the edge of regression of the secondary developable 
of the branch ( ^ of the jlec^iodc enrve. Similarly, if =j= 0, 

(19b) h = 6 -h p./ : -f- 

will represent the cuspidal edge of the secondary developable of the 
branch 0. of the flecnode curve, assuming of course =0. 

One easily finds 

-- 2 /'is'.'''' + /'i-'/'’ =■ i.> /'f' 

— IhiPii “t" 2 P\s~ ihi 2 ^/'i- ^*1 

M = P-21 P2" + i'-jl' >‘22 — P2V^P\2 


(20) 

where 

( 21 ) 


The system of differential equations, of which g and h are the 
solutions, has the coefficients 

A. = Y’ 

(22) ^ ^Pis ^ ~ * /’in’' I'm) 

- 2/'is'(^'+ i'lZ/'is'i'ai)]' 

f) ^*iL^ 

Vii{~ 
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while P21, P22, Qii, Qi2 are obtained from these same equations by 
permuting the indices 1 and 2 , and consequently also the letters X 
and fi. 

We see that we obiainy in this way, correspmding uniqudy to any 
ruled surface, whose flccnode curve intersects every generator' in two 
distinct points, another ruled surface, which is generated hy the lines 
joining corresponding points of the edges of regression of the secondary 
devdopables of the two branches of the flccnode curve. 

Equations ( 20 ) show that one of the secondary developables of 
Gy and C, degenerates into a cone if X or vanishes. In that case 
our new ruled surface also becomes a cone. Tf both of the secondary 
developables are cones, this ruled surface degenerates into the straight 
line joining their vertices. 

Equations ( 22 ) show that this new ruled surface cannot be 
developable except if A or /a is zero, i. e. unless it is a cone. For 
the possibility p^^ = 0 or = 0 is to be excluded, since we should 
then have a ruled surface fi with a straight line directrix. 

§ 3. On ruled surfaces one of the branches of whose 
complex curve is given. 

There exists an infinity of ruled surfaces, each of which contain 
an arbitrarily given curve as one branch of its complex curve. Into 
the general analytical expression of these surfaces there enters an 
arbitrary function. 

The analytical proof for this statement is precisely similar to 
that of the corresponding theorem of § 2 We shall give at once a 
geometrical construction for these surfaces. 

Let us consider five straight lines r/j, . Let /’/, /*/' be the 

two transversals of g ^, ... ^4, and f^, ff those of . . . //g. Clearly 
5^1, • • •^5 determine a linear complex, with respect to which f^, /*/' 
and f^*, /’g" are two pairs of reciprocal polars. Take a point F on g^. 
The plane^ which corresponds to it in the linear complex, passes 
through f/j and the line A, which passes through P and intersects 
both fj and f^\ If g^, . . , <7- are made to approach each other, we 
shall have, in the limit, five consecutive generators of a ruled surface 
and its osculating linear complex. The plane tangent to this ruled 
surface at P is the limit of the plane containing and the line 
through P whicli intersects ^g and g^, i. e. the asymptotic tangent 
of the surface at P. If F is a point on the complex curve, \ must 
be in the plane tangent to the ruled surface at P 

Noy let an arbitrary curve be given, and let us choose points 
upon it. Pi, P2, P3, . . . according to any law. Through Pj, . . . P* 
draw four arbitrary lines gi, ■ . . g^. Through Pj draw l^, the line 
which intersects g^ and g^. In the plane of and draw any 
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line through P^. The line through P 5 , is to be constructed 
in such a way that the two transversals of shall both 

meet Now these transversals must he generators of the second 
set on the hyperboloid determined by g^yg^jgi- They must, therefore, 
be those two generators of the second set, and which pass 
through the two points in which \ intersects the hyperboloid. There 
exists just one line through P 5 intersecting both and It is the 
line g^. In the same way, starting with . . .g^y we can construct 
(/g, etc. Finally we pass to the limit. There enters an arbitrary 
function, fixing the position of the successive lines . . . in the 

planes in which they must lie. 

We may easily solve the problem; to determine all ruled sur- 
faces, an asymptotic curve of which is given. In fact, if Cy is the given 
asymptotic curve, any other curve of the ruled surface will be given by 
the expression ^ = ay + A- yy'K 

The equations of this chapter enable us to write down the special 
form which z must have, so that C'. may also be an asymptotic curve. 
We shall then have the ruled surface referred to its asymptotic curves 
in an explicit form; by restricting the functions • • • ^ 4 , etc to 
algebraic values, we shall thus find the most general ruled surface, 
all of whose asymptotic lines are algebraic. It is a mere application 
of our general equations to deduce these results, which were first 
obtained by Komigs'^) in 1888. This paper of Koenigs is remarkable 
also in so far, as it seems to be the only one in the litterature of 
the theory of ruled surfaces, which makes use of a system of dif- 
ferential equations of the form (A). But even here, no stress is laid 
upon this fact, and no further consequences are drawn therefrom. 
The system is used merely as an auxiliary, its fundamental importance 
for the theory of ruled surface not being recognized. 

Examples. 

Ex. 1. Express the condition, that one or both of the branches 
of the flecnode curve may be plane curves, in terms of the invariants. 

Ex. 2.* What are the conditions under which one or both 
branches of the flecnode curve may be conics? space cubics? 

Ex. 3. Let Cy be any curve on jS. At the point Pj, of Cy con- 
struct the harmonic conjugate of the tangent to Cy with respect to 
the generator and the other asymptotic tangent of Py. Prove that 
these lines generate a developable, and find its cuspidal edge (cf. 
Chapter IX, Ex, 4). 

1) Koenigs. Determination sous forme explicite de toute surface reglee 
rapportee ^ ses lignes asymptotiques, et en particulier de toutos les surfaces 
regimes k lignes asymptotiques algebriques. Comptes Bendus, vol. 106 (1888) 
p. 61—64. 
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CHAPTEE XIIL 

PROJECTIVE DIFFERENTIAL GEOMETRY OF SPACE 
CURVES 

§ 1. The invariants and oovariants for w = 4. 

It was shown in Chapter II that the differential geometry of a 
space curve could be based upon the consideration of the linear 
homogeneous differential equation of the fourth order 

(1) ?/W + + iopj' 4- 4^)3// 4- Pi// == 0. 

The invariants and co variants of a linear homogeneous differential 
equation of the order have been computed, in th ir canonical 
form, for every value of n It suffices, therefore, to put n — A in 
the equations of Chapter II, in order to obtain the canonical ex})ression8 
for these functions. But we shall need the un- canonical form of the 
invariants for our more detailed discussion of the case « — 4. It 
becomes necessary, therefore, to urite down ex])licith a number of 
equations, which are realh included as special cases in the equations 
of Chapter 11. At the same time v\e obtain, in this way, a verification 
of the general theorems of that chapter for this special case, thus 
making the theory of space cuives independent of that general theory, 
at the cost of some repetition 

If we make the transformation 

y = 

where X is an arbitrary function of .r, we shall find for y an e(i[uation 
of the same form as (1), 

y^*^ 4 4- i\7T^y" 4- dv,//' \- it^y = 0, 

_ + + 4p.,a 

^ 4. 4^,^ x{^) ^ 6^,^ X” 4 4 p, -\-P A 

^ 4 - - - y 

whence one may deduce the absolute seminvariants 


where 


( 2 ) 
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Pi = Pi -Pi -Pi, 

(3) Pi Pi- Pi" - ^PiPi + 2jPi*, 

Pi=Pi- ^PiPs - ^Pi + ^'^PiPi - Cl>i‘ 
and the relative semi -co variants, besides which is obviously itself 
a semi -CO variant, 

9 = f+ ^Pijf + PiV, 

g = ,/») ^ 3p^,f + Sp^y' -h p^y. 

The absolute semi-covariants are All other semi- co variants 

y y y 

and seminvariants are functions of these and of the derivatives of 
P P V 

From (4) we deduce the following equations, which we shall 
use later: 

y • — Piv^^, 

^ - P-iV - Pi^ + Q, 
e' = - (P, - P') !, .-2P,::-p,e+ a, 
o' = — (P, — P,'\i/ -- 3(P, — P^')z — BP^q - p^fs, 

and also 

= i‘^Pi - Pi)!! - '2 P,z + Q, 

(- i'.i + — ''A’).'/ + (-%> + - 3 ap + «> 

(- Pt + ^P,P.i — 3‘V'i’'Ps + ♦’!'/ + 2Ai\*)y 
+ (- -f 2Ap^p. - 21,/,''); -b (— <6p.. -I- 12p^)q - 4^Pi<s. 


We noA\ proceed to mbke a transformation of the independent 
variable 5 = 5(./). We find, denoting the coefficients of the trans- 
formed equation by ^> 4 , 

P, = I' (p, + I v), 

Pi = (tJPi + 2vPi + I {4p + 9t)]) 

(7) . 

Pi ^ + 2 ’iA + (l* + 2 V*) A + 1 (y + + 3v“)]. 


Pi ~~ 

where we have put 

( 8 ) 


V 


2 


r' » 1 
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We find further 

« = I, (." + I vy), 

(9) Q = (IV [c + + 6 (4/» 4 9i?*)?/], 

0 “ (|V[® + 2 + 2 ’!’)' + 4 


SO that y* y* y cogrcdient with PiyP^yP^- 
Making use of these equations, we find 

“ 6 '^1’ 

(10) P, = - 3,P, - " /i' 4 2 

- ,ly[p. - 612 A - HP. 4 \WP. 

,15 , 16 , 8 If , 19 •! 

4 2 1211 - 2 ijV a /I 4 « rj, 

whence 

P." = (ly [k" - HP.' - ^yP. 4 HV, - ;; /i" 

/ 1 1 \ I •> o 26 2 , 26 f "1 

(11) + 3 f* « '*’2 + G ’2J1 

p^ = (I-7. [p.' - H {P.' 4 p,) - 3,iP, + 

,25 , 25 8 , 6 .1 

441221 42*124^21“]. 

We find, therefore, the following invariants and covariants 

®, = P8-*P8', &, = F,- 2 P,'+Ip," ®P8», 

0J , == 6 ®,, ©j" - 7 ©,'* - T 
Cj = lO.-* - 15y/p - i2P,y\ 

C, = 102i» - 3(V - 9(5(1 + ePjS t- p8l2)?/^ 

C'^ = 26>.,^-f @j/y, 


where the index indicates the weight. In denoting one invariant of 
weight 8 by @3 1, we follow the general notation explained in 
Chapter II equ. (54). An invariant may he regarded as a covariant 
of degree zero. With this understanding, it suffices to say that the 
effect of the complete transformation 
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upon a coTariant of degree d and of weight w, is to transform it 
into C, where 

- 

c^—a 

(ir 

The general theory shows that all other invariants and covariants 
may be deduced from these by algebraic and differentiation processes. 

§ 2. Canonical forms. 

Equations (2) show that^ if we make the transformation 
y = 

the coefficients of the resulting equation for y will be 

= 0, JTg = ^2 > ^3 — ^^4 = ^4+ 

We shall say that the equation has been put into the semi-canonical 
form. 

From (10) we see that if be chosen so that 

(13) 


f 1 2 ^ "D 

V - , = T, -Pj. 


in the resulting equation Pg will be zero. Since Pg is a seminvariant^ 
any transformation of the form 

y = ^y 

will not disturb the equation Pg = 0, and we may again choose X so 

<?*?/ 

as to make the coefficient of vanish. It is, therefore, always 
possible to reduce the equation to the form 

which we shall call the Lagnerre- Forsyth camnical form. This is 
equivalent to assuming »==^2 = 0 in the original equation. 

If =)= 0, we may transform the independent variable so as to 
make = 1. In fact, we have for an arbitrary transformation 

1 


■ (S')’ 




If, therefore, we put 
(14) 


i-fV. 


Q^dXj 


will be equal to unity. We may again, by a transformation of 
the form ^ — At/, make vanish. The canonical form, which is 
characterized by the conditions 

WlLCKYNSKi, projective difTorential Geometry 16 
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= 

we may properly denote as the Halphen canonical form. 

In our geometrical discussions, only the quantity 

not I itself will be of importance. X also is an unimportant 
factor which has no geometrical significance. Equation ( 13 ) shows, 
therefore, that the reduction to the Lagtierre-- Forsyth form can always 
be accomplished in oo^ essentially different ways. It is important to 
remark that ( 13 ) is an equation of the Riccati form, so that the cross- 
ratio of any four solutions is constant. 

The Halphrn form, on the other hand, can be obtained in just 
one way, if it exists at all, i. e. if =|= 0 . If 0 ^ vanishes, 0 ^ may 
be reduced to unity unless it also is equal to zero. The case when 
both and @4 vanish, is especially simple. The Lagiierre’ Forsyth 


form reduces to 


d^y 


dr 


^. = 0. 


- P 0 2 


If two equations of the form ( 1 ) can be transformed into each 
other by a transformation of the kind here considered, we shall call 
them equivalent. Clearly, for equivalent equations, the corresponding 
absolute invariants are equal. 

If equation ( 1 ) is given, the invariants ®s, @4, etc. are 

known functions of x. Conversely, equations (12) show that if 
03, 04, 08 1 are given as arbitrary functions of provided that 
Pg, Pj and P4 are determined uniquely. If 0 ^ — 0 , then 
@8.j =0 also, and we must assign a further condition. The function 

(15) 04.1 = 8 04®/- y(047- 

is also an invariant. If 03 = 0, and 04, 04 1 are given, P2, P3, P4, 
are determined imiquely. If both @3 and 0 ^ vanish, all invariants 
are zero, and the equation may be reduced to the form 

di* 

As we may always assume that y), = 0, we see that the differential 
equation (1) is essentially determined when its invariants a/re given as 
functions of x. 

The Lagrange adjoint of (1) is^) 

wW — + 6(^2 — 2 pf)u” — 4 .{p^ — 3 p/ + 'dpf^)u! 

+ {Pa — + ^P^' — ^P^^^ )w = 0. 

^ Vti • ' - Va constitute a fundamental system of (1), the minors of 
X.. . . .Xa in the determinant 


( 16 ) 


1) Cf. Chapter 11, § 5. 
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^4 

Vu 

y^y 

y^y 

2/4 

yi> 

Vi, 

y^y 

y.' 

yi\ 

y”, 

y"y 

y" 


multiplied by a common factor^ which does not interest us, form a 
fundamental system of (16). 

If we denote the seminvariants of (16) by Jig, Jig, JT^, we have 
(17) JTg-Pg, JTg = -P 3 + 3Pg', JT,== P,-4P/ + 6 Pg", 
whence follows reciprocally 

Pg-JTg, Pg-- JI ,4 3 J 7 g', P, = 174-4773' + 6 JTg^ 

The invariants of (16) differ from the invariants of ( 1 ) only in this 
that the sign of is changed. 


§ 8. Geometrical Interpretation. 

If* the functions . . ,V 4 constitute a fundamental system of (1), 
we may interpret them as the homogeneous coordinates of a point 
Py of a curve Cy in ordinary space. The coefficients Pi, p^f p^ 
of (1) are invariants of the general projective group. The trans- 
formation 


does not change the ratios therefore leaves the curve 

Cy invariant. The transformation | = Kj") merely changes the parameter 
in terms of which the coordinates are expressed. It is clear, therefore, 
that any system of equations, invariant under these transformations, 
expresses a projective property of the curve G,,. 

The Lagrange adjoint of ( 1 ) may be taken to represent the same 
curve in tangential coordinates, or else a reciprocal curve in point 
coordinates. 

We may, therefore, state the results of § 2 as follows. If the 
invariants of a curve are given as functimis of x, the curve is determined 
except for projective transformations. If the invaria'nts of two curves, 
except those of weight three, are respectively equal to each otiwr, while 
the invariants of weight three differ only in sign^ the two curves are 
dualistk to each other. Those curves are self -dual for which @3 =* 0. 
Moreover, these latter curves are the only curves which are identically 
self- dual; i. e. for which a dualistic transformation exists which 
converts every point of the curve into the osculating plane of that 
point, and vice versa, while every tangent is transformed into itself. 

If we put y ^yjt (^ *=* 1, 2, 3, 4) into the expressions for e, q, 6 
we obtain three other points Tg, Pq, Pa which, as x varies, describe 

16 * 
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curres Cm,Cq, Ca, curves which are closely connected with Cy. P, is 
clearly a point on the tangent of Cp constructed at Py\ is in the 
plane osculating C,j at Pv, while Pa is outside of this plane. These 
four points are never coplanar except at those exceptional points 
of Cy, whose osculating planes are stationary, i. e. have more than 
three consecutive points in common with the curve. 

In order to study the curve Cy in the vicinity of Py, it will, 
therefore, be convenient to introduce the tetrahedron PyP^P^Pa as 
tetrahedron of reference, with the further convention that, if any 
expressions of the form 

+ aspi + cfiOi (Zr 1, 2, 3, 4) 

present themselves, the coordinates of the corresponding point P„ shall be 

(“l. “8. «81 “l)- 

In writing Uk the index 7r may be suppressed, so that the single expression 

represents the point (a^, a^, a^) adequately. 

If the independent variable x is transformed, the tetrahedron of 
reference is changed in accordance with equations (9). Py of course 
remains the same; P. is changed into P7, which may obviously be 
any point on the tangent; etc. Thus, while an arbitrary transformation 
of the parameter x does not affect the curve Cy itself, it does very 
materially affect the semi -co variant curves €(,, C„. It is clear, 
however, that two transformations of x, which give rise to the same 
tjy are geometrically equivalent. We may also, without affecting the 
position of the points P,, P^,, P^, assume that (1) is written in the 
semi -canonical form, so that j>j = 0. For, in order to put fl) into 
the semi- canonical form, we need only multiply y by a certain factor 
A, which will then also appear multiplied into the semi -co variants 2 j 
Q and < 5 . 

Let us then assume = 0. We shall have 0 = If we diffe- 
rentiate (1) and eliminate y between the resulting equation and (1), 
we shall find 

{P, + 3P,«)^w - (P/ + 6P,P;)#) -f 6P,(P, -f- 3P,*)/ 

(18) -f [(6P; -f 4P3)(P, -f 3P/) - QP,{Pl + 6P,P;)]/ 

-f [(4P3' 4. p^ + 3P/) (P, + 3P3«) ~ 4P3(P; + 6P,P;)];^ = 0, 
if P^+ 3P2^4=0. If P, + 3P3* = 0 we find 

(19) #)-f ePg^'-f 4P3^ = 0. 

Equation (18) determines the curve C, in the same way as (1) 
determines Cy. But if P^-f 3P2* = 0, z satisfies (19) showing that 
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the curve C7, is in this case a plane curve. Therefore, if the variable 
I be so chosen as to make 4- ~ corresponding curve 

C» is a plane section of the developable surface whose cuspidal edge 
is Gy. In harmony with this, equations (10) show that the most 
general value of which satisfies the condition P4-f3Pg^*=0, 
contains three arbitrary constants, as it should since there are oo^ 
planes in space. 

We shall need to consider the ruled surfaces generated by those 
edges of our tetrahedron which meet in Py. Of these we know one 
immediately, namely the developable which has Gy as its edge of 
regression, and of which P^P.. is a generator. The ruled surface 
generated by P,,P^ clearly has Gy as an asymptotic curve; for, the 
plane is both osculating plane of Gy at Py, and tangent plane 

of the surface at Py. If we assume jOi = 0, this ruled surface may 
be studied by means of the equations 

( 20 ) + = 

+ (4P, - 2IV)j/ + (P, - P." - 2P,»)2/ + 5P,p = 0, 

in accordance with the general theory of ruled surfaces as developed 
in the preceding chapters of this book. To prove (20) we need only 
differentiate the expression for p twice, express and i/G) in terms 
of Sy Q, and eliminate ^ and 6. 

The ruled surface generated by P„Pa is especially important. 
We have 

(21) 6 = -f Sjp.y 4 - p^tjy 

whence 

o' = + (3ps' + JP,) y' + P^xj, 

a" = /5) + + 3(2,,,' + + (3,,," + 6ft' + ft).,/' 

+ (3ft" + 2p,')y' + p^'y. 

From (21) we find 

y( 8 ) = 0 - 3^1?/' — 3 ^) 3 y —IhVi 

= 3ft - 3(pi' + ft - 3p^^)y" - (3ft' + ft - 9ftft) y' 
- - 3ftft),,,. 

If we substitute these values in (1), we obtain the equation 

(24) ^ ~ ~ ^ ~ ~ 

+ (i'l - PiPs - Pi ) »/ + i^t 0 = 0, 

where the coefficient of is SP^. 

Let us differentiate both members of this equation, and eliminate 
y" and by means of {23) and (24). We shall find 
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('26'> + (8-P>2i - as)®* + (»‘«2. + S-P.Ss)? 

^ + (3-P»22 -i>i38)ff» 

where 

2i = -J>ij 2 j “ 2^),' - 3j>j + 3, 3P, + 3j)iPj, 

24 = - 2ft' + 3ft" + 3ft ft' - 6ft 'ft -ft +ftft + 9ft* - 9ft »ft, 
■ (26) 25 (ft' - ft" - ft ft' - ft'ft) + 3ft (ft - ft' - ft*), 

»-s =“-3(1)5 -ft' -ftp,), 

(Pi-Pa - PiPz)- 

Equations (24) and (25) define the ruled surface generated by 
PyPa^ If we assume *= 0, we find 

t/' +Piiy' + + 2ii2/ + 212 

«" +JPsi«/' +I’a3«' + QiiV + 32,« = 0, 


(27) 

where 


(28) 


P,-P,' 1 Pt + ^P,'-lV A 

JPu=--p;-*-> l>ia=sir» 2n= g/! > ffia = 0, 

=4-[- 3P5* + 3P5P,' + 2P,P,'-3p‘p," + P,P4-6P,»], 

P, 


1^22 = 


A 


2ai [- P5P,-6P,*P5 + P5P5' + PaP4' + 6P,*P,'-P,P.''], 


9^22 ' 


SP^. 


If (1) is written in the Lagiierre- Forsyth form, P^ = 0. In that 
case, the two equations (27) reduce to the single equation 


(29) 


J’»y+|«'+k2’a--P.')3 = 0, 


which proves that, in this case, the surface generated hy Py Pa is develop^ 
able. For, the tangents constructed to Cy at Py and to Ca at Pa are 
then coplanar.^) Moreover, only if Pg = 0 will the surface generated 
by PyPa be a developable. 

Let 

T = 


represent the point in which PyPa intersects the edge of regression 
of the developable. Then, since PyPa must be tangent to the edge 
of regression, we shall have 

t' = ay 4. ptj, 
or 

(^' — a)y + — P)fS + + p(f = 0 . 


1) cf. Chapter V, equ. (16). 



§ 8. GEOMETRICAL INTERPRETATION. 


247 


Bat according to (29) 

(P,-P3')y-3P,y', 

BO that 

il' - a)y + in' - + Ay' - ,*[(P, - P.')y + SP.y-] - 0, 


where for we could also write 2 . Such a relation between Py,Fg,Pa 
would, however, make these three points collinear, and therefore 
P y) Pt} Pqy Pa CO -planar, unless all of the coefficients are zero. We 
have seen, however, that these four points are coplanar only at points Py 
whose osculating plane is stationary. Consequently 

= = X-3iiPs^0, 

Wn ATIOA 

A = 3,iP„ = « = A'-^t(P,-P3'). 

We see, therefore ^ that 

( 30 ) t^ZP,y + (S 


represents the edge of regression of Uie developable to which the ruled 
surface generated by PyPa reduces when Pg = 0 . 

If ~ 0 and Pg = 0, equations ( 2 ) and ( 10 ) show that the most 
general transformations of the variables, which do not disturb these 
conditions, satisfy the equations 


V 

X 


4- 




which give on integration 
X = 




--2c 
^ l-fca? 


If we transform x under this assumption, we find that it is converted 
into 


(30a) T = [« + 1 iJP + 2 - ’J*- + ( 4 I)’ + 3Ps)y], 


where may have any numerical value. 

Let us recapitulate. The ruled surfaces genei'ated by PyPa are 
infinite in number. Their general expression involves an arbitrary function 
rj. Among these surfaces there exists a single infinity of developaUes. 
If Pg => 0, the surface generated by PyPa is one of these, and the locus 
of Pt is its edge of regression, where 

(30) t = 3Pjy + <J, 

Pt being the point tvhere PyPa intei'sects the edge of regression. If 
we construct all of the lines PyPa through Py, which are generators 
of the above mentimed family of developables , and mark upon each of 
them the point Pi where it intersects the cuspidal edge of the devdopable 
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to which it hdongSf the locu^ of these points is a twisted cubic curve. 
The equations of this curve y referred to a parameter and to the funda- 
mental tetrahedron PyPtPgPa, are 

(31) a;i = 3P, + yij», «3=Y’?> '>^4.= 1- 

We shall see later that this cubic has five consecutive points in 
common with the curve Cy at Py, i. e. that it has at this point with 
Cy a contact of the fourth order. We shall speak of it as the torsal 
cubic of Pyy on account of its connection with the developables which 
we have just been considering. 

Equations (31) give the parametric equations of the torsal cubic 
referred to a special tetrahedron of reference for which Pg — 0. We 
shall need its equations in a more general form. These may be easily 
obtained. Consider the expression 

(32) X = (30. + ® P.' + « + ! <») y + (^ P. + 1 ^ + « 

in which t may, for the moment, be regarded as a parameter independent 
of X. Denote by X the corresponding expression formed from the 
quantities Pg, P 3 , etc., y, i, p, a after the general transformation 
I = 1 (^ 1 ;). We shall find that ($')*! is equal to an expression of the 
form (32) in which, however, t^ takes the place of t, where = 

But, of course, this transformation may be chosen so as to make 
Pg = 0 , which would make X identical with t except for the notation. 
We see, therefore y that the expression A, or the equations 

j-i = 30. + 10 -Ps' + J-Ps’J + 4 V‘> 

(33) + 

^ 1 

^3 — 2 ^ 

represent the torsal cubic referred to the fundamental tetrahedron PyP.P^Po 
when this is chosen in as general a way as is compatible with its 
definition. 

If, in (32), t is chosen as a function of x, as x varies we obtain 
a curve on the surface formed by the totality of torsal cubics. If 
in particular t satisfies, as function of Xy the differential equation 



we obtain the cuspidal edge of one of the developables. 
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§ 4. The osculating cubic, conic and linear complex. 

A space cubic is determined by six of its points provided tbat 
no four of these points are coplanar. If, therefore, we take upon Gy^ 
besides Py, five other points, we shall in general obtain a perfectly 
definite space cubic determined by these six points. As these points 
approach coincidence with p,. the cubic will in general approach a 
limit, which shall be called the osculating cubic. We proceed to find 
its equations. 

Let Py correspond to the value of a; = a, which we shall suppose 
to be an ordinary point for our differential equation. Then y may be 
developed by Taylor’s theorem into a series proceeding according to 
powers of a; — a. By putting x — a = a! the development will be in 
powers of We may, therefore, assume in the first place that a~0. 
Let us assume further that jo, = 0 and Pg = 0. Then we shall have 
from (5) and (6), 

r34'l •P33/ + «. PiV-^Pa^, 

'■ ’ y») = -P/3,-(P, + 4P,')^-4P,(,. 

In accordance with the definition of our coordinates, we denote 
the coefficients of y, z, q, 6 in this expansion carried as far as by 
Vv course, multiply these quantities by a common 

factor, since the coordinates are homogeneous. We shall multiply by 
120 so as to clear of fractions. This gives 

— 120 — 20P^x' — bP^x^ — P^ .r'’ H 

y, = 120a; - 20 - (4P»' + + . . . 

y,-60x»-4P,a;^+--- 
20a;»+.-. 

We see at once that the following equations are exact up to 
terms no higher than the fifth order, 

rsfii 

6 (2^1% - y/) - ^PaVaVi “ 0- 

These same equations must be satisfied by the coordinates of any 
point of the osculating cubic, since this must have contact of the 
fifth order with C\ at Py. They are, therefore, its equations, referred 
to this special tetrahedron of reference. In terms of a parameter t we 
may urrite 

(37) .Ti = 15 + ISPgr, = 30#, = 30#* iTi = 20#*. 

The equation ^x^x^ — 2x^^ = 0 

is that of a cone,* whose vertex is Py and which contains the osculating 
cubic. It may also be obtained by determining that cone of the 
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second order, with its vertex at which has the closest possible 
contact with Cy viz. contact of the fifth order. We shall speak of 
it as the osculating cone. We notice at once that the tors^ cubic 
also lies upon the osculating cone. This is shown by equations (31), 
which are referred to the same system of coordinates as that employed 
here. If we put in (31) = j and if we multiply by 20<®, (31) 

becomes 

(31a) « 15 + eOPai^ a’a = 30^, 

which differs from (37) only in having 5 P 3 in place of P 3 . 

By a method of reasoning precisely similar to that of the last 
paragraph, we find that the expression 

(38) (12 P 3 - 12P; + 24P2r + 15r»)i/ 

+ 20(® P,+ |T*)^r + 30rp + 20ff 

represents an arbitrary point of the oseiilating cuhiCy when the tetrahedron 
of reference is not restricted to the condition Pg = 0 . For, this expression 
remains invariant under the general transformation | = i(x), and 

reduces to (37) for Pg ~ 0, if r = J • 

The equation of the plane, which osculates the osculating cubic 
at the point whose parameter is r, turns out to be 

UiXi -f WgiTg -f «3^3 + 

— 20, Mg = = lOPg — 30 T®, 

I2P3 - I2P2' - SePgT + 15 t 3 . 

For every value of r, this intersects the osculating plane, x^ ~ 0, in 
a straight line 

— 20iri 4- BOrajg -f (16 Pg — ^0x^)x^ = 0. 

The envelope of these lines will be obtained by eliminating t between 
this equation and that obtained from it by partial differentiation with 
respect to v; the latter equation is 

30iC2 — GOrajg = 0. 

We thus find 

(40) — AOx^x^ + 15ir2* + ^2F^x^^ = 0, 

the eguahon of the osculating conic, which may he defined as a part of 
the intersection of the developable of the osculating cubic with the 
osculating plane. The other part of this intersection is the tangent, 
which must be counted twice. 


where 

(39) 
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It is not without interest to verify that (37) represents the 
osculating cubic by another method. We find^ from (35); that the 
nonhomogeneouB coordinates of the points of Cy in the vicinity of Fy 

('41') 

!>, 2 + 20 -^ 3 ® + ' y, 6 ® + 

From (37), we find for the points of the osculating cubic 








If we put 


< = I * [l + - 30 +• ■•]’ 


the two expansions coincide up to terms of the fifth order. For the 
torsal cubic we have, according to (31a), 

If we put into these equations 

t = 2 ' X (1 + -h cx^ + dx^ H ), 

we find that these expansions will agree with (41) up to terms of 
the fourth order if 

a = 0, 6 = 0, c==-^P3, 


but that it is impossible to make them agree with (41) any further 
unless Pg = 0. In general j therefore y the torsal cubic has with Cy a 
contact of the fourth order. Ody if @3 = 0 may the order of contact 
he highfyr. In that case the torsal and osculating cubics coincide. 

We proceed to deduce the equation of the osculating linear 
complex, i. e. of that linear complex determined by five consecutive 
tangents of the curve. We assume again Pi—0 and Pj = 0. Denote 
by Y and Z the expansions of y and z in the vicinity of Py. Then 
we have up to terms of the fourth order 



+ ^r[l- ®P.x»-2\(4P3' + P.)a^] 


+ p (*--6 ■ P . 3 ^)+« Y **- 
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If we denote the coefficients of y, 0, Q, (5 in these two expressions 
hy Vu * ‘ - Vi, and ;efi, . . . £^4 respectively, the Pliickerian line-coordinates 
of the tangent will be 

<Oik =» ViH — Vk^it 

whence 


“ll = “2 * + ■ 




Therefore, the equation of the osculating linear compleXy referred to the 
special tetrahedron of reference y is 

(42) ( 0,4 - ( 0,3 = 0. 

We might have obtained this complex in another way. For, it 
is clear that the null -system of the osculating cubic will be the 
same as that determined by the osculating linear complex. We shall, 
instead, set up the null -system of the torsal cubic in its general 
form. We shall see that Umar complex determined by the torsal 
cubic coincides with the oscidating linear complex. 

We have the equations of the torsal cubic 

x^ = 60®, -f 6 P 2 ' + 24:F^ri + 

a:, = 24P, + 30»/>, a -3 = 30ij, X 4 = 20. 

The coordinates of the plane, which osculates the torsal cubic at the 
point whose parameter is are 

Wj = — 180, = 270iy, % = I 44 P 2 — 210rf, 

«4 = 540©, + 54P,' - 324 P , 12 + I 3692 ’. 

If we put in (43) ri = i;*, (h = 1, 2, 3), we obtain three points 
on the cubic. The coordinates of their plane must be proportional to 

= — 180, Vg = 90 (i^i -f + rif)y 

(45) Vg - 144 Pg - 90 (i?2% + %% + V 1 V 2 I 

Vi = 540@g + 54 P 2 ' — IO 8 P 2 (i?! 4- ^2 -f i^g) + 135i?ii/3iyg, 

for, each of these expressions must be a symmetric function of 
Vi}V 2 J ^3 higher than the third order, and for “ ^3 '7 

we must have Vk proportional to w*. Similarly, the point in which 
the three osculating planes at % intersect, must have its 

coordinates proportional to 
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mxi — 60®, + 6P,' + 8Pj (% + % + %) + 

(46) (oxt - 24P, + 10 (%i), + %7)i + ij, %), 

(OXt ■= 10 (iJi + % + IJ,), raa:, = 20. 


If we eliminate 1^3 between (45) and (46), and change slightly 

the factor of proportionality, we find 


(47a) 

or 

(47b) 


(OVI = — mv^ = — -f 2F^x^, 

( 0 V 2 = 4- x.^f <0^4 = -f — 2P2a:3, 
ra'a?! = 4- = + ^^2, 

C3'a:2 — — 2P^v^ — Vg, o' 0*4 = — Vj, 


as the equations of the null -system defined by the torsal cubic. 

A point 2/1, ^2, ^3, 1/4 lies in the plane corresponding to 

4 

= 0 . 

k=l 

Therefore, the lines which pass through the point x^f x^f Xg, x^ and 
lie in the plane corresponding to it in the null -system, satisfy the 
equation 

(48) Oi 4 — 2 P 2 O 34 — O 23 = 0. 


If the tetrahedron of reference be so chosen as to make Pg = 0, this 
equation is identical with (42). Therefore^ (48) represents the osculating 
linear complex when the tetrahedron of reference is general. The 
osculating and torsal cuhics are curves of this complex. 

If Pg is finite, the complex (48) is not special We see, therefore, 
that only those values of Xj lor which 1\ = cx), can give points of 
the curve at which five consecutive tangents have a straight line 
intersector. 

Let us proceed to deduce the equation of the osculating linear 
complex, belonging to a point of C,, infinitesimally close to Py. If 
we change x by an infinitesimal amount dXj we find for the coordinates 
of the vertices of the new tetrahedron of reference 


2/ = 2/ 4- = (1 -p^8x)y 4 

8 8 8^dx = — P^dx y 4- (1 — Pxdx)3 4- pda’, 

p = p 4 Q^dx == — (P3 — P2)6x'y — ^P^^xz -\- (1 — i>ida’)p 4 tfdo;, 
tf = <y 4 6^8x == - (P4 — P^)^x y—S (Pg — Pg') dj? • z — BP^Sx • p 
4(l--i>ida;)tf. 
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Therefore, if a point has the coordinates in the new system 

of coordinates, and , .or^ in the old, we shall have 

=ss (^1 — • x^ (2^3 — P^^dx • x^ — (2^^ P^')Sx • x^ 

Therefore, the infinitesimal changes in the coordinates, in the sense 
new minus old, will be 

d,r, = [p^x^ + PsJT, + (Pj - P,')a;, + {P^ - P,')a:Jda;, 

(49) = [ - *1 + + 2 P,^j + 3 (P, - P,>J dar, 

da-g *=* ( a^ “f“ “1“ 3Pga’g)dajj 

da;^ = (— a-g + p^x^Sx. 

Referred to the new tetrahedron of reference, the equation of the com- 
plex, osculating Cy at the point corresponding to x ^ dx, will be 

(60) ra,g-2PjO)g4 — Sgg^O, 

where 

2^2 ^2 ^2 dir, “= Xiyit, 

x,= X, 8x,, dy,, 

if Xt and denote the coordinates of two points on a line of the 
complex referred to the new tetrahedron of reference. Making the 
calculations, we find 

®14 = C’U + [- 03i 3 -f 2^1 Oi4 — ^2^i2 + — J^2')®34] 

®84 = ®84 + (^JPlO^J4 + CJ42)d^, 

^>28 “ ®28 \^Pl^2^ ^2 )®S4ld-r. 

If we substitute in (50), we find as the equation of the linear complex 
osculaiing C,, at a point infinitesimally dose to Fy, 

(51) (©14 — 2P^(Os^ — ©23) (1 -f 2pidx) -f 4@3©3idir == 0. 

This coincides with the linear complex osculating Cy at Py, if and 
only if @3 = 0. 

Therefore, if the invariant @3 vanishes identically, the tangents of 
the cwrve Cy belong to a linear complex. If it does not vanish iden- 
tically, those values of x, for which it does vanish, correspond to points 
of the curve at which the osculating linear complex hyperosculates 
the curve. 

This result may also he obtained by setting up the linear differential 
equation of the sixth order satisfied by the six line coordinates of the 
e>,t = y,y,; — y^y,', 

and noting that this reduces to the fifth order if and only if ®g==0. 
This is the method of Halphen.^) 


1) Acta Matbematica, vol. 3 (1888). 
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A former result may now be stated as follows. The osculating 
and torsal cubks of all points of a cmve coincide^ if and only if the 
curve belongs to a limar complex. 

§ 5. Q^ometrioal definition of the fundamental tetrahedron 
of reference. 

We have seen that there exists for every point of the curve Gy 
a tetrahedron whose vertices Py, P.,P„Pa are determined by the 
choice of the independent variable x. In order that we may be able 
to obtain a clear insight into the geometry of the curve, it is necessary 
that we may be able to define this tetrahedron by purely geometrical 
considerations. As a consequence of our preceding results we are 
now able to do this. 

We have already noticed that P, is a point on the tangent, and 
that by a properly chosen transformation | = it may be trans> 
formed into any other point of the tangent. When the independent 
variable has been definitively chosen, we obtain, therefore, a 
point P, on the tangent which is not, in general, distinguished by 
any geometrical property from any other point of the tangent. Its 
position may serve as a geometrical image of the independent variable. 

Consider the osculating conic. 

X 4 ^ = 0, AOx^x^ — 32P22C3* — Ibx./ = 0. 

The polar of any point x^', 0) of the osculating plane 

with respect to it, is the straight line 

x^ — 0, 20xjx^ — 16 x 2 + {'20 x^ — 32 P 2 X 2 )x 2 = 0. 

Therefore, the polar of P-, whose coordinates are (0, 1, 0, 0), is the 
line X 2 = 0, = 0. In other words: 

The line PyP^ is the polar of P, with respect to the osculating 
conk. 

We shall speak of the curves G., C„ Ca as the derivative curves 
of Gy with respect to x, of the first, second and third kind respectively. 
The ruled surfaces, which are obtained by joining the points of Gy 
to the corresponding points of O^, Gay shall be called derivative 
ruled surfaces of the first, secotid and third kvnd respectively. Then, 
the derivative ruled surface of the first kind is unique. It is simply 
the developable whose cuspidal edge is Gy. Let us consider the 
derivative ruled surface S of the second kind generated by PyP^. 
The curve Gy is, of course, an asymptotic curve upon it. This sur- 
face is characterized by the equations (20), where p^ has been assumed 
equal to zero. 
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According to the general theory of ruled surfaces^), the asymp- 
totic tangents to S at the points Py and P^ are obtained by joining 
these points to 2e and 2tf - 4P,« + 2P,y 

respectively. Therefore, the asymptotic tangent to S at any point 
0, Oj, 0) of PyP^ joins this point to 

Hence, the equation of the plane tangent to S at (aj, 0, ag, 0) is 

— " 3^2 + ^Pias)0C4^ = 0 . 

To the same point of PyPf, there corresponds a plane in the osculating 
linear complex According to (47 a), this is the plane 

“ 8^2 + (^1 ~ ^PiCC$)^4. “ 

Therefore, if at any point of the generator of the derived ruled sur- 
face of the second kind we construct the tangent plane as well as 
the plane which corresponds to it in the osculating linear complex, 
these planes lorm an involution. The double planes of this involution 
are the osculating plane (or^ = 0), and a plane (iTg = 0) which contains 
P., the point of the derivative curve of the third kind which corre- 
sponds to Py. 

The point which corresponds to this latter plane, is 

(52) /3 = 2Pjj/ + e. 

According to (47a) wo have further, corresponding to the point 
P. or (0, 1, 0, 0), the plane = 0, which also contains P„. The line 
PyPa is now completely determined, as follows. 

The generator of the derived ruled surface of the third hind is the 
intersedion of the following two lilanes; the plane corresponding to 
Pz in the osculating linear conqtlex; 2^ that plane which is tangent to 
the derived ruled surface of the second hind at the same point which 
corresponds to it in the osculating linear complex. 

It still remains to determine the position of P^, and Po on the 
lines PyPf, and PyPr. 

The osculating conic intersects /^P^j in Py and in Pa where 

(53) a = 4P2y-f5p. 

The cross- ratio of the four points Py, P^,, Pu,P^, is 

If, upon the generator of the derived ruled surface of the second 
hind, there he ma/rhed its intersections with the osculating conic, and the 

1) Cf. Chapter VI. 
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pivd P/j wJme tcmgmt plane coincides with the plane c&rrespcmding to 
it in the osculating linea/r complex, the point P^, is determined by the 

condition that the cross -ratio of these four points shall he equal to • 

If Pg 0 this definition of P^ breaks down. In that case, 
however, Fa and P^ coincide with P^,. Therefore, if the derived ruled 
surface of the third hind is a developahle, Fq is that point on the 
generator of the derived surface of the second hind where this generator 
intersects the osculating conic for the second time. At this point the plane, 
tangent to the ruled surface', and the plane, corresponding to it in the 
osculating linear complex eoineide. 

If we use the notations of the theory of ruled surfaces^), we 
find from (20), 

Mu = 4 , Mji = SP/ — 4 :Pf + 8P/, M„ — M22 = 16 Pj, 

(«,1 — Mjj)* + 4 Mu«i'l 64 (p, — 2P3' — ePs^). 

But Wji Wjjj} = 0 is the condition that C,, and shall be harmon- 
ically divided by the branches of the flecnode curve of the ruled sur- 
face, while — <<22)^ + 4^12^1 == 0 is the condition under which 
the two branches of the flecnode curve coincide.^) Therefore, we 
obtain the following theorem. 

If the derived ruled surface of the third hind is a developahle, the 
intersections of the generate' of the derived ruled surface of the secemd 
hind with the osculating conic give rise to two curves upon this surface 
harmonically conjugate with respect to the two branches of its flecnode 
curve. 

If = 0 , tiw second intersection of the generator of this surface 
with the osculating conic is a point of its flecnode curve. Moreover, the 
two branches of the flecnode curve must then coincide. 

It is to be noted that we have here a geometrical interpretation for 
the invariant equation @1= 0 . We shall find two other, quite different, 
interpretations for this condition later on. 

We may, if we wish, make use of the torsal cubic in our further 
constructions. For, it is now defined entirely by geometrical con- 
siderations. If, in fact, we trace upon the developable, whose edge 
of regression is Gy, an arbitrary curve G-., we now know how the 
corresponding ruled surfaces of the second and third kind may be 
constructed They depend upon an arbitrary function of x, as does 
the curve Oj. Among the surfaces of the third kind there exists a 
single one -parameter family of developables. Upon that generator 
of each of these developables which passes through Fy, we mark the 

1) Chapter IV, equ (20). 

2) Cf. Chapter VI. 

WiLCZYNSKi, projective differential Qoomotry 17 
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point where it intersects the cuspidal edge of the developable to which 
it belongs. The locus of these points is the torsal cubic. 

We notice incidentally that (he reduction of equation (1) to the 
Laguerre- Forsyth canonical form is equivalent to the determinalion of 
one of the developahles of the {hird hind. Since this reduction is made 
by solving an equation of the Biccati form, we notice further the 
following theorem. The four curves on the developable of Cp, which 
correspond to any four of the developable^ of the third hind, intersect all 
of the tangents of Cy in point-rows of the same cross -ratio. 

Let us consider the developable surface of the torsal cubic, which 
is given by equations (44). We are going to find its intersection 
with the plane PyP^Paj or = 0. The intersection of the plane 
Ui,.,.u^f which osculates the cubic at the point whose parameter 
is r], with the plane x^ = 0 is the line 

- ISOiTi + 2701^^2 + (540®, + 54P/ - 324P2i? + = 0 

of this plane. As changes, this line envelops a curve, the required 
intersection. Its equation will be found by eliminating rj between 
the above equation and this other one 

270^2 + (- 324P2 4- 40r)i?2)a’^ = 0 

obtained from it by differentiation with respect to 7y. This elimination 
may be easily performed. The result is 

(54) P = 8 (5ir2 — (5.ri — 

+ 15^,{10.>r, - (30®3 + 3P2VJ^-0. 

This plane cubic together with the tangent P,,Pz gives the complete 
intersection of the plane PyP^Pr, with the developable of the torsal 
cubic. It has a cusp at P*, and the equation of its cusp tangent is 

== 0 , 

as one may find by the general theory of plane curves. The cusp 
tangent intersects PyPa in the point 

(55) = 242/ + ^0(y. 

The tangent to the plane cubic at P„ is 

lOiCg 4- ^x^ = 0. 

It intersects the cubic again in the point 

(12 4- 30®, 4- SPg')!/ - 6^ + 206. 

If this point be joined to P, by a straight line, the latter will inter- 
sect PyPa in the point 

(56) ^ = (12-|-30®, + 3Pj')y-t-20<». 



§ 6. FUNDAMENTAL TETRAHEDEON OP REFERENCE. 259 

The plane PyP^Pa is tangent to the torsal cubic. It intersects 
it once more in the point corresponding to = 0, viz.: 

(6003 + + 2^P^0 -f 206. 

A line joining this point to intersects PyPa in 

(57) ti = (loi)&,-]-6P.;)y^206. 

Consider the four points Px, Px, Pfi and Py. We have 

1= -2-.. 

(30®, + 3P,' - 12)2/ = 

so that Px is the harmonic conjugate of Py with respect to Py, 
and P^. 

The osculating cubic differs from the torsal cubic only in having 
2 (Pg — P^) in place of 10 ®g -f P^. Consequently, the plane cubic 
in which its developable intersects the plane PyP,Pa is 

(58) F = 8 {bx^ - Ox^) {bx^ - Ox^f 

+ Ibx^ { lOx^ - 6 (Pg - P,')x^]^ = 0. 

If we denote by Px, Px, P ^7 the points constructed with respect to 
this curve in the same way as P^, Px and P^ were with respect to 
F —Oj we find 

* = *, -l = (12 + ep, - 6P,')2/ + 20tf, 

^ ’ /i = (12P, -12P,')2/+20ef, 

the cusp and its tangent being common to the two curves, as well 
as the tangent at Py, I refrain from formulating explicitly the various 
theorems which may be obtained from these equations. 

In order to obtain a simple construction for p., we shall con- 
sider, finally, the developable generated by the motion of the plane 
PyPfjPa. The equation of this plane is x^ = 0. As x changes into 
X dXf yf s, Q change into y -f i/dx^ q -f q’Sxj 6 a' dx respectively, 
where y\ p', a’ are given by equations (5). The equation of the plane 
of these points, referred to the tetrahedron Py, Ps, P p; P<^; is 

x^ x^ Xs 

1 ~Pi^^ ^ 

— (Pj^~P^^)dx —'2P^dx l—pi6x 

-(P.-Pg'jda; -b{P^-P,^)dx -SPgda; l-p,dx\ 
which becomes, when developed, 

Xj^dx — (1 — Sp^dx) — 2x^P^8x — (Pg — Pi)dx ~ 0. 

17 * 
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Therefore, the equations of the generator of the developable, generated 
by the motion of the plane P^P^Pa, are 

(60) = 0, .Tj - 2 PgaTg - 3 (Pg - = 0. 

It intersects the generator Pj,P^(ar8 == = 0) of the derived ruled 

surface of the second kind in that point 

(52) ^ = 2P,2/ + p, 

whose tangent plane coincides with the plane corresponding to it in 
the osculating linear complex. Its intersection with the generator 

of the derived ruled surface of the third kind, is 

(61) P = 3(P3-P,02/ + <J. 

The generator of the developable joins P^ to Py. We wish to deter- 
mine its edge of regression. If 

d = Z/3 + my 

is the point where P/^Py meets the edge of regression, we must have 
d' = r/3 + or -f my' rp sy. 

We proceed to determine the ratio of I to 7 ) 1 . We find 

p' = (SPg' - ~ PJy p 4- <?, 

/ - [P, - P; 4 3P/ 4 - K')]y - SI\Q - 

We may eliminate p and 0 by (52) and ((>1). This gives 
P' ^ — —pj^p 4 y^ 

y' == - {I\ - 4iV 4 3P," - 6P,^)y - 3P,p ~p,y. 

We may, therefore, put 

? = 7>^-4P/4 3P/'~0IV, 

m = — 4@3, 

so that 

(62) S = (/', - 4/V + S/’j" - 67V)/J - 4®,y 

gives the edge of regression. This gives the following theorem. TJie 
developable, generated hy the piano of the generators of the derived ruled 
surfaces of the second and third hind, 1ms its edge of regression upon 
the derived ruled surface of the second kind, if and only if the curve 
C, beiongs to a linear complex. 

We may write, in place of (61), 

y = 60(P,-P;)y + 20fl. 

We have from (59) 

)i = 12(P,-P,')y+20ff. 
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Therefore, the crose-ratio of the four points Py, Py, T-ji and P„ is 

(y* y, ji, «) = 5- 

We have found finally a geometrical definition for Pa, which 
we may recapitulate as follows. The plam of the tangent and the 
generator of the third derived nded surface intersects the osculating cubic 
in Py counted twice and one other point. If the latter point he joined 
to Ft hy a straight line, we obtain a certain point Pj, as the intersection 
of this line tvith PyPo. TJw generator of the devdopable, generated by 
the plane of the generators of the derived ruled surfaces of the second 
and third hind, intersects PyPa in another point Py. Pa may now be 
fmnd as that point of PyPa which maJces the cross -ratio 

{Py, Py,Pr., Pa)^b. 

We have shown how to construct the fundamental tetrahedron 
when Pt is given. If is given, P^ can be found at once as the 
pole of PyPii with respect to the osculating conic. If Pa is given, 
we may ^d first its polar plane with respect to the osculating linear 
complex, which is 

— iPi -f 2P^x^ = 0, 

and therefore passes through Pt, but not through Py. P, can there- 
fore be found at once as the intersection of this plane with the 
tangent to Cy at Py. 

We see, therefore, that any one of the three points p., p„ p. 
determines uniquely the others. 


§ 6. Some further properties of the derived ruled Burfaoes of the 
second and third kind. 

Let us suppose p^ = P^== 0, so that the derived ruled surface 
of the third kind is a developable, and let us consider the derived 
ruled surface of the second kind which corresponds to it. We proceed 
to deduce the equation of its osculating linear complex. 

Let Y and It denote the developments of y and p in the vicinity 
of the ordinary point x — a, and replace again x — a x in the 
developments. Then we shall find 

+ y%^ + y»e + 

+ VsP + 

where 
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9, — - 1 - 1 Ty + i (4P,* - Tiy +-, 

9, = - 2ry - ^(4P.' 4 py - i (2P,'' + + • • •, 

(63) 

9, = 1 - ^ P,a? - 4 (8P,' + py + --; 

(>4 — ^ ^ ■+*•••> 

while t/i, . . . Vi, have been computed before. Denote by 
03*i = ViQk — VkQi 

the Pluckerian coordinates of the line joining the two points. 

We find 

m^=-py- 4 (2 P,' - py - (2 P," - p;)a^ + . . ., 

(Oi, = 1 - p,®« - \ {2P< - py + • • 

0)14 = a: — J Pjo:* H , 

o>sj =* »■ + ^ +■■■> 

= «»S4 = s ■+ •••• 

Let 

ac0j2 + ^®13 + C(Di4 + ^/cJ 23 + 4- /’cOsA = 0 

be the equation of the osculating linear complex of the surface in 
question. Then, the coefficients of all powers of x up to and including 
x^ must be zero, if we substitute the above developments for ro,* into 
the left member. This gives us the following equations: 

?> == 0, c + ^ 0, — -f c = 0, 

-l(2P,'-P,)a-lP,h^ If^O, 

-l^{2P,"-Py - I (2P,' - P,)b- I p,c+ 1 P,d = 0, 

whence the ratios of the coefficients may be easily deduced. 

We find thus the equation of the linear complex osculating the 
derived ruled surface of the second hind which corresponds to a developable 
of the third hind; it is 

(64) - 4P,fl)ii - (p; ^ 2P") (0,14 - ®23) - 4P,*«)*4 

+ 4(P4-2P,')Pi,o,,4^0. 

It coincides with the osculating linear complex of Cy, if and only if 
Pg «= 0, i e. if Cy belongs to a linear complex. This result is also 
obvious for geometrical reasons. 
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The coordinates v* of the plane, which corresponds to a point 
x^y in the linear complex (64), are given by 

<0»I = * + 4P,a^ + * + (P*' — 2 Pj'')«4> 

<■ 66 ^ “*’* •^■^3®!+ * - (P 4 ' - SPa'Oxj + 4P3% 

^ * +(P,'-2P,'>,+ * - 4P3(P,-2P3'K, 

<01)4 = — (P/ — 2Pj")a:i - 4 P,®'a:j + 4 P 3 (P 4 - 2Pj')i»3 + 

where © is a proportionality factor. 

Let us consider at the same time the osculating linear complex 
of Gy. The lines common to the two complexes form a congruence 
whose directrices we propose to find. This we can do quite easily 
by writing down the equations which express that, for a point on 
one of the directrices, the two planes corresponding to it in the two 
complexes must coincide. The right members of (65) must, for such 
a point, be equal to 

— 4 - ax^y — 0 X 2 , 4 - (ox^ 

respectively, where © is a proportionality factor. 

The four equations obtained in this way can be satisfied only if 
their determinant vanishes, which gives 

(06) 2P3" - p; - <D = ± 4P3 i/2J^-'p;, 

whence the following equations for the two directrices 

± }/2lV - (2P,' - = 0, 

-u,±VYFf-P,x,=^0, 

-x^±y2F^' - P^Xg + 

of which three equations only two are independent, and where we 
have assumed =4= 0. In fact, if were zero the two complexes 
would coincide and the congruence would be indeterminate. 

Since we have assumed Pg == D, the quantity under the square 
root is — @4. We find a second interpretation for the condition 
@4 == 0. If @4 = 0, file congruence has coincident directrices. We 
may combine this with our former result to the following theorem. 

Choose as derived ruled surface of the third hind one of the 
developahles of the single family which exists. Consider the osadating 
linear complex of the corresponding ruled surface S of the second hind- 
Let fhe directrices of the congruenccj which this complex has in common 
with fhe osculating linear complex of fhe fundamental curve coincide. 
Then the two branches of fhe flecnode curve of S coincidcy and the generator 
of 8 which passes through Py will intersect fhe osculating conic of C 
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in Py and a second pointy whose locus is the fkcnode curve of the sur- 
face S. 

I refrain from formulating the converse. The above conditions 
are fulfilled if and only if @4 = 0 . 

Let us consider one of the directrices (67), for example that 
one which corresponds to the plus sign of the square root. Then 
we see that 

« = Pa -Pty + PaQ, 

P = V^Pa' -~Pa {Pay + V^PI^'P.z + ff) 

are two points on the directrix. We have multiplied each expression 
by a factor so as to have a and /3 of the same weight. If now we 
change the independent variable, but in such a way as not to disturb 
the condition — 0, we shall get in (64) a single infinity of com- 
plexes, and in (67) two families of lines, the directrices of the single 
infinity of congruences which thus result. We are going to study, 
to some extent, the two ruled surfaces thus generated. 

Put 

(69) Ic 

Making the transformations which preserve Pg ~ '^hich we 

must have 

we find that a and are transformed into a and /3, where 


(i'TJ = /* + 4 i\ (2 + 4 

The point ma-f w/3 will he an arbitrary point on the line joining 
P„ and Pji. We find, therefore, the equations of our surface, referred 

to two parameters tj and 

^1=2 »» J’s’y* + (»* + n)P^k + « (4 + 4 

(70) ^ +»(*’'+ 2 

r, = mPj + 2 knt}, 

= w/i. 


The nature of this surface may be easily determined. Returning 
to the two curves Ca and upon it, we find the equations for Ca 
to be 



§ 6. DERIVED RULED SURFACES OP THE SECOND AND THIRD KIND. 265 


= + “s = 2i?, «s = l, «i = 0, 

obtained by putting n~0, m *=— in (70). If we put w = 0, w = 
we find for 

But /3 a) are simultaneous solutions of the equation 

dQ 3 
dri 2 

which proves that tli£ ruled surfme^ which we are considering^ is a 
developable^ whose edge of regression is the twisted cubic Cit. 

The curve Ca is a conic, the intersection of the developable of 
the cubic with the osculating plane of Cy, Its equations are 

x^ = 0y — -f Sx^Xq — SJcx^^ = 0. 

We notice that for 0^ =*= 0, it coincides with the osculating conic y a 
further interpretation of this condition. In generaly the two conics have 
a contact of the third order at Fy. 

If, in these equations, we change h into — A; we obtain the 
developable, cubic and conic associated with the second directrix of 
our congruence. A considerable number of other configurations are 
suggested by the combinations of these various curves and surfaces. 
I will refrain, however, from any further study in this direction. 

The curve Cy is an asymptotic curve upon every derived ruled 
surface of the second kind. Moreover, the most general derived ruled 
surface of the second kind depends upon one arbitrary function, as 
does also the most general ruled surface containing Cy as an asymp- 
totic curve. It is easy to see that the derived ruled surface of the 
second kind may be made to coincide with any ruled surface, upon 
which Cy is an asymptotic curve, if the independent variable be 
properly chosen. 

Upon the derived ruled surface of the third kind, Cy can never 
be an asymptotic curve. It may, however, be one branch of the flec- 
node curve. In fact, if we form the quantities u,k of the theory of 
ruled surfaces for system (27), we find 



But = 0 is the condition that Cy may be a branch of the fiec- 
node curve on the surface generated by PyPa, Suppose that the 
variable has been so chosen as to make Pg' = 0. The most general 
transformation, which leaves this relation invariant, according to (11), 
satisfies the condition 
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or 

(71) - 5V' - = 0, 

a differential equation of the second order for ij. Moreover, two 
different solutions of this equation always give rise to two distinct 
ruled surfaces. For, let and such solutions, and let 

(Jj, (Jg be the corresponding values of 6. Then, according to (9), 

+ 2 4- 2 -2^ 4- -y (ii'y + 

(x = l,2). 

But, if the same ruled surface corresponds to and the three 
points y, <5^ and (Jg must be collinear. We must, therefore, be able to 
reduce 

*(%-%)? +••• 

to a multiple of y. But clearly, this is possible only if i ?2 = 

We see, therefore, that there are oo® derived ruled surfaces of the 
third Tcind upon which Cy is one branch of the flecnode curve. 

If Pg' is not zero, our problem leads to the differential equation 

( 72 ) L (V - 2 = I - 5' + 2, (V - ^ 

which is of the second order and of the third degree. 

We have seen, in chapter XII, that the most general ruled surface, 
which has C,, as one branch of its flecnode curve, contains an arbitrary 
function in its general expression. We have also seen that, together 
with any such surface, its flecnode surface and each member of a 
single infinity of surfaces determined by these two, also contains Cy 
as one branch of its flecnode curve. One might imagine that there 
could be based upon these theorems a transformation theory of 
equation (72). This is not the case however. For, if one of the 
surfaces containing Cy as a branch of its flecnode curve is a derived 
ruled surface of the third kind, its flecnode surface is not, nor is any 
member of the family of ruled surfaces just mentioned. 

Corresponding to the cx)* solutions of (72), or of 

/*' =- -5 -P/ - 5^ PiV + 

we find cx>* positions for Pjj, viz.; 

4(I0»5 = ( ® p,' - “ p,n + + 3 ,») y 

+ (4/1 + Qri^)z + 67 JQ + 4<y. 
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The locus of these points is a cubic surface 

(73) 21 + dOx^x^x^^ — dOx^x^^^ — 40xq^ «= 0, 

which contains FyFg, the tangent of Oy, as a double line. It is, 
therefore, a ruled surface. It is a surface of the kind known as 
Cayley’s cubic scroll. 

If one derived surface of the third kind is hnoumj upon which Cy 
is a branch of the flecnode curve j two others may be fomd by merdy 
solving a quadratic equation. 

In fact, suppose that a solution rj of (72) be known. We may 
make a transformation of the independent variable, 5 = |(a;) such that 



In the resulting equation Pjj' = 0. If we again denote the independent 
variable by Xj (72) becomes 

v" - ijV = - P.n + 2ij (v - g 1)®), 

where Pg is a constant, since Pg' = 0. But we may satisfy this 
equation by putting rj = const., which gives the equation 



whence 

v-o, ±y-^^p,. 

The root 0 gives the original solution. The other two are new. 

§ 7. The principal tangent plane of two space curves. 

The covariants. Transition to Halphen’s investigations. 

HalpJwn has introduced a very important notion, which we shall 
now proceed to explain. 

Let there be given two space curves having at a point P a 
contact of the order. If these curves be projected from any 
center Q upon a plane, the projections will also have, in general, 
a contact of the order at the point corresponding to P. Halphen 
shows that there exists a plane, passing through the common tangent 
of the two curves, such that if the center of projection be taken any- 
where within it, the contact of the projections will be of order 
higher than n. This plane he calls the principal tangent plane of 
the two curves.^) 

1) Salphen, Sur les invariants diflFdrentiels des courbes ganches. Journal 
de I’Ecole Poly technique, t. XXVIII (1880), p. 26. 
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We shall follow Halplim in determining the principal tangent 
plane, at Py, of the curve Cy and its osculating cubic This will lead 
us to an especially simple form for the development of the equations 
of the curve, which is also due to Halpheyij and on the basis of 
which he draws his further conclusions. It will also enable us to 
substitute for our system of co variants Cg, (\, another system, 
whose geometrical significance wiU be apparent, and in terms of 
which may be expressed. 

Assuming Pg = 0, the equations of the osculating cubic, referred 
to the tetrahedron PyPaP^,P„, are 


3 X 2 X 4 ^ — 2.r3^ = 0, (bx^ — == 0 

Let us put 

(74) = X^j ^2 “ 5 ^3 “ 25^^^ ~ 

and 


(75) 



jS = 


a j 


Then the equations of the cubic reduce to 
(76) y ^ z^x^. 


The relation of the new tetrahedron of reference to the cubic is 
especially simple. The plane ^ 3 — 0 is the osculating plane at P; 
iCg = 0 is some other plane through the tangent; this plane intersects 
the cubic in another point the plane tangent to the cubic at Q 
and passing through P is = 0; the osculating plane at § is = 0. 
Since the plane ig == 0 may be chosen in an infinity of ways, in 
accordance with these conditions, we see that the reduction of the 
equations of the osculating cubic to the form (76) may be accomplished 
in an infinity of ways 

For the curve Gy we have 




4' ■ 


■P4' t. „ 

5 I*- 




7! 


X^+- 




S! ' 


5 ! ® 


ii7V + 4iV' , 
61 


(77) ^ 16i V-3P.’'-4jf > ^ 


1 3 4 

yi= a 


;i(3P;+12P/);c’ + --v 
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If we refer it to the same tetrahedron, to which we have just 
referred the osculating cubic, and if we put 


we shall find 




Pi’ 


g = 


Vi 


(8P,' - 6 P,)r + (sp," - 5p;) r + • • 
f = 1= - PgS® + (36 P,' - 26P,) r + • • • . 


If we put 

(79) | = *X, ? = = 

assuming, therefore, that Pg is not zero, this becomes 


(80) 

where 

(81) 


F=X* + XeX®+^X’ + .-., 

X=X» + ,t,X« + ^X’ + ..., 

K = "II (8P,' - 5P,) t, = (8P3'' - 5P;) 

J»6 = l, M7 = /|(36P,'-25P,)«‘ 


But we can make a further change of coordinates without disturbing 
the form (80) of the development. For, as we remarked above, the 
plane 5 g = 0 may be any plane through the tangent. It may be taken in 
such a way as to make Xq vanish, as we shall presently see. The plane 
thus obtahied will obviously he the principal tangent plane of the curve 
C,, and its osculating cubic. 

Instead of working out the transformation geometrically, we 
shall put with Halphen 

(82a) X=^‘, 

where 

a,. = l+3j»X+3p>r + i,’X, n.-T^ + pZ> 

l,^X+2pY + p^Z, 


the quantity p being arbitrary. 
We shall then have 


= (1 -f (3^6 -f pp^ X*' H , 

ly, = X2 (1 4 i>X) + {X, + pp,) X« + (X, + i>^) X^ + . . 

Ii = X(1 -)rpXy p(2X^-\- pp^X^' p(2X^ -\-2)Pi)X'^ ; 

“ (^6 + + '^P{PP6'~ ^ 

atyz- li® = PqX'^ 4- {Qppe 4* + • • •• 
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On the other hand, ^ and f-M* coincide up to terms of the 

Wj* \0>l/ 

eleventh order, while 

We shall find, therefore, 

r= X> + uieX* + + • • •, 

X=X» + .M.X'' + M,X’ + ..., 

^ +j9/te, 4 = A, +J>f«7 


this reduces to the canonical form required, in which we may also 
assume /ig = 1, if the curve does not belong to a linear complex. 

If we combine the various transformations, which we have made 
successively, we get the following result If we introduce nou- 
lumogeneous coordinates hg putting 


X = 

y>. 


X-= ■>, 

y, 


= 26*^2 + 

/CKi,s 10«.Vs4 ^PVi, 

(85b) 

y^ = 125«^«/i + Ibpe^y^ + SOp^ey^ + {Gp' - 7bP,s^)y^, 

and where 

(85c) e = p^-^^hsP,’-bP,)B\ 


the development of the equations of the curve Cy may he written in the 
canonical form 

y=x* + ^,XM-, 

'• '* X-X’ + X'-l- 1W,X’ + ---, 

where . .. are given hy ^84) together with (81). This trans- 

formation is valid if C,, does not belong to a linear complex y and can 
obviously be made in three different ways 

The coefficients of (80) are absolute invariants. We find, in fact, 


g^(25®,»+20®,-4®, i), 


■ ® 


(87) 

where 

(88) 


®„ = 4®4@,' - 3®,®;. 
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From (86) and (76) it is clear that the plane F =* 0 or t/g *= 0 
is the principal plane of the curve Cy and its osculating cubic. In 
the original system of coordinates its equation will, therefore, be 

(89) -bP,)x,^0. 

If Gy belongs to a linear complex, it coincides with the osculating plane. 

The point, which corresponds to (89) in the osculating linear 
complex, is 

(90) (5P,-8P/)t/ + 4P3^, 
or, in invariant form, 

(91) + + 

an expression whose covariance may be verified directly. We shall 
call this point the principal point of the tangent. We thus obtain a 
curve on the developable of C,„ which may be called its principal 
curve. 

If we make a transformation such that 

(92) 3®,, = ®; + !®,, 

the point Pj describes the principal curve on the developable of Cy. 
The points P^ and Pa also describe perfectly definite curves, whose 
expressions may be obtained from (9) by substituting for rj the 
expression (92). Any covariant may be expressed in terms of y and 
the three whUh we have just determined, which may therefore serve to 
replace the covariants Og and Q. 

If Cy belongs to a linear complex, these four curves all coincide, 
so that a different set of fundamental covariants must then be 
selected. 

In this exceptional case our fundamental tetrahedron PyP,P^P<y 
gives rise to a most remarkable configunition. If we put again 
Pg = 0, we have in this case also Pg — 0. PyPa generates one of 
the developables of the third kind of which Ca is the cuspidal edge, 
while PyP: of course generates the developable of which Cy is the 
cuspidal edge. The surface generated by PyP^ is not developable. 
Its equations become 

q" + Pfy = 0 , f — Q = 0 . 

It belongs to the same linear complex as Gy, and Cy and Cq are the 
two branches of its complex curve, which is at the same time an 
asymptotic curve. PgPg generates a developable, since 

of which Cm is the cuspidal edge. P^Pa generates a developable, since 
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= 

of which Cq is the cuspidal edge. Finally P,P« generates a ruled 
surface whose equations are 

ff" - -p*' «' + Pill = 0, e" -6^ 0, 

upon which C: and Ca are asymptotic lines. 

We find, therefore, the following theorem. 

If tlie curve belongs to a linear complex we may, in an infinity 
of ways, choose the fundamental tetrahedron so that fmir of its edges 
give rise to developahUs , whose cuspidal edges are described by the four 
vertices. The other two edges of the tetrahedron will then give rise to 
ruled surfaccb, upon each of which the vertices of the tetrahedron trace 
a pair of asymptotic curves. The latter coincide with the two branches 
of the complex curve for the derived surface of the second hind. 

As in the case of differential equations of the third order, we 
conclude from the canonical development obtained in this chapter: 
the necessary and sufficient conditions for the equivalence of two linear 
differential equations of the fouHh order are the (quality of the 
corresponding absolute invariants. 

Examples. 

Ex. 1. Examine the conditions for the existence of conics or 
space cubics upon the developable whose cuspidal edge is (\ 

Ex. 2. Discuss the cases in which the derivative ruled surface 
of the second kind belongs to a linear complex or congruence. 

Ex. 3.* The osculating cubics of i\, form a surface. Do there 
exist such curves Cy whose osculating cubics are asymptotic curves 
upon this surface? If there are such, determine them and find the 
second family of asymptotic lines. 

Ex. 4.* Consider the same problem for the surface of torsal 
cubics. 

Ex. 5. Assuming p^ = P^ = 0, deduce the differential equation 
of the sixth order for the line -coordinates of the tangents of Cy. 
(Halphen.) 

Ex. 6. Find the conditions that the principal curve of the 
developable of Cy may be a conic, a space cubic, or a curve belong- 
ing to a linear complex. 
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CHAPTER XIV. 

PROJECTIVE DIFFERENTIAL GEOMETRY OF SPACE CURVES 
(CONTINUED). 


§ 1. Introduction of Halphen’s differential invariants, 
and identification with the invariants of the preceding chapter. 

Let jy, z be the (non -homogeneous) coordinates of a point m, 
and let y and z be given as functions of x, so that the equations 

y = fix), z = fix) 

represent a curve (w^). All differentiations are to be taken with 
respect to Xj if no other independent variable is specified. 

Put 

(1) It = 


Then, clearly, the equation m = 0 is characteristic of a plane curve, if 
satisfied identically In general the values of .r, for which u vanishes, 
give the points whose osculating plane hyperosculates the curve. We 
write with Halphetiy 


( 2 ) 


^ _ 1_ 

4 h n y" 

.3 4 y'* 


[n — 4, 5, C, 




Suppose that the point w, or (^, -), is an ordinary point of 

the curve (m); let X, Y, Z be the coordinates of a point of the curve, 
in the vicinity of m. Then 

Y=y + !nX-x)+i f (X - .n» + .f, iX-xy+ , 


Z=^z+ zi.X-x)+ lz>'iX-xY+ I (X - ^)» + 


Make the following transformation of coordinates: 

Xj = X - re, 

„ „ zWjr- y-JiX-j^-] [Z-z-ii'(X-x)] 

(3) -^1 - ,-.(»)_/)>. - - ’ 

7 — zlr «•)]- y zy' . 

This is clearly a projective transformation. The developments of the 
equations of the curve assume the simpler form 

WlLC'ZYNSKl, projective difioreutial Geometry. 18 
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where a„, h„ are precisely the quantities defined by (2). We may 
always make the projective transformation (3), if the point m is not 
one whose osculating plane hyperosculates the curve, which case 
we shall suppose excluded. We may, therefore, assume that the 
equations have been written, in the first place, in the form 

? = *'> + + nsT-'’ + , 

^ ^ y ^ x" -f ■ . 

An equation, which expresses a projective propertj^ of the curve, must, 
therefore, be an equation between the quantities or„, h„. It is in 
terms of them, that Ualphen has expressed his differential invariants. 

If the curve belongs to a linear complex, there must be verified 
an equation of the form 

A-{- By' Cs* -h D ~ ?/) + B{xz' - /:) -f F{ys' - «/'<?) = 0, 

where Af...F are constants.') If we substitute (4) for y and Sy 
and equate to zero the coefficients of rr', a", . . . x^'y we find 

A^i)y B-^Oy 3(^ + 7>--0, 4rqr'-f2E-0, 

ba^C -f 3 & 4 D H- -f F=i)y 

4 - ^(^F + 2a^F — 0 . 

Eliminating Ay ... F gives v - 0, where 

(5) r == - 2/>5 — .SajUg + '6a + 2a^^. 

The equation r == 0 is the condition that the curve (?w) way helony to 
a linear complex. 

We proceed to reduce (4) to its canonical I’orm by Halphen’s 
method. The geometry of this reduction has already been explained, 
so that it will suffice to give the transformation in its analytical form. 
Put 

(6) 1 = X + wy -f nzy o \ Ax By + Cz 

and develop the quantities ay, a^z, I’* up to terms of the seventh 
order inclusively. Form the differences 

and carz — 

and dispose of the five unknown quantities m,ny Ay ByC in such a 
way that the terms up to and including the fifth order shall vanish. 
Then we shall have 


1) Cf. chapter VII. 
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On the other hand 


ray — I* = ^6®' + + • 

- 1“ =|»6*“ + ii^x' + 


::=Q%(3^-6.)(i)v . 


If, therefore, we put 


X = 


k 




we shall find 

0) 




The calculations are clearly indicated. For the details, the reader 
may consult Halphen’s memoir.^) We find, in this way, the values 

^ = -2rt„ J? = 3«,* + 3&^ — 205 , r = — 63 , 

^ ^ ni = — a^j n = 

for the coefficients of the transformation (fi). As a consequence 


N = ^^6 - — Sa^Or, + + 2n/ = v, 

^ 4 f(, 64+ 2a/a5 + 26 j*+ = 

and 

- ^7 + 36/ - 46^a^ -h 36r//4 “• — 3a/, 

Ay = / — where 

/ = 6^ + 56^65 — 5^565 + 4^/65 

- 2 (a/ + 26 ^ - 05) K -f + ^+6^ - 2a^a/. 


We have reduced the development of the equations of the curve 
to the form (7). In § 7 of chapter XIII, we have shown how to set 
up a transformation, which involves an arbitrary constant p, and 
does not disturb this form of the development We put 


(11) ©i==l + 3j)XH-3i>^r-b/r% |, = X+2pr+jp% 


and 

(lla) 

whence 






z 

y 

“1 


(12) 

where 


X^X'+A/cXe+MyX^d-- , 


1) Ilalphen, Journal de I’Ecole Polytechnique, t XX Fill (1880), pp. SOetsequ. 

18* 
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(13) 

If we put 


P 


we find the form 


M = ft + 3j)ft, 

4 = ^ + i>ft + — Ab). 


(14) 

where 


y=x* + /j,x’ + ftx^+ , 

X = X» + «bX« + a, X’ + a,X* +' , 

Q 1 O /^7 "f* ^ ^0 * 

— P6 ~ “^9 — Pi ~ Pi ~ * 


from which the canonical form may be derived at once. 

It is ob\ious that the coefficients a* and pk a-re relative invariants. 
We thus find Halphm's fundamental invariants of the seventh order 


(15) s^ — Oj — 3Ag, — P&Pi “ Piik kPi H“ 

From S 7 , ij and v we form other invariants by the Jacobian process: 


*8 = I (®V- 3 »'«;)’ <8 = s 3 

«8 ■= 9 3 o'-s)’ etc. 


Halphen speaks of these as the fundamental invariants. But the 
coefficients Pij of (14), form a second series of invariants which 
Halphen speaks of as canonical invariants 

We shall need the equations between .s^, and In order 
to find them, we recur to the definitions of the quantities a„ and h„. 
We find directly 

aj == (w+ l)a„+i — 36„ — 4a^a„, 

^ h„' Ah^a,,. 

We shall make use of these equations to express .Sg and t^ in terms 
of the canonical invariants, putting 

a^ — a^ — 0, ttg — ofg , . . . an = 

^4 = 65 =-■= — 0, h-j — p,jf , h„ ~ Pn 

after the differentiations. Thus we find 


V — CC^f 57 — 0 ^ 7 , I'l ~ Pi ^6 9 

v' — 1 cCfjy 87 ^ == 8 (ttg ^Pi)} trf = ^ ( 2 ag^g “h 3ag®). 

Therefore, according to (16), 

^8 ~ “e ^ft) “ 0 ®^7^ 

h “ A ““ 8 ft + Y 


(18) 

whence 
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vcfg — Sg + „ S7*, 

(19) 7 8 

the required equations. 

It remains to find the relations between these differential invariants 
of Halphen, and the invariants of chapter XIII. 

Since @3 = 0, as well as = 0 express the condition for a curve 
belonging to a linear complex, ®g and v can differ only by a constant 
factor. We may determine this factor by means of any special curve 
for which v does not vanish. Consider the equation 


7 / 3 ) = 0 , 


for which 


J/i =- 1. Vi = »•. % = A Vi = ^ 

form a fundamental system. We find 

On the other hand, introduce non -homogeneous coordinates, by 


putting 


' 2/1 

Then 

l“»r, 


whence 

3 

^ 4 a; 


so that 


1 


We have, therefore, 

(20) ©3 = - 15t;. 

In order to derive the canonical form from (14), we put 

In fact, (14) will then become identical with ( 86 ) of chapter XIII. 
Since we have there 

o o 

we may put . 


Identifying the two developments, we find 
/o.N 1 ^ . 250 * + 2 


( 21 ) 

whence 

( 21 a) 


25 0/-1-2O0H-403 1 
^ “ ■ 2*.8*.5* 7 ' 


2*-8»-5-7 
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§ 2. The osculating quadric surface. 

A quadric surface is determined by nine points. If we pass a 
quadric through nine points of the curve, and allow them to approach 
coincidence, we obtain, as a limit, the osculating quadric. 

Let the equations of the curve be written in the form 

y^it^ + p^x' + p^a^ + ---, 

^ ^ ccqX^ 4- -h ‘ ' • 

Then we shall have 


(23) 


(24) 


2 / — 

s — xy == + (dj — /J,)*'' + • , 

xs — y^ — Of^x'" + OjX'' + 

Consider, now, the quadric surface, whose equation is 

y — A « — ^y, '-r- — y\ , 

0, de, 0, ^ ^ 0 

“s > ^ . 


If we wish to find its intersection with the curve, we substitute the 
values (22) for ?/ and Clearly, the development of the determinant 
will begin with a term of the 9^^ order in j\ The quadric, therefore, 
intersects the curve for .r = 0 in nine coincident points; i. e. (24) is 
the equation of the osculating quadric. 

Expanding this determinant, we obtain 

(25) (de/S, - a6«« + “ 7 ") 1 «(•,(«/-•'“) + ft iy‘- 

+ (“lift- «7ft) [ft('r-'^“) + «6("- »?/-“6“*)J = 0 , 


or, upon introducing the fundamental invariants, 

(26) (s„ + 2i, + g s,*) (x‘-y) + t,{x 0 - »/-)] 

+ (<« + Y S 7 <7 - -g 4 [s 7 {y^ - •«■«■) + v(e — xy — e^*)J = 0. 


This equation ceases to be valid if v = 0, i. e. if the curve 
belongs to a linear complex. In this case we adopt a different 
canonical form. The intermediate form (7) becomes 

Y - + IcX® + X’ + ilsX« + • • •, 

since in this case. By means of transformation (11), this 

assumes the form (12). We may make = 0, by choosing p 

subject to the condition 

^ +i>(/*7-^) = 0. 
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The canonical form, thus obtained, is 


^ ^ z ^ ,ji} -{■ , 

so that 

(28) ( 2 ^ 6 - ^ 7 ) - A^Uf~xz)^Q 

is the osculating quadric. We notice that the plane ?/ = 0 is tangent 
to the quadric at the origin. The tetrahedron of reference, for which 
the development assumes the canonical form, is therefore determined 
by the osculating plane, osculating cubic curve, and osculating quadric 
surface. The vertices of this tetrahedron furnish a amiplele system of 
covnriants, for the case of a curve belonging to a linear complex^ if the 
curve is not a space cubic. For, this tetrahedron, can degenerate 
only if the osculating plane and the plane tangent to the osculating 
quadric coincide. This will be the case whenever 

(29) + 2/, + ' .s,* = 0 

But if 6^3 0 at the same time, this gives also = 0 , i. e the curve 

can only be a space cubic. 

If 

m a*-*- 0, 

the plane tangent to the osculating quadric, coincides with the 
principal plane of the curve and its osculating cubic. 

If the two equations (29) and (30) are satisfied simultaneously, 
the osculating quadric (26) becomes indeterminate. Therefore, the 
simultaneous equations (29) and (30) are charaiteristic of the biquadratic 
curves 

The biquadratic curves may be studied by means of elliptic 
functions, as were the plane cubics. The reader will find such a 
treatment in Halphen's memoire, Sur les invariants diffcrentiels des 
courbes gaudies, ]>. 96 et se(|u. 


§ 3. Anharmonio curves. 

If the absolute invariants of the differential equation of a space 
curve are constant, the curve is said to be anharmonic. It is easy 
to see, that the differential equation may then be transformed into 
one with constant coefficients. Moreover, the reduction of such an 
equation to its semi-canonical form leaves the coefficients constants. 
We may, therefore, assume that the differential equation has the form 
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(31) I/W + + p,y == 0, 

where P^, Py, P^ are constants. Let ... be the four roots, 
supposed distinct, of tlie equation 

(32) r" + G Pgr* + 4P3r + P 4 - 0. 

Then the functions 

(33) y, = (A- 1, 2, 3, 4) 

will form a fundamental system of (31), so that 


If, therefore, we introduce non- homogeneous coordinates, by putting 


X- 


<Ji Vi 


we shall find, as the equations of the anharmonic curve, 

(34) Y^X\ Z=X^\ 
where 

(35) 


1 r — r, i\ - r, 

X ^ S u,= * - ' 


7 he curve admits a ont -parameter group of projective trans- 
formations into itself j vi: : 


(36) 


x^ax, r- (i>r, z-^(,‘'z, 


where a is an arbitrary constant. By means of tliis transformation 
any point of the curve, which is not a vertex of the triangle of 
reference, may be converted into any other 

From this theorem we conclude, as in the case of plane anharmonic 
curves: the four points in which ang tangent of the <urve intersects the 
faces of the fundamental tetrahedron j and the point of contact ^ form a 
group of five points upon the tangent^ which remains jirojectivc to itself 
as the point of Lontact moms along the curve. 

This theorem may also be verified by computing two of the 
double ratios of this group of five points. They will be found to be 
X and (I respectively 

The curve belongs to a so-called tetrahedral complex. In fact, 
its tangents intersect the tetrahedron of reference in four points 
whose cross-ratio is constant, and the totality of lines which are so 
related to a fixed tetrahedron constitute a tetrahedral complex.^) 


1) For curves and surfaces belonging to a tetrahedral complex, cf Lie- 
Scheffers, Geometric der Beriihrungstransformationen, pp. 311 — 398. 
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From (32) we have 

>*1 + ^2 + ^3 + ^4 == 0, 

+ r^r.^ 4- = ^-^ 2 ; 

^iV9 + + ^3 Vi + Vi^2 = “ 

= l\y 

whence, together with (35), we find 

A W l) - 4(1;. + 1 + ;.)], 

(37) p, = 2^/. - i - ,. + 1], 

- (I+ll'+i)» (^ + #‘-3)(-3i + jt+l)U- 3/1+1). 

Since the coefficients are constants, we have 

0, = P„ @, = P„ ®,x = -l^P,P/. 


If, therefore, the absolute invariants of an anharmonic curve 


(38) 




are given, these equations will serve to determine the exponents 1 
and (i. The different values of X and /i, which correspond to given 
values of the invyriants a, ft corresj)ond to the twenty -four permuta- 
tions of the faces of the tetrahedron of reference (cf. the corresponding 
remark for plane anharmonics). 

The cases, when two or more of the exponents coincide, may 
be obtained from the general case as in the theory of plane anharmonics. 

Equations (38) show that, to any anharmonic curve corresponds 
dualistically another with the same absolute invariants, since a and /} 
contain only even powers of 0y 2 

Let ©3 == 0, and let the absolute invariant be a constant. 

Assuming =f= 0, so that the curve is not a space cubic, we may 
choose the variables so as to have 


= 0 , 0^ — 1 , whence @4 1 -=- const. 

We shall then have 

2/w -I- ep^y' + i\y = 0, 

where Pg and P^ are constants. Let 
be the roots of 

+ 6Pgr* 4- P4 = 0, 

and let 
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Then 

— ViVi = 

i. e. tlie curve lies on a (juadric surface. In other words: awy 
aniiarmomc ctn've, whose tangents hdong to a linear complex, is on a 
quadric, and conversely. 

But the same reasoning applied to the adjoint equation shows 
further: any anharmonic curve, whose tangents belong to a linear complex, 
is the cuspidal edge of a developable ivhich is circnmsc^'ibcd about a 
quadric surface.^) 

We shall leave it to the reader to prove; that these two quadrics 
upon one of which lies the curve, while its developable is circumscribed 
about the other, have a skew quadrilateral in common. 

As in the case of plane curves, we may determine at any point 
of a given space curve, an anharmonic having with the given curve 
a contact of the seventh order Let v, s^, etc. be the invariants of 
the given curve, v, the corresponding invariants of the osculating 
anharmonic. t^, etc. will be zero, while 


C39) 



,,(0) 8 71 3 ,,(*>) J 


where sf^ and t\^'^ are the numerical values of v, and t^ at 
the given point. 

The absolute invariants of the osculating anharmonic being 
known, the problem arises: to determine its principal tetrahedron 
In order to solve thi.s problem we prove lirst, the following 
theorem due to Fouret.^) 

Let X, Y, Z, T be four linear functions of jl, ij, c, such as 
(40) X -- ax + a'y -f- a".cr -1- etc., 

and consider the differential equations 

dx ^ 

^ ^ X- Tx y- Ty Z- Ts ' 

The general integral of these equations will be 

(42) rr ‘ r, = f X[, rr'z, ^ c' x;, 

where c and d are arbitrary constants, and where X^, 2\ are 

four new linear functions of x, y, s, whose coefficients as well as the 
exponeifts r and s are determined by the coefficients of X, Y, Z, T. 


1 ) Halplien, Acta Mathematica, vol. 3. 

2 ) Fouret, Comptes Rendus. October 1876. 
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To prove tliis theorem, consider the partial differential equation 

(43) Xll +Ylt-Z+ T{. - - ,//J = 0. 

The ordinary method for integrating it consists in setting up precisely 
the system of ordinary differential equations (41). The factors of 
Xy Yf Zy T in (43), are the coordinates of the plane tangent to a 
surface s = f{x,y) at the point Syijy^. Denote them by g, r, 
so that we have an equation of the form 

xs + Ti? + + Tt = 0 


According to Clrhsch, such an equation containing both point- and 
plane-coordinates, defines a connex of space, i. e. the totality of points (w) 
and planes (/a) which satisfy the equation. The ord(r and class of 
the connex are the degree of the equjition with respect to the point- 
and the plane- coordinates respectively. In our case, the order and 
class are both equal to unity. To every point m of space, there 
corresponds an infinity of planes g; but, as the equation of the connex 
shows, all of these planes /i pjiss through a point m\ The relation 
between m and ?/?' is projective. There will exist, in general, a 
definite tetrahedron whose vertices correspond to themselves in this 
projective relation. If this be taken as tetrahedron of reference, the 
equation of the connex becomes 

A X^li -f -f CZ^i^ -f -ZIT, = 0, 

where X^, Xj, are the new homogeneous coordinates of m, 
and where tj^, are those of y,. Let us return to non- 

homogeneous coordinates by putting 

7' 7’ Uv 7’ "1? 

so that the equation of the connex becomes 


The i)artial differential equation (43) requires of all of its integral 
surfaces: in each point m of such a surface, the tangent plane shall 
be one of those which corresponds to m in the connex Consequently, 
in the new variables, this partial differential equation will assume 
the form 


A.. + B ,. ' j - r., + B (., ,, - 0. 


But this equation is integrated by means of the auxiliary system 


( 44 ) 


dxy ^ dy, ^ JZy 

{A^l))x, 
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In other words, there exists a system of four polynomials 
X^y Y^y Zyy such that the system (41) assumes the form (44) if 


X.y ... T. be taken as new variables. 

But (44) 

may be integrated at once. We find 

or 

Vi = = c>x‘, 

(45) 


where 

B-J) C-1) 




which completes the proof of the theorem. 

We see, therefore, that the equations (41) may be taken as the 
differential equations of an anharmonic c.urve. If the polynomials 
Xj Yy Zy 1 are given, the determination of the polynomials Xj, 

Z^y accomplishes the solution of our problem: to find the principal 
tetrahedron of the anharmonic. 

Equations (45) clearly contain 16 arbitrary constants. For, we 
may take the constant terms in the four polynomials X^, y\, Z^y 7^ 
equal to unity. The twelve coefficients which remain in these poly- 
nomials, the exponents r and .s, and the constants c and d constitute, 
in fact, 16 arbitrary constants. If we wish to determine the osculating 
anharmonic of the given curve at a given point, we shall have to 
determine these sixteen constants in such a way that the contact 
between the two curves shall be of tlie seventh order, which gives 
precisely sixteen conditions. These conditions might be written down 
by differentiating (45) seven times, and substituting into the resulting 
equations, for the derivatives uj) to the seventh order, the numerical 
values of the corresponding derivatives for the given curve. But, 
equations (41) clearly represent the result of eliminating the two 
constants c and d from these sixteen conditions, and, in fact, they 
contain only fourteen constants. These fourteen constants may, 
therefore, be determined by means of (41) and those obtained there- 
from by six -fold differentiation. After they have been computed c 
and d are easily obtained by the condition that the anharmonic curve 
must pass through the givep point of the given curve. All of the 
conditions, obtained in this way for the sixteen constants, are linear, 
so that a unique solution exists. 

We saw, in the proof of Fourd's theorem, how a certain connex 
was related to the problem of finding the principal tetrahedron of 
the osculating anharmonic. This connex is not completely determined. 
In fact, if we add to the left member of its equation 
Xl-f Fi2-f Ze-i-TT = 0, 

any numerical multiple of -f + tt, its tetrahedron does 

not change. We may take advantage of this fact. It enables us to 
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annul the constant term in T. We shall assume, therefore, that this 
constant term is zero. 

We now write equations (41) as follows 
(46) xy-r- J(a;y-t/) = 0, X:^ 

and assume that the equations of the given curve are given in their 
canonical form 

z -j- ct.x’^ -f j 

<*’) ,-^ + A.>+ . 


In order that (46) may be the differential equations of tJiat 
anharmonic curve, which osculates the curve (47) at the origin, 
equations (47) must satisfy (46) up to and including terms of the 
sixth order. In this way the polynomials X, . . . T are determined. 
We find 

X = 7.s,a; - 4-2*1 y- ~ 
y = - Grx + U&,y - 21 i, 

(481 ’ TJ V ’ 

^ ’ X=-9ri/ + 21s,^, 

T 63 a: - :!6«2i. 


The explicit determination of the polynomials X^, . . . i. e. of 
the principal tetrahedron of the osculating anharmonic, requires the 
solution of an equation of the fourth degree. The general theory of 
collineations furnishes all of the material for further discussion of 
this problem, a discussion which we shall not, however, undertake. 


§ 4. Relation to the theory of plane onrves. 


We shall consider briefly, two plane curves which are determined 
by the properties of a space curve (m) in the vicinity of one of its 
points m. Let us take m as a center and project the curve {m) 
from m upon any plane. The curve (il/), which is obtained in this 
way, is the first of the two plane curves which we wish to consider. 
The other curve {M^ is obtained by a construction dualistic to this, 
viz.: it is the intersection of the developable, whose cuspidal edge is 
the given curve (m), with the plane osculating (m) at m. 

Let the equations of (m) be developed in their canonical form: 


(49) 
where 

(50) 


y = x^ 4- ^x' + jSga:® , 

s = 4- + “8^ H ’ 

a, = a, =. Sj, 08 = ^ (s8 + 3«,+yS,*), 
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Using the origin as center, and the plane at infinity as plane of 
projection, we may take 




y 

t 

X 



z 

1 

X 


as the coordinates of a point M of the curve {M). We shall then find 

(61) Y^lx‘+l 2 ^ + 


The factor 2 has been introduced for convenience, enabling us to 
compare, more immediately, this form of the development with the 
canonical development for a plane curve (Chapter III, § 7^. 

If (51) be reduced to the canonical form by the method of 
Chapter III, § 7, and the new coordinates be still denoted by X, Y, 
the following development will be obtained, 

where 

The canonical form for the second plane curve [M^), mentioned before, 
will be obtained by putting in A-j for each invariant its adjoint, since 
the two curves are dualistic to each other. Tliis may be easily carried 
out, since we have the expressions for v, 57 ,f 7 ,s„, in terms of 
etc.^), and since the adjoints of and 6^4 are — 6^3 and 
respectively. Let A^ be the value of the coefficient thus obtained Then 


(53) 


A- 


2'/, *7, V 3 


Ss + +-^s/) 


2V.*7, 


If d == 0, the origin is a cohwidence point upon (A/)^) We may 
express this as follows. We may construct cnhic cones haviny the point 
m of the cur re (m) as cerlex, and the tangent to {m) as double generator. 
It is x>ossihle to determine such a com having twelve coincident points 
of intersection with the curve at the point m, if and only if the invariant 
d is equal to zero. 

Another proof of this may be easily obtained as follows. From 
(49) we find 

(54) a^[,xys -y’- - a, (a:0*-2/*^)=K(«„-2ft) - • •. 


The left member, equated to zero, is the equation of a cubic cone 
of the character described. It has twelve coincident points of inter- 


1) Equations (21). 

2) Cf. Chapter IE, § 4. 
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section with (m) at the origin, if the coefficient of on the right 
member vanishes. But this coefficient may be easily shown to be 
equal to d. In general, this cubic cone has only eleven coincident 
points of intersection with (m) at the origin. 

By duality we find the further result. The plane curve, in which 
the osculating plane of the point m intersects the developable, of which 
the curve (m) is the cuspidal edge, has m as a point of coincidence, if 
and only if dj = 0. 

If ©3 and are the invariants of the plane curve (M), we have 
100800 0 V* 

Let Ji be the exponent of the osculating anharmonic of {M) at M. 
Then 

< 9 / ^ 1)8 

SO that the exponent 11 is determined by the equation 

(55) + 6 3’ 6* + 

■»- ~ 2*‘7 + 

There will be a similar equation for . Comparing the two equations 
we find: 

The exponent of the anharmonic, which osculates the second plane 
curve (Mf) at Jf,, will coincide tviih II if s^ =■- 0. 

If the given curve (/w) is an anharmonic, is identically equal to 
zero, so that 11 and B^ are equal to each other at all points of the 
curve. Moreover, (55) is the equation for determining B. The left 
member of (55) may be expressed in terms of the exponents I 
and p of the curve (m) which may be supposed to have the equations 

?/ = p = al ' .“) 

These considerations lead Ilalphen to make the following remark. 
A space anharmonic curve (m) with given invariants k and p, gives 
rise in each of its points to a perspective (M), which is not a plane 
anharmonic The plane anharmonic {M’), which osculates (ilf) at 
the point M which corresponds to m, has for its exponent the 
quantity B given by equation (55). This is true for all general 
positions of the point m, but ceases to be true when coincides 

1) Chapter III, equ. (60). 

2) For the purpose of computing the left member of (66) in terms of I and 
p we have the equations (37). 
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witli one of the vertices of the fundamental tetrahedron of the curve 
(m). In fact, let A > 0, ft > 0. Then the curve 

y == z = xf* 

passes through the origin. The cone, having the origin as vertex, 
and the curve as directrix, will be 

The plane sections of this cone are auharmonic curves whose exponent 
may be equated to If this value be substituted for li in (55), 

the left member, moreover, being expressed in terms of A and fi, 
the equation is not, in general, satisfied. 

Therefore, if the point ni moves into one of the singular points 
of the anharmonic curve (w), the perspective (M) becomes an an- 
harmonic curve, but its invariant ceases to be equal to R. 


§ 5. Some applications to the theory of ruled surfaces. 

The principal surface of the flecnode congruence was defined in 
a somewhat unsatisfactory manner in the following exceptional cases; 
1®* when the ruled surface has two rectilinear directrices; 2^ when 
the two branches of the fiecnode curve coincide. We are now in a 
position to simplify these definitions considerably. 

Consider the case that the ruled surface S has two distinct 
rectilinear directrices. Let C„ and be two curved asymptotic lines 
upon S. We may then assume 


(56) 


= in = aq, Qn^hq, g„ - fe = eg. 


Let us form the differential equation of the fourth order for Cy, 
according to the formulae of Chapter XII. 

We find: 


_ 2 <,(») + [q,, + q,, - C + 2 (^)'] y" - 2 (g,, - g,,') y’ 


(57) 


■ 2it (2u + 28 s) + 2ii (^ - 2 (® )*} 

+ 2g„' ® + gii* + abq‘ - g'/j 


y = 0. 


The derivative curve of the first kind, (upon the developable of Cy), 
is given by the expression 

f 1 «' 
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Similarly, the derivative of the first kind of Cz is given by 


On the other hand, the generator of the ruled surface S*, the derivative 
of 8 with respect to x, joins the two points 

y' and 

These are the same as the above, if and only if g' = 0, i. e. if 
is a constant, i. e. if S' is the principal surface of the con- 
gruence. 

We see, therefore, that the following theorem is true. 

Let S he a ruled surface with rectilinear directrices, defined hy a 
system of form (A). Its derivative 8\ with respect to x, contains the 
derivatives of the first kind of the asymptotic curves of Sy if and only 
if S' is the principal surface of the flecnode congruence. 

Precisely the same property will be found to characterize the 
principal surface in the case that the two sheets of the flecnode sur- 
face coincide. 

In (56) we may assume c = 0. (\j and ft will then be two 
asymptotic curves, whose intersections with any generator are harmonic 
conjugates of each other, with respect to the two points in which 
the generator intersects the directrices of the surface. The differential 
equations for Cy and ft become identical, i. e.: two asymptotic curves 
which are so related, are projectively equivalent. But these two curves 
are really two parts of one irreducible curve. For, S belongs to an 
infinity of linear complexes, and the complex curve of Sy with respect 
to each of these complexes, is precisely such an asymptotic curve, 
each of which intersects every generator twice in the above fashion. 
We may, therefore, say that every asymptotic curve of a ruled surface 
with rectilinear directrices admits of projective transformation into 
itself 

Each of these asymptotic lines obviously belongs to a linear 
complex. This may, moreover, be easily verified from equation (57), 
whose invariant of weight 3 is zero. But the converse is also true, 
i. e.: if the asymptotic curves of a ruled surface belong to linea/r coni'- 
plexeSj the surface must have two rectilinear directrices. This theorem 
is due to deters!) We have developed all of the formulae necessary 
for its proof, the details of which we shall leave to the reader. 

1) Peters. Die Flachen, deren Haupttanf^entenkurven linearen Komplexen 
angehQren. (Leipzig, Dissertation 1895.) Christiania und Kopenhagen. Alb. Cammer- 
meyers Forlag. 

Wzlczynski, projeotiro differential Geometry. 19 
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§ 6. On the order of oontaot between ourves after a dnalistio 
tranaformation. 

If two curves (m) and (w!) have a contact of the order at 
a common point m, two curves (Jf) and (Af') obtained from them 
by a dualistic transformation will, in general, have contact of a 
different order. The following investigation, which is due to Hdlphen, 
will make clear the various cases which may arise. 

Since the most general dualistic transformation may be obtained 
by combining any special dualistic transformation with a general 
projective transformation, and since the latter leaves the order of 
contact invariant, we may confine ourselves to investigating the effect 
of any particular dualistic transformation. 

Let Xf 2/, t he the homogeneous coordinates of a point m of 
the curve (m). We may take as the homogeneous coordinates of a 
point M of the curve (Af), which is dualistic to (w), the four deter- 
minants of the third order 


which are proportional to solutions of the Lagrange adjoint of the 
differential equation of the curve (w) To return to non-homogeneous 
coordinates, we put ^=1, take x as the independent variable, and 
consider the ratios of the above four determinants The coordinates 
X, Yj Z of the point Af, which is thus made to correspond dualistically 
to the point w, will be 


(58) 


-y _ {Zt’x'*) Z" 

y_{yz>n _ 

Itx'y") y” ' 

yr _ (xy'z") X (y’z^' - z'y") + zy’' - yz'* 
{tx'y") ~ y" 


These relations between X, X, Z and a?, z are reciprocal and must, 
therefore, give rise to reciprocal relations between the elements of 
the two curves. 

Let m be chosen as origin of coordinates, the tangent to the 
curve at that point as x axis, and the osculating plane as the plane 
z = The same conditions will then be fulfilled for the curve (Af ) 
at Af. The development of the equations of the curve (m) in the 
vicinity of m will be of the form 



§ 6. ORDEE OP CONTACT AFTER DUALISTIC TRANSFORMATION. 291 


(59) 


y = -f ^3^* + • • • > 

z + z^s^ -f •••, 


and similarly for (Jf) 


(60) 


r==r,x*+y,x«-f..., 

XaX^H- X,X'4----. 


We proceed to find the relations between the coefficients of 
these two expansions, by making use of (58). For this purpose, we 
shall develop both members of each of the equations (60) into series 
proceeding according to powers of and then identify the coefficients 
of like powers. 

Let us denote by 7C„ a function of the quantities y^, and z^ in 
which the indices do not exceed n. Whenever it is not necessary 
to distinguish between two such functions, the same letter %n may 
be used for both. 

From (59) we find 


(61) + 

y'z" — z'y'' == 2y^x^{?>z^ + ^z^x 

+ [(w^ - l)'^»+i H- + * • •) 

Owing to (58), the first equation of (60) may be written 


(./ (./' _ Y - ^ — 4 - Y 4 - 

•*2 ai" “I 


y z -- z y 


If we put 




9- a’ 


(63) v-Q' 

the substitution of (_61) in (62) gires the following equations: 


3^3 = (?»r„ 




‘^"3+ + Jf-jr* + *» Fa + *„-i F, + - 

+ 3*^4 In ~1 + f^^Xn; 


whence 
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^8 — 9 Hi) 

+ 3flr»y„ 


Y„ = — g” (« + l)«,+i + *«. 

We have further 

xiy's^' - + ey” - y0" 

= 2y^x‘ {«a + 3etX + + • • • }• 


Making use of this formula, the second equation of (60) gives: 


( 66 ) 


^4“ 


+ 2y»yj, 


Z„ = — y" (n - l)e„ + 

where depends upon quantities whose index is no higher than 

n — 1. 

The quantities G and g are dualistic. In fact we find 
= = 


The equations (64) and (65) must be self-dual, i. e. they must remain 
true if the small and capital letters are interchanged. That this is 
so may be easily verified for the first two equations of each system, 
these equations having been completely determined. On the other 
hand, this dualistic character of the equations enables us to supply 
some further terms in the expressions for Y„ and Z„, 

In fact, let us interchange the small and capital letters in the 
equation for Y„^ and denote by JI„ the new value of 3r„. Then, if 
we substitute for Z„^i its value, we shall find 

y„ = n{n + l)g^n+i — ^ 

where 6„ depends upon the quantities ym and of index no higher 
than n. This equation must become an identity, if we replace, in Tin, 
the quantities Ym, by their expressions in terms of ym,^m^ This 
substitution in n„ must, therefore, give rise to a term —n(n+ l)gSn-iri- 
But (64) and (65) show that only the expression +w6r”“^r’„ can 
give rise to such a term. We have, therefore, 

(66) '' r„ = — (m -f l)g”p„+i 4- ng^-^'^yn + 

where [Pm yn-i\ contains the quantities Zm whose index is no higher 
than n, and the quantities ym whose index does not exceed w — • 1. 
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Similarly we find 

(67) - (w - l)9^0n + (m - 2)g^-^yn-l + ^«~2]. 

The equations (66) and (67) enable us to solve the proposed 
problem. Consider two curves (m) and (m') which have a contact 
of the order at the origin. In the vicinity of the origin, the 
curve (m) is represented by the equations (59), and the curve (in!) 
by two equations of the same form. We shall then have, by hypo- 
thesis, 

Vis' = J'S. Vs =%.••• Vn = yn, 

... Zn ^ Zn- 

Equations (66) and (67) show that, for the two reciprocal curves (Jf) 
and (ilf'); 

... Z:=^Zn, 

so that the order of their contact will, in general, be only w — 1. 
But it becomes necessary to examine the conditions for this more 
carefully. For, the same transformation will convert (M) and (ilf^) 
back into (?w) and (m'), so that the order of contact may be increased, 
as well as diminished, by a dualistic transformation. 

We notice in the first place that the curves (M) and {M^) 
satisfy the condition Zj ■= Zny i. e. if the order of their contact is 
really n — 1, their principal tangent plane coincides with the osculating 
plane. ^) Further we notice that 


Tn-\-X == ^nZ^Yn — (w + 1) 


when expressed in terms of ym, Pm contains none of these quantities 
of index higher than n. The curves {M) and {M')f therefore, satisfy 
the further relation TJi^i ^ T„^i, 

We may now state our result as follows: 

1. If two curves have, at the point m, a contact of the order ^ 
and if their principal tangent plane at this point does not coincide with 
the osculating plane, the two curves which correspond to them in any 
dualistic transformation will have, at the corresponding point, a contact 
of the n — order only. 

2. If the principal tangent plafie does coincide ivith the osculating 
plane, hut if the function 


1) Chapter XIII, § 7. 
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<„+s =■ 3(» + - (» + 2)p,en+» 

has different values for the two carves, (he order of contact is not changed 
by the dualistic transformation. 

3. If the principal tangent plane coincides with the osculating 
plcme, and if, besides, the function t„^ 2 *has the same value for both 
curves, the dualistic transformation increases the order of contact to n-\-l. 

This theorem makes it evident that, to the canonical development 
of the curve (ni) will not correspond, in general, the canonical develop- 
ment of the curve {M). For, the osculating cubic of (w) is not, in 
general, transformed by a dualistic transformation into the osculating 
cubic of {M). 

It need scarcely be remarked that our proof presupposes n'^2, 
so that the theorem does not contradict the fact that a dualistic 
transformation always converts a pair of curves which touch into 
another pair which, likewise, touch. 


Examples. 

Ex, 1. In terms of Halpihen'& canonical invariants, find the con- 
dition for a curve on a quadric surface. Express this in the usual 
invariants. 

Ex. 2. Transform the figure composed of a curve and its osculat- 
ing anharmonic dualistically The result of this transformation is a 
curve and its osculating anharmonic, if and only if Sg — 0. (IIal 2 >hm.) 

Ex. 3. If Sg = 0, the curve and its osculating anharmonic have 
the osculating plane for their principal tangent plane If - 0, the 
principal tangent plane of these two curves coincides with the prin- 
cipal plane of the curve and its osculating cubic. (Halphen.) 

Ex. 4. If the curve (m) belongs to a linear complex, the 
osculating conic of the plane curve (Jf) of § 4 hyperosculates it. 
What is the corresponding property of the second plane curve 
of § 4? (Halphen.) 

Ex. 5. Find the condition for a curve on a quadric cone. (Halphen.) 

Ex. 6. A biquadratic curve may be obtained which has contact 
of the seventh order with (m) at a given point (osculating biquadratic). 
Its developments will be 

2 = »’ + ««•'’ + s, x’ + (I, + H , 

Consider the following four planes through the tangent of (m); the 
osculating plane, the principal plane of {m) and its osculating cubic. 
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the principal plane of (m) and its osculating anharmonic; the principal 
plane of (m) and its osculating biquadratic. Their anharmonic ratio is 


Ex. 7. 


^8 


». + 2 *,+ 6 


The conditions 


(Halphen.) 


g ^8 + 2^7 + g S^^ == 0, 3 ^9 -f ^8 


4 J I 3 A 
+-0-® 


characterize those curves whose developables are circumscribed about 
two quadric surfaces. (Halphen.) 


CORRECTIONS. 

Page 19, line 5 from bottom read k instead of X 
„ 80, „ 10 „ top „ as many „ „ a many. 

„ 109, „ 8 „ „ „ 5 „ „ cf 

„ 168, „ 7 „ „ „ >* M ®^si» ^81* 


7 
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B. G. Teubners Sammlung von Lehrbuohem auf dem 
Gebiete der Mathematiscben Wissensohaften mit Ein- 
soblufi ibrer Anwendungen. 

lin Teubnorschcii Vorlago eracheint unter obigem Titel in zwangloaer Folge eine 
I I lajDgflre Ueihe vun zusamnienfasaenden Workon liber die wichtigsten Abachnitte der 

J V Mathomatiachen Wisaenaohafton mit EinacbluB Ihrer Anwendungen. 

j Die anerkenneude Beorteilung, die der Plan, aowio die bia jetzt erachienenen Aufaiitze 
der Enssyklopiidie der Matheiriatiacben Wiaaenaebaffen gefunden haben, die allaeltige 
Zoatimmung, die den von der Deutsohen Mathematiker-Vereiniguiig veranlafiten und heruua- 
gegebenen oingehendon Peferaten liber eiuzolne Abachnitte der Matheinatik zu teil geworden ist, 
boweiaen, uie achr gerado jetzt, wo man die Eeaultate der wiaaenachaftliolien Arbeit einea Jahr> 
hunderts zu uberblickeu bemttht iat, aich daa Bediirfnia nach zuBammeufaaaeiiden Darstellongen 
goltend macht, durch welchc die mannigfachen Eixizelforaohungen auf don veraehiedenen Gebicten 
mathematiachen Wiaaona unter cinhcitlicheu Geaichtapunkten goorduet und einem weltoron Kreiae 
zugftnglich gemaebt wordon. 

Dio erwahuten Aufahtzo dor Euzyklopkdie ebeuau wie die Referato in den Jabreaberichton 
der Doutflclion Matliematiker- Voreinigung beabaichtigen in dieaem Sinne in knapper, filr eine 
raacho Urientiorung bostimmter Form don gegenwkrtigon Inlialt einer Diaziplin an geaicherten 
Keaultaten zu gebou, wie anch durch aorgfaltige liiteraturangaben die liiatorischc Entaickeluug 
der Methoden darzulegeu. Darliber hinaua aber mufi auf eino eingehende, mit iJowoiaon veraehene 
Daratelluug, wie aie zum aelbatiindigeji, von umfangreicbcn Quellenatudien unabbangigen Ein* 
dringen in die Diazipliu eriorderlk-b iut, auch bei den breiter aiigclcgtcn Iteferalen de-r Deutaclien 
Matbomatiker- Voreinigung, in denen bauptadeblicb das bintorische und tcilweiae aucb daa kritiacbe 
Eloment zur Geltung kommt, vexzicbtet warden. Eino aolchc auafUhrltche Darloguug, die aiob 
mebr in dnm Cbaraktor einoa auf goaobicbtllcben und litorariBcben Rtndien gegrllndeten Lehr- 
buchoB bewegt und nebeu den rein wiaaenacbaftlicbeu aucb p&dagogiacbo Interesacn berftekaiebtigt, 
erachelnt aber bei der raachen Eutwickolung und dem I’mfang doa zu einem groBen Teil nnr in 
Monographien niedergelegteu Stoffoa durebaua wiebtig, zumal, im Vergleicbe z. B mit Frankreicb, 
bei uns in Deutaubland die mathematiacho Literatur an iiebrbacheru bber apczielle Gebiete der 
matbematiachen Foraebung nicht all/u reich ist. 

Die Verlagabucbbandlung B. O. Teubner gibt aicb der IXoffnuug bin, daB aicb reebt zabl- 
roicbo Matbematiker, Pliyaikor und Aatronomeu, Geodaton und Teubniker, aowohl dea In- ala dea 
Aualandea, in derou Forhcbungagobieten derartige Arbeiten erwunaebt Bind, zur Mitarbeiteracbaft 
an dem Unternebmen cntscblieSen mochten. Beeondera uabc liegt die Betelligung den Horron Mit- 
arbeiteru an dor EnzyklopBdic dor Mathematiachen Wiaaenachaften. Dio unifangreicben literariachen 
und apezioll fachliohen Studicn, dio fUr die Bearbeitung von Abachnitton der Euzyklopddie vor- 
zunubmen waron, knnntcn in dem uotweudig cug begrenztou Itahmeu niebt vollstiindig uieder- 
gelegt werden. Hier aber, bei den VVerken dor gegenw'artigen Samtuluug, iat din MtSgiichkeit 
gegeben, don Stoff freier zu goataltcn and die iudividuelle Anffuaaung und lUchtuug dea oinzelnen 
Bearbeitora in bbbnrotn Mafio zur Geltung zn bringeu. Doch iat, wie geaagt, jede Arbeit, die aicb 
dem Plano der Bammlung oinftlgen l&Bt, im gleichon MaBe willkommen. 

Biabor haben die f'olgonden Gelehrten ihre geachat/to Mitwirkung zngeaagt, w&brend 
orfreulicherweiac atetig ueue Anorbieten zur Miturbeit an der Sauunlung einlaufon, worbber in 
meinvn „Mitti'ilungcu“ i'ortlaufond beriubtet wurden wird (die bereita erachieueuen Bande eind mit 
zwoi **, die uuter dor rreaae belludlichen mit einem bozoiebnot) : 

**P. Baciimann, niedcre Zahlentheorie. T. **L. E. Dickson, Linear Groups with an 
(Band X d. Sammlung.) Geb. AL 14.—. exposition of the Galois Field theory. 
Blaschke, Vorlesungen iibermathe- (Band VI.) (ieb. AI. 12. — . 
matische Statistik, Dingeldey, Kegelschnitte und Kegel- 

AI. BdcHER, liber die reellen LSsungen schnittsysteme 

der geyohaliclien linearen Uifferen- y Bammlung Ton Aufgabcn 

tialgleichnngen awciter Orfnung ,nr Anwendung der Differential- imd 

GBoHLMA™,Ver9icherangemathematik. Integralrechnnng. 

**Il. BnuNSjWahrscheiulichkeitsrechnung n ® j -x j 

undKollektiTmafilehre. (BandXVn.) 

•G. a B«L Thermodynamics. „ 1“ “'“''Tf 

G.Castelnuovo und F. Enriques, Theorie G. Kowalewski , Bin- 
der algebraischen Flllchen. fiihrung in die Theorie der Trans- 

**E. CzuBER, Wahrscheinlichkeitsrech- formationsgruppen. 

nnng und ihre Anwendnng auf Fehler- *F. Enriques, Fragen der Elementar- 
ausgleichung, Statistik nnd Lebens- geometrie. 

versicherung. (Band IX.) Geb. *0. Fischer, theoretisebe Grnndlagen 
M. 24. — . fiir eine Alechanik der lebenden 

M. Dehn n. P. Heeoaard, Analysis situs. KOrper. 



Ph, FritTWANaLKR, die Meclianik der 
einfachsten physikalischen Apparate 
Tind Versuchsanordnungeii. 

**A. Gleichkn, Lehrbuch der geometri- 
8chen Optik. (Band VIII.) Geb. 
M. 20.—. 

M. Gri ulkb, Ijehrbuch der hydran- 
lischen Motoren. 

J. Harknkss, elliptische Funktionen. 

L HEjns’EBERO, Lehrbuch der graphi- 
schen Statik. 

K. Heun, die kinctischen Probleme der 
modernen Maechinenlehre. 

G, Jung, Geometrie der Massen. 

G. Kohn, rationale Kurven, 

**A. Eraser, Lehrbuch der Thetafunk- 
tionen. (Band XII.) Geb. M. 24.—. 

H. Lavh, Akustik. 

R. V. Lilienthal, Differentialgeometrie. 

**G. Loria, spezielle, algebraische und 
tranezendente Kurven der Ebene. 
Theorie und Geschichte. (Band V.) 
Geb. M. 28.—. 

A. E, H. Love, Lehrbiich der Hydro- 
dyTiamik. 

•A, E. H. Love, Lehrbuch der ElastizitEt. 

A. Loewy, Vorlesungen dber die Theorie 
der linearen Substitutionsgruppen. 

R. Mehmke, Vorlesungen iiber Vektoren- 
und Punktrechnung. 

R. Meumke, fiber graphisches Rechnen 
und fiber Rechenmaschinen, aowie 
fiber numerisches Rechnen. 

W. Meyerhoffer, die mathematischen 
Grundlagen der Chemie. 

**E. Netto, Lehrbuch der Kombinatorik. 
(Band VII.) Geb. M. 9.-. 

*W. P. Osgood, Lehrbuch der Funk- 
tionentheorie. 

E. OvAzzA, aus dem Gebiete der Me- 
chanik. 

*‘^E. Pascal, Determinanten. ITieorieund 
Anwendungen. (Band III.) Geb. 
M. 10.—. 

S. PiHCHERLE, Funktional-Gleichungen 
und -Operationen. 

**Fb.Pockels, Kristalloptik. (BandXIX.) 
Geb. M. 16.—. 

A. PEiNOSHBiM,Vorlesungen fiber Zahlen- 
und Funktionenlehre. (Elementare 
Theorie der unendlichen Algorithmen 
und der analytischen Funktionen 
einer komplexen Veranderlichen. 
Bd.L Zajhlenlehre. Bd. II. Funktionen- 
lehre. (Sand I.) 

Mitteilungen fiber woitere 
Leiezio, Poststrafie 3. 


j C. Sbgre, Vorlesungcn dber "^algebra- 
iiche Geometrie, mit besonderer 
Berfickaichtigung der mehrdimen- 
sionalen Rftume. 

••D. Seliwanoff, DifiFerenzenrechnung. 
(Band XIII.) Geb. M. 4.-. 

P. Stackel, Lehrbuch der allgemeinen 
Dynamik. 

P.Stackel, Differentialgeometrie htthe- 
rer Mannigfaltigkeiten. 

**0. Staude, analytischo Geometrie dea 
Pnnktea, der geraden Linie und der 
Ebene. (Band XVI.) Geb, M. 14.— . 

0. Staude, FlUchenundFiachensyateme 
zweiter Ordnung. 

**0. Stolz und J. A. Gmkiner, theoretische 
Arithmetik. (Band IV.) Geb. M. 10.60. 

**0. Stolz und J. A. Gmeinkr, Einloitung 
in die Funktionentheorie. (Bd. XIV.) 
Geb. M. 16.—. 

R. Stirm, Theorie der gcometrischen 
Ver wandtach aften . 

R. Sturm, die kubiache Raumkurve. 

H. E. Timbrding, Theorie der Strecken- 
ayateme und Sebrauben. 

K. Th.Vaulbn, Geachichtc dea Funda- 
mentalaatzea der Algebra. 

K. TilVaulen, Geschichte dea Sturm- 
achen Satzea. 

A. Voss, Prinzipien der rationellen 
Mechanik. 

A. Voss, Abbildung und Abwicklung 
der krummon Flachen. 

**’J. Wallentin, Einleitung in die Elek- 
trizitatslehre. (Bd XV.) Geb. M. 12.—. 

**E.v.WKBBR,Vorlesungen fiber daa Pfaff- 
ache Problem und die 'J’heorie der 
partiellon Differentialgleichungen 
1. Ordnung. (Band II ) Geb. M. 24 — 

**A.G. Webs IKK, the Dynamics of Partic- 
les, of rigid, elastic, and fluid Bodiea 
being Lectures on Mathematical 
Physics. (Bd. XI.) Geb. M. 14.—. 

** E. J.WjLcziNBKi, Projective Diflferential 
Geometry of Curves and Ruled Sur- 
faces. (Band XVI II ) 

A. WiMAN, endliche Gruppen linearer 
Transformationen. 

W.WiRTiNGER, algebraische Funktionen 
und ihre Integrale. 

W.WiRTiNGER, partiellc Dilferential- 
gleichungen. 

H. G. Zeutiien, die abzahlenden Metho- 
den der Geometrie. 

BUnde werden baldigat folgen. 

B. G. Teubner. 



